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The lateral shear interferometer is analyzed using two-exposure recording
of lens Gabor hologram of the imaginary image of an amplitude light
scatterer. It is shown, that the interference pattern formed in the course of
spatial filtering of a diffraction field determines the axial aberration of a lens

with double sensitivity.

As it was shown in Ref. 1, at the stage of
reconstructing the hologram of an imaginary image of a
mat screen illuminated with an aberration-free
diverging wave, two-exposure off-axis recording of the
hologram using positive lens leads to formation in (—1)
diffraction order of lateral shear interferograms in the
bands of infinite width. Therewith, the interference
pattern, which characterizes wave aberrations of a lens,
localizes in the image plane of a mat screen and spatial
filtering of the diffraction field in the hologram plane
is required to record that pattern. In addition to the
object channel, phase distortion in the off-axis
reference wave  channel appearing due to optical
aberrations and forming quasi-plane wave front occurs,
as well. The interference pattern, characterizing these
distortions, localizes in the hologram plane. The
pattern can be recorded in the course of spatial filtering
of the diffraction field on the optical axis in the image
plane of a mat screen.

In this paper, we analyze peculiarities of the
lateral shear interferogram formation in diffusely
scattered fields at two-exposure recording of a
hologram using Gabor scheme in comparison with the
case when the off-axis reference wave is used.
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FIG. 1. Optical arrangement of recording (a) and
reconstructing  (b) of double-exposure  Gabor
hologram: 1, 2, 3 are amplitude light scatterer,
photoplate-hologram, and the plane of the hologram
recording, respectively, Ly, Ly, Ly are lenses, py, p»
are filtering apertures, p, is the objective aperture.
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As is seen from Fig. 1a, the amplitude light screen
located in the plane (xy, y{) is illuminated with a
coherent aberration-free radiation of diverging
spherical wave with the radius of curvature R formed
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by lens Ly and point aperture in an opaque screen py,
located at the lens focus. Then, diffusely scattered
radiation passes through a controllable lens L{ with the
focal length f; and the hologram recording is made an a
photoplate 2 during the first exposure. Before the
second exposure, the screen is moved in its plane, for
example, along the axes x at a distance @, while the
photoplate is moved in the same direction at a distance
b =af,/(f — 1), where l; is a distance between the
screen and the principal plane (x5, ) of the lens L.

If condition fi>lL/(l;+ 1) (where [, is a
distance between the principal plane and the
photoplate) holds, in the Fresnel approximation
without considering constant factors and based on
Ref. 1 complex amplitudes of the fields of the first
and second exposures in the plane (x3, y3) of the
photoplate take the following form:

ik(l,— L)

ui(x3, y3) ~ exp [—212_( Xz + J?)j|
5

x {[am, g9 — F (x5, y2)] ®

® exp|:— % (Yg + yi)} ® Pi(xs, 1/3)} , (1)
w3, y3) ~ exp |:Zk (l22l L) (Ys + Js):|
2

X {[5(3‘3, y?) — F (a3, y;;)] ®

k(fi—1)L  : ;
® exp [~ HTIE ()]s
. L
® exp (—z ka \”211_1) P(xs, yg)} , (2)
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where ® designates convolution, k& is the wave
number, 8(x3, y3) is Dirac delta-function,

1/L = 1/[1—1/f1+1/lg,
F (x3, y3) =

0

=f t(xy, yexp [—ik (xy a3 + yyy3) L/ Lldxdy,

is the Fourier transform of a diffuse screen which
absorption amplitude #(xy, y;) is a random function
of position,

[e9)

Py(xs, y3) = f p1(xa, y2) exp i o(ay, yo) x

x exp [— ik (eaxs + Yo y3) / L] dxy dy

is the Fourier transform of a generalized function
iy, ¥2) exp ip(xs, ) of the controllable lens pupil
(see Ref. 2), with the account for its axial wave
aberrations.

If a photolayer exposed with a light of intensity
Iz, y3) = uas, y) ui(xs, y3) + ulas, y3) us(as, y3), is
developed so that the negative is made within linear
segment of the characteristic curve of its blackening
and diffusely scattered component of the hologram
transmittance, presented in Fig. 1,b, with the
account for condition #(xy, y1) <1 is defined by the
following expression:

(a3, y3) ~ [exp (—ia) ® Pi(xs, y) ILF*(a3, y3) ®

® exp (i) ® Pi(xs, y3)] + [exp (i) ® Pi(xs3, y3)] x

x [F(x3, y3) ® exp (—ia) ® Pi(a3, y3)] +

+ [exp (—ia) ® exp (—ikaxs L / 1; 1) P(x3, y3)] x

x [F*(x3, y3)@exp(ia)® exp(ikaxz L/ 111,) PT(xs, y3)]+

+ [exp (i) ® exp(ikaxs L / 11 1)) x P{(xs, y3)] x

x [ F(xs, y3) ®exp (—io) ® exp(—ikaxs L/ 111y) Pi(x3, y3)1,
(3

k(fi— 1)L
—(2];11 7, ll) (xg + y%) is used
to reduce size of expressions.

Let us assume that spatial filtering of the
diffraction field is made at the optical axis of the
lens L, with the focal length f, using the objective
pupil aperture p, (see Fig. 1,b). In this case,
according to Ref. 3, distribution of the field complex
amplitude in the second focal plane of the lens can be
written in the following form:

where designation o =

[e9)

u(xs, ys) ~ff w3, y3) exp [—ik (x3x4+ ysys)/ fo]dxs dys ®

® Px4, Ya), (4)
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where Py(x4, y4) is the Fourier transform of the
transmission function of the objective aperture.
Substitution of Eq. (3) into Eq. (4) gives

uCxg, yo) ~ Lexp(iP) pi(—poxs, —poys) x

x expigp(—pts,—1oy ) ® (s, wys) exp (i) x

x pilpaxy, poys) exp —io (uaxy, poys) + exp(—ip) x

x P, toya) exp —ie (poxy, poyys) ® t(—pyts, —p1ys) x
x exp (i) pi(—uats, —poys) exp i@ (—poity, —poys) +
+exp (i) pi(—pxs — ¢, —poys) exp i (—ppxy — ¢, —poy ) ®
® t(pis, wiys) exp (—iP) pi(pots — ¢, woys) x

x exp —i¢ (uoxy — ¢, poys) + exp (—iP) x

x pilpaxy — ¢, poys) exp —iep (uaty — ¢, payy) ®

® t(—pyts, —iya) exp (P) p—pors — ¢, —poys) x

x exp i@ (—pprs — ¢, —woy)] ® Polas, ya) , (5)

where py = Iilh/Lf5, uy =
of the scale transformation,

B=k(xs+ yD filib/2(fi—1) Lf 5, and ¢ = aL/1; .

Equation (5) describes complex amplitude of the
light which produces in the Fourier plane illuminance
characteristic of the subjective speckle-structure. The
size of individual speckle in this plane is defined by the
width of the function Py(x4, y4). Therewith, as can be
seen from Eq. 5, if the diameter of illuminated area of
the amplitude light reflecting screen is no less than

ly/f, are the coefficients

L1
d1( l —71) where d; is the pupil diameter of the

lens L; (see Fig. 1,a), the light field in the observation
plane for both (—1) and (+1) orders of diffraction is
defined as a superposition of two superimposed
identical, within the region of their overlap, functions
of the pupils of the speckle-fields for two exposures.
Besides, when providing maximum values of the
correlation functions, Eq. (5) for even phase function
(1, ), corresponding to the axial wave aberrations
of a controllable lens, takes the following form:

00( o4, Moy/s) :|

w (g, y) ~ yexp (B 1+expi [ Oats

lkf1 [ 12 7
XL t(E, um)exp[mz(hin) dgdn+

, [ 00Cuars, poys)
+exp(—if) Yl +expi| — 2 x
Ouy X4 i

lkf1l lg 7
fft( Wi, Hm)exp|:(f l)Lf (v +ym) |dédn ¢ ®

® Py(x4, ys), (6)



V.G. Gusev
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P (fi— 1) Lf S W (fi— 1) Lf

spatial frequencies, A is the wavelength of the
coherent light, used for the hologram recording and

o9 pyxy, H2y4)
Oy X4

where and are the

reconstruction, ¢ = ¢ (uxs + ¢, woys) —
— Qs 1oys) -

Since the change of sign of variables in the
second integral in Eq. (6) is compensated for by the
change of limits of an integral, distribution of the
complex field amplitude in the Fourier-plane the lens
L, (see Fig. 1b) is defined by the following
expression:

wCxy, yg) ~ 1 Lexp (iB) + exp(—if)] x
0o paxy, )
x 91+ exp i |: w 2c :| F1(.7C4, y4) ®
Opz X4
® Po(xs, Ys), M
where
F1(x4, y4) =
y [ —ikfy il }
—Lft(mé, wim) exp m%é + ym) |dédn

is the Fourier transform of the corresponding
function.

If the period of the function [exp(iB)+exp(—if)]x
x {1 + exp i [0p(uoxy, Hays)/ Oy x412¢} is at least one
order longer than the size of a subjective speckle, this
function can be factored out from the sign of the
convolution integral (see Ref. 4). In this case, the
illuminance distribution in the plane (x4, y4) takes
the following form:

ICxy, ys) ~ |:1 + cos

[1 Ml 2 2)}
X +cos 5 (x4, T ¢ X
i—tpri

ooy, pays) :|
—2c |«x
Ot g

2
x |F1(9C4, ys) ® Py(xy, yo) | . (8)

Equation (8) describes the speckle-structure
modulated by interference fringes, which represent
the lateral shear interferogram in fringes of infinite
width. The latter describe the axial wave aberrations
of a lens under control L; (see Fig. 1a). Besides, this
low-frequency interference pattern, in its turn,
modulates, as known from Ref. 5, high-frequency one
which represents a system of Young interference rings
due to interference of the waves in (—1) and (+1)
diffraction orders. If the value of
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D= \/k(ﬂ — l1)Lf§/f1 Iy, is much less than the
period of the function [0¢ (uoxy, Woys)/ Opors]2¢, the
illuminance distribution in the observation plane (see
Fig. 1a) is described by the following expression:

op(pXs, Hoys)
ICxyy yo) ~ |:1 + cos$20 x

Ot X4

2
x |F1(x4, Y1) ® Py(ay, ya) | . 9

As it follows from Eq. (9), the lateral shear
interferogram, describing the axial wave aberrations
of a lens Ly, (see Fig. 1a) provides a two times
higher sensitivity as compare to double-exposure
hologram recording using the Leight-Upatnieks
scheme (see Ref. 10). This is due to superposition of
quasi-spherical waves, propagated in the same
direction along the optical axis and diffracted in (—1)
and (+1) diffraction orders. Moreover, based on
Eq. (5), two out of four waves added in the
observation plane 3 (see Fig. 1b) are reversed with
respect to other two waves and their wave fronts are
rotated by 180° around the optical axis.

In addition to the general case of a Gabor
hologram recording at [; > 0, let us consider special
case when the lens L; is placed in the plane of the
amplitude screen. If [; =0, the previous analysis is
valid and, as indicated in Fig. 1b, the lateral shear
interferogram describing the axial wave aberrations
of a lens with the double sensitivity at a fixed shear
value is formed at the stage of the hologram
reconstruction. Moreover, the same result is achieved
when collimating system of positive lenses L, and L3
transfers the image from the plane (x3, y3) into the
plane (x4, y4) (see Fig. 2).

(X3 7?/3) ()C4,y4)

—z | g "

T szfw; lY

FIG. 2. Optical arrangement of recording of the
interference pattern, localized in the hologram plane.
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In the case of I{ = 0 the field distribution in
the photoplate plane (x3, y3) for two exposures
(see Fig. 1a) can be expressed as an integral over
independent parameters of plane waves, which are
their amplitude, phase and direction of propagation
(see Ref. 6). Then, in the region of dispersion of
the spatial frequency corresponding to the Fresnel
diffraction zone the hologram transmittance
component due to diffuse scattering within the area
of the exposure fields overlapping can be defined
from the following expression:

(s, y3) ~ {explik(xs + y3)/215] ® expiolrs, y)} x
x{t(—x3, —y3)exp—io(—13, —y3) ® exp[—ik(xg + yg)/ 2L+
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+ {exp[—ik(xg, + y%)/212] exp—ip(—x3, —y3)} x

x {tCxs, yo) exp ip(es, y3) ® explik(xs + y3)/2b]) +
+ {explik(xs + y5)/21] ® exp iolxs + a, y3)} x

x {t(—x3, —y3) exp—ip(—x3+a, —y3) ®

® expl—ik(xs+y5)/ 21} + fexpl—ik(xs + y3)/21] @
® exp —ip(—a3 + a, —yz)} {t(xs, y3) exp iplxst a, y3) ®

® explik(:s + y2)/ 201} . (10)

If the spatial filtering of the diffraction field is
made at the optical axis using objective aperture p; of
the lens Lz with the focal length f3 (see Fig. 2) and
in the case when the field is unlimited in space by
the lens L,, one can show, using Ref. 7, that the
complex field amplitude distribution in the
observation plane takes the form

g, yo) = v(—paxs, —psys) ® Pay, ya) (11)

where P3(x4, y4) is the Fourier transform of the
transmission function of the objective aperture of the
lens L3 (see Ref. 3); uz = f»/f3 is the coefficient of
the scale transformation.

By substituting Eq. (10) into Eq. (11) and in
view of the validity of equality

{explik (a + yi) u§/2l2] ® exp io(—paty, —Hzys)} x
x{t(psrs, puays) exp —io(usts, psys) @

®exp[—ik (xi + yﬁ) u§/212]} = {exp[—ik (xi +y§)p§/212] x
x exp — 19y, g Y} {EC—ps 04, — M3 Y1) x

x exp io( — pyts, — sy ® explik(xs + yo) w3/ 201},

(which can be proved by writing the convolution in
the integral form and assuming the even phase
function, describing the axial wave aberrations of the
lens, to be a slow changing function coordinates),
one can obtain the following expression:

Oo(usty, psys) :|
— 2a x

wag, yo) ~ Y1 +exp i [
Ou3 g

ik 3
x 9 tusy, nsys) ® exp [— 25 (xs + yﬁ)} ®

® P3(.7C4, y4) (12)

Hence, on the basis of an earlier used condition
implying, that if a subjective speckle defined by the
width of the function Ps(x4, y4) is small as compared
to the speckle-field phase modulation period, the
illuminance distribution in the plane (x4, y4) can be
expressed in the following form:

opCuss, M3ys)
I(xy, y4) ~ 41 + cos [#20 x

Ou3 g
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2
ik 3
t(usrs, psys) ® exp [— 25 (xs + yb} ®
2

. (13)

Equation (13)  represents the lateral shear
interferogram in the bands of infinite width, which
modulates the subjective speckle-structure. Moreover,
the interference pattern, localized in the hologram
plane, describes the axial wave aberrations of the lens
under control with doubled sensitivity at a fixed lateral
shear.

In  our experiments, the double-exposure
holograms were recorded on the photoplates of Micrat
VRS type using radiation of a He—Ne laser at
A =10.63 um. The experimental procedure includes a
comparison of double-exposure holograms, recorded
using Gabor and Leight-Upatnieks methods.

As an example, the lateral shear interferogram
recorded at the stage of the hologram reconstruction in
the course of spatial filtering of the diffraction field in
the hologram plane at the optical axes in (—1)
diffraction order using a small-aperture laser beam
(2 mm) (see Ref.1) is shown in Fig. 3a. The
interferogram localizes in the plane of imaginary image
of a mat screen and describes spherical aberration with
the afterfocal defocusing of the lens with focal length
f1=120 mm and pupil diameter d;= 30 mm under
control. Double-exposure hologram recording was
performed wusing an off-axis reference wave for
[{=45mm, [=290mm, «=0.2+0.002mm, and
b=0.32+0.002mm. The lateral filtering of the
diffraction field in the hologram plane out of the
optical axis (x3= 8 mm, y3=0) causes the formation of
the lateral shear interferogram (see Fig. 3b), which also
describes the off-axis wave aberration of the lens under
control (see Ref. 1).

X

® Ps(xay, ys)

FIG. 3. Interference patterns, localized in the image
plane of a mat screen and recorded with the spatial
filtering of diffraction field in the hologram plane at
the optical axis (a) and out of the optical axis (b).

Then, the amplitude diffuse screen was mounted
instead of the mat screen, the channel forming the off-
axis reference wave was eliminated and before the
second exposure of the photoplate double-exposure
recording of the hologram was performed with the
Gabor method for ¢=0.2+0.002mm, and
b =0.32+0.002 mm. If, similarly to Ref. 1, the first
and third terms in Eq. (3), determining the wave
diffraction in (+1) order are eliminated from the
consideration, one can obtain the following. When
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reconstructing the double-exposure Gabor hologram at
the optical axis point using a small-aperture laser
beam, the lateral shear interferogram, describing the
wave aberrations of the lens, appears in the plane the
imaginary image of the diffuse screen in (—1)
diffraction order. But, if the spatial filtering is made in
the region off of the optical axis, the interference
pattern describes the off-axis wave aberration, as well.
Thus, the results of the double-exposure Gabor
hologram reconstruction at the point x3= 8 mm and
3= 0 using a small-aperture laser beam are shown in
Fig. 4a. The unfocused twin of the imaginary image of
the screen (real image) is in the right part of Fig. 4a,
whereas a part of the interference pattern in the plane
of the imaginary image of the diffuse screen, is the
same as in Fig. 3b. When reconstructing the double-
exposure Gabor hologram at the point of the optical
axis, unfocused real image fully superimposes the
imaginary diffuse screen image and luminosity of the
interference pattern of the kind presented in Fig. 1a
reduces to zero.

a

FIG. 4. Interference patterns, recorded in the course
of double-exposure hologram reconstruction using
spatial filtering of the diffraction field in the
hologram plane in the region off of the optical axis
(a) and at the optical axis in the near-diffraction
zone (b).

As shown in Fig. 1b, when a double-exposure
Gabor hologram is reconstructed using the spatial
filtering at the optical axis in the Fourier plane in the
near diffraction band, the lateral shear interferogram,
presented in Fig. 4b, forms. This interferogram
demonstrates doubled sensitivity of the interferometer
to the lens axial wave aberrations. The interference
pattern, recorded with the spatial filtering at the
optical axis in the hologram plane (see Ref. 1) when
the mat screen and photoplate shears before the second
exposure were a=0.4£0.002 mm and
b=0.64+0.002mm, respectively, are presented in
Fig. 5. Within the experimental errors, this pattern is
identical to that presented in Fig. 4b.

FIG. 5. Interference pattern, localized in the image
plane of a mat screen.
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Note that for the interference pattern shown in
Fig. 4b to be recorded, the double-exposure Gabor
hologram should be placed at the first focal plane of
the lens L, (see Fig. 1b). Then, based on the phases
of diverged and converged waves in the hologram
plane (see Refs. 8, 9), the angular distribution of the
waves in (—1) diffraction order scattered by the
hologram fully overlaps in the Fourier plane with
that in (+1) diffraction order. Deviation from this
hologram position causes partial overlap of the
spectra within a lower solid angle which determines
the decrease in spatial extension of the interference
pattern. Besides, a displacement of the center of
filtering aperture p, (see Fig. 1b) in the plane (x, y)
leads to distortion of the interference pattern shown
in Fig. 4b and affects its luminosity due to difference
in propagation directions of the waves diffracted in
(—=1) and (+1) orders of diffraction.

Similarly to Ref. 1, ignoring the first and third
terms in Eq. (3), one can show, that for double-
exposure Gabor hologram phase distortion of the
reference wave (is seen in Fig. 1a, this distortion is
determined by axial wave aberrations of the lens L)
causes interference pattern to form in the hologram
plane. For the pattern to be recorded spatial filtering
of the diffraction field in (—1) diffraction order at
the optical axis in the plane of the amplitude light
diffuse screen image must be performed. However,
luminosity of the interference pattern reduces to zero
due to full superposition of the waves, diffracted in
(+1) order. If we consider, that displacement of the
filtering aperture in the plane of the amplitude
diffuse screen image (x, y) causes, as in Ref. 1,
distortion of the interference pattern in the hologram
plane and decreases its contrast due to off-axis wave
aberrations of the lens under control, it is obvious,
that the pattern can not be recorded even with
partial spatial separation of the waves in (—1) and
(+1) diffraction orders, as it is made for spatial
filtering of the diffraction field in the region off of
the optical axis in the plane of the double-exposure
Gabor lens hologram.

For double-exposure hologram recording with a
lens, placed in the plane of the diffuse screen a
plane-convex lens with the focal length f;= 180 mm
and pupil diameter dy= 30 mm was used. The gap
z = 0.3 mm between the lens and the screen satisfies
the condition of “geometric shadow” z < 0.2p2/% (see
Ref. 10), where p is the radius of correlation between
the diffuse screen inhomogeneities. The photoplate
was placed at the distance [, = 370 mm.

Figure 6a shows the lateral shear interferogram,
describing spherical aberration in paraxial focus of
the lens wunder control. The interferogram was
recorded with the spatial filtering of the diffraction
field at the optical axis in the plane of the hologram
whose double-exposure recording was made using an
off-axis reference wave (see Ref. 1) at lateral shear
a=1.5+0.002 mm before second exposure. When
performing the spatial filtering at the optical axis in
the double-exposure Gabor hologram plane, the
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distribution of the complex field amplitude in far
diffraction zone for this hologram takes the following
form:

g, yq) ~ 1+expi

. |: ooy, pays) :|
————a X
Oty X4

2 2
kCxy + yx) :| N

x 9 tuoxy, oY) exp —i |:<P(H23€4, oY) + 21
P

2 2
) ks + )
+t(—poty, —poys) expi [(p( Mo, Moy )+

® Pg()(f4, y4) . (14)

b

FIG. 6. Lateral shear interferograms, recorded with
spatial filtering of the diffraction field at the optical
axis in the plane of double-exposure hologram
according to Leight-Upatnieks (a) and Gabor (b)
schemes.

Superposition of the correlating speckle-fields for
two exposures, in (—1) and (+1) diffraction orders,
determines the illuminance distribution in the
observation plane as

o(WoXs, Ma¥s) }
—ua x

I(xy, yo) ~ 1 + cos |:
Ol X4

2 2

k Cxx + yo)

x 91 £ cos | 20(poxy, Hoys) + 57 x
2

2

, (15)

where the sign in second term depends on whether or
not the function t(xy, y¢) is even.
Since  the  period of  the

R(x; + yi)
Iy

X

tQuas, pays) ® Polixs, ys)

function

20 (uaxy, Mays) + is much shorter than that

of the function a [dp(uyxs,tays)/ Ousxy], the lateral
shear interferogram, describes, as shown in Fig. 6b,
the axial aberrations of the lens, appears in the
observation plane in the bands of infinite width.

But, according to Fig. 1b, reconstruction of the
double-exposure hologram results in formation of the
interference pattern, presented in Fig. 7a, while, as
illustrated in Fig. 2, when reconstructing interference
pattern, as shown in Fig. 7b, appears in the hologram

V.G. Gusev

plane. As in the previous case, this pattern describes
the axial wave aberrations of the lens under control
with doubled sensitivity at a fixed lateral shear
a=1.5+0.002 mm. At the same time the luminosity
of the interference pattern, presented in Fig. 7a,
decrease with the lateral shear and it is universally
lower than that of the pattern appeared in the
hologram plane. This is due to diffraction of the
background radiation from the corresponding non-
overlapped areas of the lens pupil for two exposures.
As shown in Fig. 1b, this radiation appears at the
stage of the Gabor hologram reconstruction.

a

FIG. 7. Lateral shear interferogram in the far
diffraction zone (a) and in the plane of a double-
exposure Gabor hologram (b).

Thus, our experimental results indicate, that in
the case of a double-exposure recording of the
amplitude diffuse screen imaginary image using the
Gabor scheme with a positive lens, correlation of the
speckle-fields in (—1) and (+1) diffraction orders in
the Fourier plane provides for the formation of the
lateral shear interferogram in the bands of infinite
width. That interferogram describes with a doubled
sensitivity at a fixed shear wave aberrations of the
lens. Besides, if the lens is placed in the diffuser
plane, the double-exposure hologram recording
provides for the localization of the interference
pattern with double sensitivity, as well. This well
agrees with Ref. 1, where it is shown, that the
double-exposure recording of a mat screen imaginary
image hologram using the off-axis reference wave
causes the formation of the interference pattern in
diffusely scattered fields, localized in the hologram
plane and describes aberration of the reference wave.
Hence, the physical reason for increase in the
sensitivity of the lateral shear holographic
interferometer presented is in the double passage of
the reference and objective waves through the lens or
objective under control, interference of waves in (—1)
and (+1) diffraction orders and in the symmetry of
the phase function, which describes the aberrations of
the lens under control.
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