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We describe a technique for estimating the parameters of small-scale wind turbulence from
the wind velocity measured with a pulsed CO2 coherent Doppler lidar. The pulse length and the
spatial resolution are taken to be several hundred meters. Numerical simulations of the lidar wind
measurements in the turbulent atmosphere have been performed using real laser pulses emitted from a
laser and recorded in the experiments with the WIND lidar system (Ch. Werner et al., Opt. Eng.
40, 115–125 (2001)). The errors of the turbulent parameters estimates from lidar data have been
calculated as well.

Introduction
At present, coherent Doppler lidars (CDL) find
application in the investigations of wind fields in the
atmosphere. The existing ground-based and airborne
Doppler lidar systems1–9 make it possible to measure
the wind speed and direction with high spatial
resolution. We present an overview of the techniques
of estimating the wind velocity vector from the radial
(along the propagation direction of a sounding beam)
component of wind velocity measured with a CDL,
as well as a comparative analysis of the accuracy of
the techniques published in the literature.10 The first
measurement results on the wind turbulence
parameters obtained using a CDL can be found in the
literature,22–24 the results of subsequent experiments
on the study of turbulence and atmospheric air flows
with the use of coherent Doppler lidars have also
been published.15,17,18,21, 25–30,35
Analysis of the accuracy of the wind velocity
measurements with coherent Doppler lidars and the
potentialities of the reconstruction of parameters of
wind turbulence from Doppler lidar data have been
presented in Refs. 11–21, 37, and 38. Thus, in the
papers by the researchers from the Institute of
Atmospheric Optics, SB RAS and the Institute for
Atmospheric Physics of the German Airspace Agency
(see Refs. 11, 13, 15, and references therein) the
problems due to the effect of spatial averaging over
the volume sounded on the characteristics of the
wind measured with a cw CO2-laser-based lidar have
been considered in detail. The effect of this averaging
on the measured dissipation rate of the turbulence
kinetic energy has also been taken into account.
Frehlich with coauthors17–20,31–33,37,38 have made an
important contribution to the development of the
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methods for estimating the wind velocity and
parameters of small-scale atmospheric turbulence
measured with a pulsed CDL systems operated at
2 µm wavelength. See also the bibliography in these
papers. Statistics of wind velocity fluctuations,
measured with a pulsed CDL at 2 µm and the
possibilities of estimating the dissipation rate of
turbulent energy and other turbulent parameters from
these measurements have been discussed in Refs. 14
and 21.
Based on the above-mentioned papers, one can
state that methodical problems of estimating the
wind velocity and parameters of small-scale
turbulence from the wind velocity measured using a
cw CO2-laser-based and a pulsed CDL at 2 µm
wavelength have been developed quite thoroughly.
However, it is not the case with the pulsed CO2laser-based coherent Doppler lidars,25,27–30 for which
only in the Ref. 21 analysis was made of spatial
spectra of wind velocity based on the numerical
simulations. For this reason, many methodical
problems of using such lidars in the investigations of
the atmospheric turbulence are still to be solved.
Thus, a long duration CO2-laser pulse produces
the scattering volume in the atmosphere that has too
large extension along the direction of sounding. As a
result, one cannot use the expressions for the
statistical characteristics of wind fluctuations in
determining the dissipation rate of the turbulence
kinetic energy, since those are valid only in the
inertial interval of the spectrum of turbulent
fluctuations. It is just this feature of the pulsed CO2laser-based CDLs that make them disadvantageous as
compared with the cw CO2-laser-based CDLs and
pulsed CDLs operated at 2 µm wavelength. The
shape of a CO2-laser pulse is much complicated, its
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duration and amplitude fluctuate during the
generation, that is an additional source of statistical
uncertainty in estimating the turbulence parameters
from the wind velocity measured with a pulsed CO2laser-based CDL.
In this paper we analyze, based on the results of
numerical simulations, the possibility of estimating
the dissipation rate of the turbulence kinetic energy
and other turbulence parameters from data acquired
with a pulsed CO2-laser-based CDL. The simulations
of the lidar wind measurements in the turbulent
atmosphere have been performed using real laser
pulses emitted from a laser and recorded in the
experiments with the WIND lidar system.8

1. Numerical simulation of lidar
returns and estimation of the Doppler
wind velocity
In the case of a pulsed lidar, the signal
component of the photodetector electric current js
measured at a time t can be presented in the
following form14,31,32:
js(t) = Re {y(t)},

∞

Up =

∫ dt P (t)
T

−∞

is the sounding pulse energy; αl is the scattering
amplitude of the lth particle located at the point
{zl, ρ l} (z is the propagation axis); W( ρ ) is the
function of a pupil of the transmitting–receiving
telescope; G is the Green’s function, k = 2π/λ, λ is
the wavelength of a sounding radiation; ∆f is the
intermediate frequency, and Vr(z) is the radial
component of the wind velocity at a distance z from
the lidar.
From Eq. (1) we obtain31 for the mean power of
the
signal
component
of
the
photocurrent
¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ that
S = (1/2)y(t)y*(t)
2

S = 2 [eηQ/(hν)] PSPLηH,

(2)

where PS = ARβπ(R)K2(R)cUp/(2R2) is the power of
the return signal at incoherent detection;
∞

AR =

∫ d ρ W (ρ)
2

2

−∞

(1)

is the area of the receiving-transmitting telescope;

where
y(t) = 2

eηQ K(R) 1/2
R PL
hν

ns

∑

is the backscattering coefficient; ρc is the particle
concentration;

l =1





∞

Q(ρ
ρ l) = Rλ

βπ = ¯α¯2l ρc

PT1/ 2 (t – 2zl/c) αl ×

× Q(ρ
ρ l) exp 2jkzl + 2πj ∆f –

2
V (z ) t;
λ r l  

−1
ηH =A R

∞

∫ d ρ W(ρ ) A*(ρρ) ∫ d ρ′ A (ρ ′)W(ρ ′) ×
2

2

L

−∞

T

−∞

× G( ρ l, R; ρ ′, 0) G( ρ l, R; ρ , 0);
ns is the number of scattering particles in the
atmosphere; R = ct/2 is the distance to the volume
sounded; c is the speed of light; e is the electron
charge; ηQ is the quantum efficiency of the
photodetector; hν is the photon energy;
R



K(R) = exp  dz′αa (z′),
 0

1/2

1/2

and AT( ρ ) = ET( ρ , t)/PT (t)

are the normalized amplitudes of the light wave
electric field;
∞

∫

−∞

2

d2ρ | ET( ρ , t) | and PL =

∫ d ρ Q(ρρ )
2

l

¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯2
l

−∞

is the efficiency of heterodyning. Along with the
signal component y(t) the lidar receiving system also
records the noise component of the photocurrent n(t).
In the case when the main source of noise is the shot
noise occurring due to random events of the
photoelectron production by the reference radiation
(process described by the Poisson statistics), the
¯ ¯2 is written as follows34:
mean noise power N = ¯ n

∞

∫ d ρ | E ( ρρ) |
2

L

(3)

where B is the transmission band of the receiver.
Then the expression for the signal-to-noise ratio
SNR = S/N can be written in the form

αa is the extinction coefficient of the atmosphere;
AL( ρ ) = EL( ρ )/PL

∞

N = 2 e2ηQ PLB/(hν),

∫

PT(t) =

261

2

−∞

are the powers of sounding and reference beams,
respectively;

SNR = ηQ ηH PS/(hνB).

(4)

The SNR quantity is the mean number of
photoelectrons detected coherently for the time ∼ B–1
(Ref. 33).
From the sequence of the photocurrent samples
acquired with a lidar we can pass to a complex signal
Z(mTS) =

1
y (t + mTS) + n(mTS),
2

(5)
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where TS = B–1 is the time of reading out the
complex signal, m = 0, 1, ..., M – 1. The signal
Z(mTS) satisfies the relations:

As a transmitted pulse PT(t) we took the
sequence of records of real pulses of a CO2-laser of
the WIND8 Doppler lidar. An example of such a
pulse is given in Fig. 1.
From the set of real pulses the average pulse
shape (Fig. 2) was found, which was used for testing
the simulation algorithms and the calculation of the
spatial structure function of the wind measured with
lidar.

¯ ¯ ¯ ¯ ¯ ¯ ¯) = Z(mT
¯ ¯ ¯ ¯ ¯ ¯)Z(lT
¯ ¯ ¯ ¯ ¯ ¯) = 0
Z(mT
S
S
S
and
¯Z(mT
¯ ¯ ¯ ¯ ¯ ¯)Z*(lT
¯ ¯ ¯ ¯ ¯ ¯ ¯ )¯ = SK (mT , lT ) + Nδ ,
S
S
y
S
S
ml
where Ky is the correlation coefficient of the complex
value of signal obtained by averaging the product
over
all
the
random
y(t + mTS) y*(t + lTS)
parameters of the medium, excluding the wind
velocity, δml is the Kronecker symbol (δml,m=l = 1,
δml,m ≠ l = 0).
Separating out the Doppler frequency fD from
the measured succession Z(mTS) can only be
done within the limits of the Nyquist interval
Let
us
turn
from
Z(mTS)
to
[0, 1/TS].
and assume that
Z(mTS) exp [–2πj∆fmTS]/ N
∆f = 1/(2TS). Then taking the account of the
Doppler ratio VD(R) = (λ/2)fD, we obtain that the
estimate of the radial wind velocity VD(R) is within
the interval [–λ/(4TS), λ/(4TS)]. After such a
transition, we obtain, from Eqs. (1)–(5), for the
correlation function of a complex signal

90
Amplitude, rel. units
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∫

1/2

dz′ PT (mTS – 2z′/c)PT (lTS – 2z′/c) ×

−∞

× exp j



4π
(l − m)TSVr (R + z′) + δml.
λ


SNR
nL

∑ P (∆pk)

2

T

nL

∑ a(k + m)P

1/ 2
(∆pk)
T

1.5 ⋅ 10–6

3 ⋅ 10–6

5 ⋅ 10–6

Fig. 1. An example of a CO2 laser pulse used in lidar
system WIND.
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(6)

Simulation of signals has been performed as
follows. The region in space occupied by a laser pulse
PT(t) along the direction of propagation was
subdivided into nL layers, and the signal recorded at
the time mTS was presented by the sum of
contributions from each layer and the noise
Z(mTS) =

20

Time, s

Amplitude, rel.units

Bz(mTS, lTS) = SNR ×
1/2

40

70

the following formula:

∞

60

0

¯ ¯ ¯ ¯ ¯ ¯)Z*(lT
¯ ¯ ¯ ¯ ¯ ¯ ¯ )¯
Bz(mTS, lTS) = ¯Z(mT
S
S

2
× cU
P

80

×

k=0

k=0

4π
1


× exp − j
mTSVr [∆p(k + m)] +
nm, (7)
λ


2
where ∆p is the layer thickness; a(k) and nm are the
independent complex random numbers with the real
and imaginary parts being distributed according to
the Gaussian law with the zero mean and unit
variance, Vr are the real random values of wind
speed.

0

5 ⋅ 10–7

1 ⋅ 10–6

1.5 ⋅ 10–6

2 ⋅ 10–6

Time, s
Fig. 2. Averaged laser pulse shape in WIND lidar obtained
averaging over 5500 pulses.

The values of Vr (∆pk) were simulated in the
spectral range. The spectral components of the unit
complex (Gaussian) white noise were multiplied by
the coefficients satisfying the spectral density of
turbulent fluctuations of wind velocity in the
atmosphere:
∞

Sr(κ) =

∼

∼

∫ dr 〈V (R + r) V (R)〉 e
r

r

–2πjκr

,

(8)

−∞

∼

where Vr = Vr – 〈Vr〉, and then the inverse Fourier
transform was used. As the spectrum Sr(κ) the
Karman model was used36:
2

2 5/6

Sr(κ) = 2σ r Lv/[1 + (8.43κLv) ]

,

(9)
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where Lv is the integral scale of correlation of wind
velocity (outer scale of turbulence). At high
frequencies κLv > 1 the spectral density Sr(κ) must
transform into the Kolmogorov–Obukhov spectrum37
Sr(κ) = 0.0375Ck ε

2/3 –5/3

κ

,

1
Va(R) = U
p
τ/2

×

(10)

∫

−τ / 2

where Ck ≈ 2 is the Kolmogorov constant; ε is the
dissipation rate of the turbulence energy. Whence it
2
follows that the parameters ε, σ r , and Lv should
relate through the ratio

(12)

(t)

−∞

1
×
τ

ñ
dt′ Vr R + 2 (t + t′),



(15)

∫ dκS (κ) [1 − exp (2πjκr)] ×
r

−∞

(11)

^ (T )]/(4πT ),
VD(R) = λ arg [B
z
S
S

T

∞

3

The simulation was made for λ = 10.6 µm,
TS = 1 ⋅ 10–8 s, ∆p = 1.5 m, nL = 512. From the
obtained sequences of the signal Z(mTS) the radial
velocity VD was estimated from the argument of the
correlation function (ACF-method)38:

∫ dt P

where τ = MTS. From the latter we obtain that the
structure function Da(r) is
Da(r) = 2

1.887 σ r
ε=
3/2
Lv.
C k

∞

×

 2 
 πκcτ 

2

πκcτ
1
sin2  2 

 Up2

∞

∞

∫ ∫ dt
dt1

−∞

2

P(t1)P(t2) ×

−∞

× exp [πjκc(t1 − t2)].

(16)

Now we can present the structure function of
the Doppler velocity estimate error in the following
form
2

De(r) = 2[σe − Be(r)],

where
^ (T ) =
B
z
S

1
M−1

∼

M −2

∑ Z(iT ) Z*[(i + 1)T ]
s

S

i =0

is the unbiased estimate of the correlation function of
the signal (6) with the time lag TS.

∼

∼

2

D(r) = 〈 [VD (R + r) − VD(R)] 〉

(13)

∼ (1)

∼

VD(R) = VD(R) − 〈VD(R)〉 = Va(R) + Ve(R);

∼

∼

2

Da(r) = 〈 [Va(R + r) − Va(R)] 〉
is the spatial structure function of the radial wind
velocity averaged over the volume sounded;

∼

∼

2

De(r) = 〈 [Ve(R + r) − Ve(R)] 〉
is the structure function of the estimate error of the
Doppler velocity caused by fluctuations of the

∼

∼

scattered wave and noises, Va and Ve are
independent.37
For the averaged over the volume sounded radial
wind velocity we can obtain14:

(18)

where indices (1) and (2) refer to estimates of lidar
return velocity of two neighboring transmissions of
sounding pulses, then, with taking into account the
(1)
(2)
independence of Va(r), V e (R) and V e (R), we
obtain from Eq. (18) that
2

(14)

∼

∼ (2)

Dp(r) = 2σe + Da(r),

where

∼

2

Dp(r) = 〈 [V D (R + r) − V D (R)] 〉,

according to Ref. 14 can be presented in the form
D(r) = Da(r) + De(r),

∼

(17)

where Be(r) = 〈 [Ve(R + r) Ve(R)] 〉 and σe = Be(0)
are the correlation function and the variance of the
Doppler velocity estimate error, respectively.
If we evaluate, following Refs. 14 and 38, the
spatial structure function of the wind speed from the
neighboring lidar returns:

2. Spatial structure function of the
Doppler estimate of the wind speed
Spatial structure function of fluctuations of the
Doppler estimate of the velocity VD(R)

263

(19)

2

where 2σe = Dp(0).
We eliminate the variance of the estimate error
from Eq. (19) and obtain the estimate of the
structure function of radial wind velocity averaged
over a volume sounded
^ (R) = D (R) − 2σ2.
D
a
p
e

(20)

Figure 3 shows the structure function of
fluctuations of the radial component of the wind
velocity and the structure function Da(R) calculated
by the formula (16) (M = 512) and the estimate of
^ (R) (20) obtained from the simulation at the same
D
a

parameters. Both the calculation and the simulation
were made for the model of a sounding pulse PT(t)
shown in Fig. 2. It is evident that both of these
approaches yield identical results that evidences of
the correctness of the simulation algorithm.
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The calculations were made for the time
1/2
dependence of the pulse amplitude P T (t) given in
Fig. 2 and different spatial resolution, i.e., at
MTS c/2 = 300 and 768 m. Thus, the determination
of the dissipation rate of turbulent energy, as in the
case with a 2-µm lidar,14 from the estimate of spatial
structure function of wind velocity at R << Lv is
impossible with a pulsed CO2-laser-based CDL. Here
it is necessary to take into account the effect of the
outer scale of turbulence.

Fig. 3. Structure functions of the radial velocity Dr and
radial velocity averaged over the volume sounded: Da –
^ – simulation,
calculation by the formula (16), D
2

Lv = 500 m, σr = 1, Ì = 512.

a

3. The estimation of the wind
turbulence parameters
For a cw CO2-laser-based CDL and a pulsed
CDL operated at 2 µm wavelength the sounding
range is, as a rule, not large and the effective
longitudinal size ∆z does not exceed the integral
correlation scale of wind velocity. In this case, for
estimating the parameters of wind turbulence and, in
particular, the dissipation rate of the turbulent
energy from wind velocity measured with lidar, it is
possible to use the relations for statistical
characteristics of wind velocity fluctuations in the
atmosphere valid in the inertial interval of the
spectrum of turbulent fluctuations. In this case for a
pulsed CDL at 2 µm, when spacing R << Lv is small,
the spatial structure function Da(R) ∼ ε2/3, and from
lidar estimates of the spatial structure function we
can obtain the solutions,14 which enable us to
determine the dissipation rate ε with an acceptable
precision at a sufficiently large signal-to-noise ratio.
Similar results for the cw CO2-laser-based CDL can
be found in the literature.15
The case with pulsed CO2-laser-based CDL is
quite different. In this case the spatial resolution of
wind measurements (MTS c/2) is hundreds of meters,
and the scattering volume can compare in the length
or even exceed the outer scale of turbulence. The
effect of the outer scale will result in the fact that
the spatial structure function of wind velocity
measured with a pulsed CO2-laser-based CDL, as a
function of spacing R, will differ from the
dependence Da(R), characteristic of the inertial
interval.
Really, it follows from Fig. 4 that the region of
dispersion, where the functions Da(R), calculated by
Eq. (16) for the Kolmogorov (10) and Karman (9)
spectra of the wind velocity fluctuations, coincide, is
a negligible quantity.

Fig. 4. Structure function Da(R) for the Kolmogorov and
Karman spectra of turbulence calculated for measurements
of wind velocity with different spatial resolution. (1, 3)
Kolmogorov spectrum [Eq. (10)]; (2, 4) Karman spectrum
[Eq. (9)]; M = 200 (1, 2); M = 512 (3, 4).

The dissipation rate ε can be found if we can use
2
Eq. (11), but to determine the parameters σ r and Lv
based on the spatial structure function of wind
directly is also impossible in this case because, as it
follows from expression (16), the value (9) depends
2
on the product σ r Lv and one and the same value of
the structure function can correspond to different
combinations of the values of these parameters. To
2
avoid the ambiguity in choosing the parameters σ r
and Lv the following procedure is proposed.
Using Eq. (16) we calculate the set of structure
2
functions Da(Lvi; σ r ; R) (R varies from 0 to Rmax)
at different values of the outer scale Lvi. The value
2
of the variance σ r in Eq. (16) may be arbitrary
2
(σ r = const). The choice of Rmax is determined by the
maximum separation, at which one can obtain in the
experiment the estimation of the structure
function (20). The value of Rmax must be rather
large, so that the structure function at Rmax can be
saturated, i.e., it is slightly depended on the
separation. This makes it possible, by means of the
2
2
normalization Da(Lvi; σ r ; R) to Da(Lvi; σ r ; Rmax), to
get rid of the parameter σ2r:
2

Da(Lvi; R) =

Da(Lvi; σ r ; R)
Da(Lvi; σ2r ; Rmax)

.

(21)
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Figure 5 shows an example of a set of normalized
structure functions (21) calculated for different
values of Lv
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∆p = 1.5 m. In this case, according to Eq. (11), the
dissipation rate of turbulent energy ε = 1.33 ⋅ 10–3 m2/s3.
For an isolated pulse 2048 values were simulated,
i.e., only one half of random realization of the
velocity was used. The pulse repetition rate was set
to be equal to 10 Hz, and it was assumed that during
the next sounding event the wind realization is
shifted by 1.5 m. Thus, one realization of wind Vr
was used for simulating 1024 sounding events.
The values M = 200 and M = 512 were selected
from the signal succession Z(mTS) that corresponded
to the spatial resolution 300 and 768 m and the
velocity VD was estimated by the ACF method. For
one realization of wind velocity 1849 estimates of VD
were obtained at M = 512. The total number of lidar
estimates of the velocity, obtained from one wind
realization, was 1024×1849 at M = 200 and
1024×1537 at M = 512. Overall we used 960
realizations of the wind velocity.
From that large array of data on VD the
^ (R) was estimated by varying
structure function D
a

Fig. 5. Family of normalized structure functions calculated
at different values of integral scale Lv for M = 512:
Lv = 50 (1); 150 (2); 300 (3); 500 (4); and 1000 (5).

If an experimental estimation of the structure
^ (R) (20) is normalized to D
^ (R ):
function D
a
a
max
¯^¯
^
^
D (R) = D (R)/D (R ), we can use the method of
a

a

a

max

parametric fitting and obtain the estimation of
^ by
integral scale of the wind velocity fluctuations L
v
minimizing the functional

∑i 

^ (R) − D (L , R)
D
a
a
vi




2

.

(22)

^ , one can
Using the estimation of the scale L
v
2
^ :
find the variance estimate σ
r
2
σ^ r =

^ (R )
D
a
max
Da(Lvi, σ2r = const, Rmax)

.

(23)

According to the obtained estimations of the
^ the dissipation rates of
^ 2 and the scale L
variance σ
v
r
^
turbulent energy ε are evaluated using the Eq. (1).

4. Results of numerical simulation
The numerical simulation of the signal was
performed for a 10.6-µm pulsed Doppler lidar with
the use of the WIND system in simulating the CO2laser pulses records (Fig. 1) at TS = 10–8 s and
different signal-to-noise ratios. Separate random
realizations of wind velocity were generated for the
case of the Karman spectrum (9) at σr = 1 m/s and
Lv = 500 m. The sample length was 4096 values of
the velocity with the distance between readings

the number of “shots” from 600 to 18000. For the
pulse repetition frequency of 10 Hz this corresponds
to the time from 1 to 30 min.
Then using the algorithm of Eqs. (21)–(23) and
2
^ , σ
^ r , ε^ with the values of
(11) the estimates of L
v
these parameters obtained at simulation of the
turbulent wind field, we calculated the dependences
of the relative errors of estimation of the turbulence
parameters on the time of averaging T. The results
obtained are given in Fig. 6. It is evident from
Fig. 6 that for the signal-to-noise ratios ≥ 2 the
relative error of the reconstruction of the parameters
2
σ r and ε from lidar data is in the range < 50%
already at 5 minutes averaging that is appropriate for
geophysical measurements. The situation is different
with the integral scale of the velocity correlation.
Here the relative error at a 5 min averaging is 70–
80% and decreases slightly with the increase of
averaging time.

Conclusion
We have described the technique of estimating
the parameters of small-scale wind turbulence from
the data of wind measurements performed by means
of a pulsed CO2-laser–based CDL, for which the
pulse length and the spatial resolution are several
hundreds of meters. The numerical simulations
performed show that for a sufficiently large data
samples and 300-m spatial resolution of wind
measurements the estimation error in the dissipation
rate of turbulent energy does not exceed 30%; the
error
in
the
variance
of
the
velocity
fluctuations is 10%, and in the integral scale of
correlation it is 70%, at the signal-to-noise ratio ≥ 2.
The relative error of evaluating the dissipation rate
increases with the decreasing spatial resolution of
lidar returns sampling and at the spatial resolution of
768 m it is 65–70%, at a half-hourly averaging.
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Fig. 6. Relative error of measurement of turbulence parameters: M = 200, spatial resolution is 300 m (a); M = 512, spatial
resolution is 768 m (b); SNR = 1 (1); 2 (2); 5 (3); and 10 (4).
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