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An attempt is made to take into account the effect of the underlying terrain (including the
mountain terrain) at the site of astronomic receivers on the variance of the image jitter of
extraterrestrial objects. In particular, it is shown that the account of the terrain peculiarities enables
one to achieve an agreement between theory and experimental data, which are considerably different
from the well known theoretical secant law. The study is carried out based on theoretical calculations
and generalization of experimental data. The fact is analyzed that the quality of optical images in
ground-based non-adaptive astronomic telescopes is governed by the atmospheric turbulence.
Turbulence is a cause of random distortions in the phase front of a light wave propagating from an
extraterrestrial source. In astronomy, the image jitter is the factor responsible for the largest error in
observations. The allowance made for the terrain allows us to explain the considerable discrepancy
between the experimental results and the theoretical secant law.

The quality of optical images in ground-based nonadaptive telescopes is known1–5 to be largely
determined by the atmospheric turbulence, which
induces random distortions into the phase front of a
light wave propagating from an extraterrestrial source.
In astronomy,3,4 the image jitter is a factor contributing
most significantly to the error of observations. Since
the results of observations are usually recorded on
photographic plates, the image displacement during
the exposure leads to blurring of the resulting image.
The destruction of the inner structure of image is of
the second order of smallness in this case.
The jitter is usually characterized by the variance
2
σd of linear image displacements in the focal plane.
Often angular displacements characterized by the
variance of angular displacements σ2 and the rms
deviation of the angular displacements σ are considered
in place of linear displacements. The parameters σd
and σ are related as σ = σd/Ft, where Ft is the focal
length of the receiving telescope. Qualitatively, the
image jitter can be described by fluctuations of the
arrival angles1,2 on the base equal to the diameter of
the receiving telescope. V.I. Tatarskii was the first to
consider theoretically the variance of image jitter of a
plane wave in the stronger approximation of wave
optics.1 For the variance σ2 (along both of the
transverse coordinates), the following equation was
obtained in Ref. 1:
∞

–1/3

σ2 = 4.51 a t

I0, rad2, I0 = sec θ

∫ Ñ (h) dh,
2
n

(1)

0

where at is the radius of the entrance aperture of the
telescope; θ is the zenith angle of the observed object
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(measured from the zenith direction at the place of
2
receiver's location); C n(h) is the structure
characteristic of fluctuations of the refractive index
of the air, depending on the height h above the surface
2
(the vertical profile of C n). For every value of the
angle θ, the value of I0 in Eq. (1) determines the
integral intensity of atmospheric turbulence along the
optical paths of a given slope.
Equation (1)
was
subjected
to
serious
experimental testing.2–4,7–9 The experiments were
mostly conducted along paths with extraterrestrial
sources3,4 and, in the smaller number, along nearsurface paths.2,7–9 As a result, it was found that in
astronomic observations the experimental values of
the variance σ2 in the most cases are close to the
theoretical ones. However, quite often significant
deviations from the secant law3
σ2 ∼ sec θ.

(2)

following from Eq. (1) were observed as well.
These deviations generated a long discussion
among experimental astronomers (starting from 1957–
1959 [Ref. 3]) and served as a cause for a great
number of the experimental dependences of the jitter
variance on the zenith angle θ, which were different
for every observation site.
The discrepancy between the measured and
calculated values was also noted in the experiments
along the near-surface paths,7–9 and then it was
explained theoretically10 by the fact that the waves
used in Refs. 7–9 were other than plane.
The discrepancies revealed between the experimental
and theoretical data stimulated development of new
theoretical approaches to description of image jitter in
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order to predict the effect of the factors ignored by
Eq. (1). For example, the approaches accounting for
the effect of spatial boundedness of the received wave
(which is equivalent to application of optical beams)
and the effect of the outer scale of turbulence (the
strong dependence on the outer scale of turbulence was
demonstrated by the results on the displacements of
laser beams propagating along the surface paths11–14).
The first results on the account of the spatial
boundedness of the wave6 concerned the variance of
the arrival angles and were valid under conditions,
at which the beam propagated almost without
broadening. In the approximation of wave optics, the
variance of image jitter of laser sources is considered
in Ref. 10, where the variance equation suitable for
sources with arbitrary coherence and divergence was
derived. This equation is valid for any turbulence
intensity and accounts for the effect of the outer
scale of turbulence. In the extreme cases, the wellknown theoretical results1,6 follow from Ref. 10. The
conclusions drawn based on this equation agree with
the experiments for the laser beams propagating
along horizontal surface paths.7–9 In Ref. 15, the
results of Ref. 10 were generalized to the case of
inhomogeneous optical paths of arbitrary geometry.
Based on the approach developed in Ref. 10, the
equations were derived for the space and time
correlation functions of the image jitter,15,16 as well
as for the frequency spectra.15,17 The calculation of
the variance of image jitter using the approach
developed in Refs. 18 and 19 confirmed the conclusions
of Ref. 10 and predicted the influence of the deviation
of the image plane in the receiver from the focal plane.
For natural extraterrestrial optical sources, the
results of the theoretical and experimental studies
give the following equation for the variance of angular
displacements of images σ2 at the paths of arbitrary
geometry10,15:

of variation of the current path length x′ and allows
further simplification. Representing the current path
height as 1 h(x′) ≈ (x – x′) cos θ, we find that in Eq. (3)
the ratio x′/x is very close to unity. The corrections
arising in Eq. (3) at replacement x′/x → 1 are on the
order of heff/(x cos θ), and for the astronomic paths they
are within hundredth parts of percent. As a result, for
the variance of jitter of astronomic images we obtain

–1/3

σ2 = 4.1 a t

(3)

I,

x

∫

2

I = dx′ C n[h(x′)] (x′/x)2 {(x′/x)–1/3 –
0

2

2

– [(x′/x)2 + L 0[h(x′)]/(2π2 a t )] –1/ 6},
where x is the optical path length; at is the radius
of the entrance aperture of the receiving telescope;
2
C n(h) and L0(h) are the vertical profiles of the
structure characteristic of fluctuations of the
refractive index and the outer scale of turbulence;
h(x′) is the height of the current point along the
optical path above the surface at the distance x′ from
the source (current path height); x′ is the current
path length measured from the source.
As known, at the heights above the surface layer,
whose thickness is several kilometers, the function
2
C n(h) differs from zero only slightly. Therefore, in
the region significant for integration in Eq. (3), the
inequality h(x′) ≤ heff is fulfilled, where heff is the
effective thickness of the optically active atmospheric
layer. This condition imposes restrictions on the range

–1/3

σ2 = 4.1 a t

(4)

I,

x

∫

2

2

2

I = dx′ Cn[h(x′)] {1 – [1 + L 0[h(x′)]/(2π2a t )] –1/6}.
0

As can be seen from the comparison of Eqs. (4)
and (1), within the framework of the approximations1
(L0(h) = ∞, h(x′) = (x – x′) cos θ) taken in Ref. 1,
the equality I = I0 is fulfilled and Eq. (4) differs
from Eq. (1) only by a numerical coefficient. This
difference is insignificant (about 9%) and caused by
the Gaussian approximation used for the transmission
function of the entrance pupil of the receiving
telescope when deriving Eq. (3).
Equation (4) accounts for the effect of the
vertical profile of the outer scale of turbulence and
imposes no restrictions on the function describing the
current path height. As follows from Eq. (4), to
predict the jitter variance, it is necessary to set the
2
vertical profiles of the turbulence intensity C n(h) and
the outer scale of turbulence L0(h), as well as to
determine the current path height h(x′) to take into
account the underlying terrain.
The available theoretical and experimental data
for the vertical models of the structure characteristic
2
C n(h) were reviewed in Refs. 2 and 20, and it was
recommended to use smoothed experimental profiles
in practice. One of them is the profile proposed in
Ref. 2:
2

2

C n(h) = C n(h*) (h/h*)–2/3 exp [– (h – h*)/heff], (5)
where heff = 3200 m is the effective thickness of the
active atmospheric layer; h* = 2.5 m is the characteristic
2

height of C n measurements in the surface layer. At the
2
surface values of C n(h*) set properly, the profile (5)
agrees with other smoothed models and allows
satisfactory description of the experimental data.
To further simplify Eq. (4), estimate first the
effect of the outer scale of turbulence on the variance
of image jitter. To do this, apply the known vertical
models of the outer scale in Eq. (4). According to the
data of Ref. 5, for the height h ≥ 1 m we have:
1. L0(h) = κh, κ = 0.4; L0(h), m, h, m;
2. L0(h) = κh, 0 ≤ h ≤ h1;
L0(h) = 2

h, h > h1; h1 = 25 m;

3. L0(h) = κh, 0 ≤ h ≤ h1;
L0(h) = 2

h, h1 < h ≤ h2;

L0(h) = 2

h2, h > h2; h2 = 1000 m;

(6)
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4. L0(h) = (κh + κ1h2) exp (– κ2h) + f (h),
2
f (h) = 5 [1 + (h – h3)2/h 4] –1,

the model 4, and 0.13–0.14 for the model 5. So it can
be seen that the allowance for the real profiles of the
outer scale of turbulence can lead to a tenfold reduction
of the root-mean-square deviation of jitter.

5. L0(h) = f (h), h3 = 7500 m, h4 = 2000 m,
κ1 = 0.057, κ2 = 0.042.

eff

The Karman model 1 is applicable to the surface
layer,1 the model 2 was proposed by D. Fried5; and
the model 3 is a generalization of the models 1 and 2.
The model 5 was obtained from the measurements
conducted in the mountain observatories of the USA,
France, and Chili5 at the tops of isolated mountains.
The model 4 was constructed based on the measurement
results obtained in the mountain-valley region of the
USA21 up to the heights of 5–7 km; at high altitudes
the model 4 coincides with the model 5.
The calculation of the jitter variance by Eq. (4)
using the models (5) and (6) in the case of a plain
terrain, when the current path height h(x′) can be
presented in the form
h(x′) = h0 + (x – x′) cos θ,
where h0 is the height of the center of the receiver's
aperture above the surface, shows that at the same
2
surface values of C n(h*) the different vertical models
of the outer scale give different values of the variance
σ2. At the same time, for any zenith angle θ from the
range 0 ≤ θ ≤ 89°, the variance σ2 normalized to its
2
value σ 0 at θ = 0° is almost independent of the model
of the outer scale. This allows us, applying the meanvalue theorem, to remove the corresponding factor
from the integral sign in Eq. (4) and present the
jitter variance in the form
x

–1/3

σ2 = 4.1 a t

∫

2

µ dx′ C n [h(x′)],
0

µ = 1 – [1 +
eff

eff
(L 0 )2/(2π2

2

a t )] –1/ 6, x → ∞,

(7)

where L 0 is the effective outer scale of turbulence
characterizing the turbulence along the entire path.
The values of the effective outer scale of turbulence
eff
L 0 are shown in Fig. 1 for different vertical models
of L0(h). For each model, Fig. 1 gives the range of
eff
variation of L 0 at the height of the receiving aperture
h0 varying in the interval h0 = 3–48 m typical of the
most ground-based astronomic telescopes. The value
eff
of L 0 is calculated for a telescope with 0.5-m radius
of the primary mirror. The variation of the radius in
the range at = 0.1–3 m allowable for real telescopes
eff
gives the error in determination of L 0 with the
upper boundary of 30% for the models 1–3 and 50%
for the models 4–5.
In Eq. (7), the value of µ characterizes the degree
of reduction of the jitter variance for the reason that
real outer scale of turbulence is different than
infinity. As follows from the data shown in Fig. 1,
for each of the L0(h) models the value of µ1/2 varies
within 0.79–0.88 for the model 1, 0.76–0.80 for the
model 2, 0.75–0.79 for the model 3, 0.37–0.30 for
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Fig. 1. Effective outer scale of turbulence for different
vertical profiles of the outer scale (6). Plain surface, at =
= 0.5 m; N is the number of the model in Eq. (6); h0 = 3 (a),
6 (b), 12 (c), 24 (d), 48 m (e).

The effective outer scale of turbulence was
obtained in Ref. 22 from the calculated structure
function of phase fluctuations (with the Karman
model of the turbulence spectrum). The calculations
have been made using different methods for the
vertical profiles of the outer scale of turbulence,
corresponding to the models 2, 3, and 5 in Eq. (6), at
2
the zero value of h0 using different models of C n(h).
If we average the values of the outer scale of
turbulence obtained in Ref. 22 by all the methods of
2
calculation and the profiles of C n(h) used, then we
obtain the following values for the averaged effective
eff
eff
outer scale <L 0 >: <L 0 > = 64 m for the model 2,
eff
eff
<L 0 > = 43 m for the model 3, <L 0 > = 1 m for the
model 5.
According to Ref. 11, the Karman outer scale
eff
eff
<L 0 > and the "exponential" scale L 0 entering the
eff
eff
Eq. (7) are related as <L 0 > = 1.8L 0 . With the
eff
allowance for this relation, the comparison of the L 0
eff
values shown in Fig. 1 (at h0 = 3 m) with the <L 0 >
values shows that they almost coincide (the difference
does not exceed 20%).
As can be seen from Fig. 1, the effective outer
scale of turbulence has a marked dependence on the
receiver's height above the surface h0. However, this
height is often assumed zero. The estimates show that
the relative error in the jitter variance due to the
replacement of the real receiver's height h0 by zero
(h0 = 0) is on the order of (h0/heff)1/3. This error
becomes noticeable for large ground-based telescopes,
in which the center of the entrance mirror (lens) is
usually located at the height of several tens of meters
from the surface. For example, for the receiver's height
of 25 m (h0 = 25 m) the error is 20%. Consequently, in
more accurate calculations it is necessary to take the
receiver's height h0 into account.
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To reduce the atmospheric effect, astronomic
telescopes are usually installed highlands, including
mountain tops. In this case, the optical path usually
passes over the surface parts with uneven or rugged
terrain. Therefore, the current path height h(x′) should
be specified taking the underlying terrain into account.
Introduce the function describing the surface
height above the sea level (terrain amplitude). In the
general case, this function depends on two coordinates
on the globe surface. However, we need to know this
function only along the projection of the optical path
onto the surface. Let P(s) denote the height of the
ground above the sea level along a circle of the large
Earth's radius, which is obtained as the globe is crossed
by a plane passing through its center and both ends
of the optical path. The argument of the function
P(s) is the arc length of the circle of the large Earth's
radius s = s(x′), 0 ≤ x′ ≤ x (x′ is measured from the
source). If the arc length s(x′) is measured from the
receiver (near which x′ = x), then s(x) = 0 and
0 = s(x) ≤ s(x′) ≤ s(0). As the arc length s changes,
the function P(s) can be both positive and negative
(terrain amplitude above and below the sea level). In
this case P[s(x)] = P(0) = P0 and P[s(0)] are the
ground heights above the sea level at the point of the
telescope location and under the observed object
(Fig. 2). The condition P[s(x′)] = const corresponds
to the plain terrain.
x′

θ
h0

x′′

*
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h(x′) = h0 + P(0) – P[s(x′)] +
+ (x – x′) cos θ + (x – x′)2 sin2θ/(2R),
s(x′) = (x – x′) sin θ – (x – x′)2 sin (2θ)/(2R).
The last terms in these equations account for the
mean curvature of the surface due to the Earth's
sphericity. For almost all slant paths, these parameters
are small as compared to the previous ones and can
be usually neglected. They turn out significant only
for the close-to-horizontal paths, when the zenith
angles of the observed objects θ are near θ = π/2.
The estimates show that the last terms should be
necessarily taken into account in a narrow range of
zenith angles: 90° – δ ≤ θ ≤ 90° + δ, where δ ≈ 0.9°.
Since the observations of astronomic objects located
just near the horizon are not usually conducted, for
all real zenith angles (0° ≤ θ ≤ 89°) we have
h(x′) = h0 + P[s(x)] – P[s(x′)] + (x – x′) cos θ,
s(x′) = (x – x′) sin θ, s(x) = 0.
Since the integrals in Eqs. (4) and (7) are
invariant with respect to the change of variables x –
– x′ → x′′ (the new variable x′′, unlike x, is
measured from the receiver, see Fig. 2), it is
convenient to use in calculations h*(x′′) and s*(x′′),
determined as h*(x′′) = h(x – x′′), s*(x′′) = s(x – x′′),
in place of h(x′) and s(x′), and then
h*(x′′) = h0 + P(0) – P[s*(x′′)] + x′′ cos θ,
s*(x′′) = x′′ sin θ,

P0

θs/2

z
P0 e–1

0
Fig. 2. Observation geometry.

s*(x′′)
s(x′)

With the allowance made for the above definitions,
the current height h(x′) depending on the underlying
terrain can be represented as follows:
h(x′) = – R – P[s(x′)] + {[h0 + P[s(x)] +R]2 +
+ (x – x′)2 + 2 (x – x′)[h0 + P[s(x)] + R] cos θ}1/2,
where R is the Earth's radius. The current arc length
s(x′) is equal to the Earth's radius R multiplied by the
central angle α(x′, x) between two points of the current
path x and x′: s(x′) = Rα(x′, x).
The angle α(x′, x) can be easily determined and
for 0 ≤ θ ≤ π is equal to

α(x′, x) = arctan

(x – x′) sin θ


h0 + P[s(x)] + R + (x – x′) cos θ.

Since h(x′) ≤ heff in the region significant for
integration in Eq. (7), the last equations can be
simplified through expansion into a power series
over small parameter | x – x′| /R. Restricting our
consideration to the first terms of the expansion,
we obtain

(8)

0 = s*(0) ≤ s*(x′′) ≤ s*(x), 0 ≤ x′′≤ x.
To study the effect of the underlying terrain on the
jitter of astronomic images, we have to set the function
P(s*) simulating the mountain terrain with the
telescope located at a mountain top. However, if the
telescope is located on top of an isolated mountain,
the calculations involve simple function P(s*)
specifying the terrain of a single mountain,
P(s*) = P0 exp [– (s*/z)n], n = const,
s* ≥ 0, P(0) = P0.

(9)

Here P0 is the mountain height; z is the level 1/e
half-width of the mountain base. If the level 1/e
cross section of the mountain is called its foot, then z
is the foot radius. The constant n in Eq. (9)
characterizes the steepness of the mountain slope near
the telescope. It is clear that the highest steepness of
the slope near the telescope corresponds to the small
n values (n < 1). The lowest steepness of the slope
near the telescope takes place at large n (n → ∞),
when the volume profile of the mountain transforms
into a cylinder. To estimate the effect of the ambient
mountain terrain on the image jitter in the telescope
located at the top of a mountain, the superposition of
the following functions is used
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P(s*) = P0 exp[– (s*/z0)n0] +
+

∑P

0j

1≤ j ≤ M

exp (– [s* – s*j/zj ] nj), s*, s*j ≥ 0,

Pn(s*) ≈ Pequ(s*),

where

where P0, z0, n0 are, respectively, the height, base
half-width (foot radius), and the degree of the slope
steepness of the mountain, at whose top the telescope
is installed; P0j, zj, nj, and s*j are, respectively, the
height, base half-width, degree of the slope steepness,
and the coordinates of the top (the value of the arc
length corresponding to the top) of the neighboring
mountain with the number j, M is the number of the
considered neighboring mountains located under the
optical path in series starting from the mountain, at
which the telescope is located (0 ≤ s*j ≤ s*j+1, 1 ≤ j ≤ M).
Figure 3 depicts the root-mean-square deviation
of the angular image displacements σ normalized to
its value σ0 at θ = 0° (σ0 = σ at θ = 0°) as a function
of the zenith angle of the observed astronomic object
for different degree of the slope steepness of a single
mountain (different values of the parameter n in
Eq. (9) at the fixed parameters P0 and z). As can be
seen from Fig. 3, at θ ≠ 0° with the increase of the
slope steepness (decrease of n) the image displacements
are much smaller as compared to the case of the
observed object located in zenith (θ = 0°). This can be
explained by the fact that, at the same value of the
zenith angle, the length of the part of the optical path
located within the optically active atmospheric layer
decreases with the increase of the slope steepness.
1.3

For the approximate estimates we can assume zequ ≈ nzn.
Then we have

Pn(s*) = P0 exp[–(s*/zn)n],
Pequ(s*) = P0 exp [–s*/zequ].
For the exponential profile of a single mountain,
the dependence of σ/σ0 on the slope steepness is
illustrated in Fig. 4. For the data shown in Fig. 4,
the slope steepness varies due to the change of the
mountain height P0 and the foot radius z. The ratio
of these parameters z/P0 characterizes the angle 2θs
formed at the top by the opposite mountain slopes,
tan θs = z/P0 (see Fig. 2). With the decrease of this
angle, the slope steepness increases. As follows from
Fig. 4, the increase of the slope steepness (decrease of
the angle θs) results in a significant decrease of the
ratio σ/σ0. The observed situation is similar to the
case considered in Fig. 3. However, here the vertex
angle θs is not the only parameter determining the
value of σ/σ0. This can be seen from the comparison
of the curves 3 and 4 in Fig. 4, for which the angle
θs has the same value. The additional parameter is the
ratio of the mountain height to the thickness of the
optically active atmospheric layer P0/heff. According
to Fig. 4, for two mountains with the identical profiles
but different heights, the parts of the optical path
lying within the active atmospheric layer at θ ≠ 0°
have different length.
σ/σ0

σ/σ0

1.75

1

1.1
3

0.9

1.25
2

0.7

0.75

3

2

4

0.5
1

5

0.25
0

0.3
0

20

40

60

80 θ, deg.

Fig. 3. Normalized root-mean-square deviation of the image
jitter vs. the slope steepness of a single mountain. P0 = 5 km,
z = 0.5 km, h0 = 20 m; n = 1 (1), 2 (2), 8 (3). Dots near
the curves 2 and 3 show the equivalent dependences
corresponding to the exponential profile n = 1 and calculated
at z = 1.4 km (for profile 2, n = 2) and z = 4.6 km (for
profile 3, n = 8).

The calculations made for different n show that
at n ≠ 1 the mountain profile (9) can be replaced by
the equivalent "exponential" profile, for which n = 1.
The equivalent profile includes different base halfwidth zequ. Thus, if z = 0.5 km for n = 1, then zequ =
= 1.4 km for n = 2, zequ = 3.3 km for n = 4, zequ =
= 4.6 km for n = 8, and zequ = 0.25 km for n = 1/2.

20

40
60
80
θ, deg.
Fig. 4. Normalized root-mean-square deviation of image jitter
vs. the slope steepness of a single mountain with the exponential
profile (profile (9), n = 1) P(s*) = P0 exp (–s*/z), h0 = 20 m;
P0 = 0 km (tan θs = ∞, σ2/σ02 = secθ) (1), P0 = 0.5 km,
z = 0.5 km (tan θs = 1) (2), P0 = 3 km, z = 0.3 km (tan θs =
= 0.1) (3), P0 = 5 km, z = 0.5 km (tan θs = 0.1) (4),
P0 = 5 km, z = 0.1 km (tan θs = 0.02) (5).

In the case of an isolated mountain with the
exponential profile for the normalized variance of the
2
image jitter σ2/σ 0, we can obtain a simple approximate
equation
2

σ2/σ 0 = [1 – νm(ξ)]/cos θ,
m(ξ) = ξ (1 + ξ )

,ξ=ν

2 –1 / 6

–1

β/(β + 1),

(10)
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ν = P0/heff, β = tan(θ) P0/z = tan(θ)/tan(θs).
As follows from Eq. (10), two complex parameters
that determine the value of σ/σ0 are the ratios
ν = P0/heff and β = tan(θ)/tan(θs). The normalized
2
variance σ2/σ 0 calculated by Eq. (10) within the error
of 10% coincides with the numerical results shown in
Fig. 4 in the following ranges of the zenith angle:
0 ≤ θ ≤ 89° for curve 1, 0 ≤ θ ≤ 85° for curve 2,
0 ≤ θ ≤ 65° for curves 3 and 4, 0 ≤ θ ≤ 45° for curve 5.
Figure 5 shows the calculated results on the
normalized rms deviation of image jitter for the
system of two neighboring mountains. The profile of
the mountain system is specified as a sum of two
exponential profiles
P(s*) = P0 exp (– s*/z0) +
+ P1 exp (–s* – s*1/z1),

(11)

where P0, z0 and P1, z1 are the heights and the foot
radii of the mountains, at whose top astronomic
receivers are installed, and the neighboring mountain;
s*1 is the separation between the mountains. At the
same height of the mountain, at which the telescope
is installed (P0 = 3 km), we have considered different
versions of the slope steepness (due to variation of
the base half-width z0). Thus, the group of curves a
in Fig. 5 corresponds to the high steepness (tan θs0 =
= z0/P0 = 0.1, z0 = 0.3 km), while the group b
corresponds to the moderate steepness (tan θs0 =
= z0 /P0 = 1, z0 = 3 km). Curves 1–5 (group a) and
6–10 (group b) in Fig. 5 characterize different versions
of the height and location of the neighboring mountain.

1.6

10

σ/σ0

9

1.2

7
8
5
4
3

b
6

2

0.8
a

1

0.4
0

20

40
θ, deg.

60

80

Fig. 5. Normalized rms deviation of image jitter for the
system of two mountains; h0 = 20 m, groups a and b
correspond to different versions of the mountain, at which
the telescope is installed: (a) mountain with highly steep
slopes: P0 = 3 km, z0 = 0.3 km; (b) mountain with
moderately steep slopes: P0 = 3 km , z0 = 3 km.

As can be seen from Fig. 5, the increase of the
slope steepness of the mountain, at whose top the
telescope is installed, (transition from group b to
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group a) leads to a significant decrease of the ratio
σ/σ0. In this case, in the first part of the whole range
of the zenith angles (0° ≤ θ ≤ 30–40°), the mountain
system almost does not differ from the case of a single
(isolated) mountain. Significant differences arise in the
second part of the range (30–40° ≤ θ ≤ 89°). In this case,
the mountain system causes a considerable increase in
the image jitter as compared to the case of a single
mountain. The neighboring mountain begins to show
its influence, because the optical path crosses the zone
of the perturbed atmosphere above the neighboring
mountain. In general, the length of the path part lying
inside the active atmospheric layer increase, which
results in the increase of the jitter variance.
It also follows from Fig. 5 that the decrease of
the height and the base half-width of the neighboring
mountain leads to a decrease of its effect on the image
jitter. The effect of single neighboring mountains
depends on the distance they are spaced from the
telescope (the main mountain). The mountains located
near the telescope exert stronger influence on the
image jitter in the central part of the range of the
zenith angles (30–40° ≤ θ ≤ 60–70°). As the separation
between the neighboring mountain and the telescope
increases, its effect shifts from the central part to the
range of large zenith angles (70–80° ≤ θ ≤ 89°).
Let us compare the obtained theoretical results
with the experiment. A lot of experimental data on the
image jitter of astronomic objects are available by
now.23–33 Of greatest interest for a comparison with
the theory are the measurements that deviate
significantly from the secant law (2). We took the
results obtained in Ref. 23 as such data. In Ref. 23
the measurements were conducted at Mount Sanglok
in Tajikistan. Mount Sanglok (2237 m above the sea
level) is located at about 60 km southeast from
Dushanbe, the capital of Tajikistan.
The measurements were conducted in the summer
period of 1960. The telescope was installed at the
height h0 ≈ 20 m from the surface. The mountain, at
which the telescope was installed, was not steep on
the average. If we represent the mean mountain profile
as a triangle with the vertex angle <θs> and the foot
radius <z> (at the level 1/e), then <z> ≈ 2500 m and
<θs> ≈ 50–60°. At the same time, the mountain had
strongly rugged sides. Thus, at the top there was a
plateau slightly lowering to the sides (the slope angle
5–12°) with the diameter of about 300 m. Outside
the plateau, the mountain has high steepness of the
slope, which is abrupt at some places. Farther down
along the slope, starting from the distance of several
hundred meters, neighboring mountains are located.
They are quite sharp and decrease in height with the
distance from the telescope. The height of the highest
neighboring mountain is lower than that of the
principal one. All the neighboring mountains form the
rugged slope of Mount Sanglok. Consequently, the
slope of Mount Sanglok in the sector of observation
can be represented as a set including the principal
mountain, at which the telescope is installed, and the
neighboring mountains. The non-averaged mountain
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profile adjacent to the telescope can be considered as
a profile of the principal mountain. In approximation
of this profile by Eq. (9) corresponding to a single
mountain, we can assume z ≈ 250 m, n ≈ 1.6. In this case
tan θs ≈ z/[P0 (1– 1/e)] ≈ 0.18 and θs ≈ 10°.
From the data presented in Fig. 5 it follows that
for not very large zenith angles (0 ≤ θ ≤ 60–70°) the
low and sharp neighboring mountains do not contribute
markedly to the jitter of astronomic images. Therefore,
in comparison of the theory with the experiment, we
can neglect the effect of the remote neighboring
mountains, restricting our consideration to the case of
a single neighboring mountain. Then the profile of
the mountain system can be presented as
P (s*) = P0(s*) at 0 ≤ s* ≤ S*;
(12)

(s*) = P1(s*) at s* ≥ S*,
P0(s*) = P0 exp [–(s*/z0)n0],
P1(s*) = P1 exp (– [s* – s*1/z1]n1),

where S* is the arc corresponding to the point of
intersection of the profiles P0(s*) and P1(s*); P0, z0,
n0 are, respectively, the height, base half-width, and
the degree of the slope steepness of the principal
mountain; P1, z1, n1, and s*1 are, respectively, the
height, base half-width, the degree of the slope
steepness, and the coordinate of the top (separation
from the principal mountain) of the neighboring
mountain. The profile (12) differs from Eq. (11) by the
parameters n0 and n1 characterizing the slope steepness
of the mountains and by the absence of wing
overlapping of the two mountain profiles P0(s*) and
P1(s*). Therefore, Eq. (12) more accurately describes
the real mountain profile at the measurement site.
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Fig. 6. Effect of mountain terrain on the variance of image
jitter of stars. Dots are for the experimental data from
Ref. 23, vertical bars show the confidence intervals. Tajikistan,
Mount Sanglok, summer of 1960, nighttime measurements,
h0 ≈ 20 m. The solid curve corresponds to the theoretical
results for the parameters of real mountain profile at the
measurement site.

From analysis of the real mountain profile near
the telescope, the mountain parameters in Eq. (12) can
be set as follows: P0 = 2237 m, z0, = 250 m, n0 = 1.6
(θs ≈ 10°);
P1 = 1700 m, z1 = 1000 m,
n1 = 0.5,
s*1 = 1000 m. Figure 6 demonstrates the comparison
of the theoretical and experimental 23 data.
As can be seen from Fig. 6, the type of the
underlying terrain in the region of the observation
site should necessarily be taken into account for the
correct prediction of the jitter of astronomic images.
The allowance for the terrain allows us to explain the
discrepancy between the earlier theoretical data and
the experimental results that deviate significantly
from the secant law (dashed curve).
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