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The formation and development of multiple filaments along the propagation path of a high-
power femtosecond laser pulse have been studied. By means of 3D+time numerical simulations, we

’”

have demonstrated the “birth,” “competition,

and “death” of filaments along the propagation path.

The effect of the separation between inhomogeneities in the initial beam profile on the conversion
efficiency of the input pulse energy into the supercontinuum energy has been investigated. The
decrease in the separation between two inhomogeneities has been shown to be the cause of the

increase in the conversion efficiency.

Introduction

The phenomenon of breakdown of a laser pulse
field into filaments (from here on,
multifilamentation) was discovered in liquids in the
mid 1960s." With the advent of high-power
femtosecond lasers, it became possible to observe
multiple filaments in gases, in particular, in the
atmospheric air.?® The investigation of multiple
filaments in the atmosphere was addressed in Refs. 4
and 5. The fusion of two filaments upon the
geometric focusing of a laser beam was studied in
Ref. 4. The interference of conical emission rings
from each of the filaments formed from two initial
inhomogeneities at the transverse profile of the pulse
intensity was observed in Ref. 5. In addition, in
Ref. 5 the common properties of interference patterns
from rings of multiple filaments were explained on
the basis of a simple phenomenological model. The
formation of multiple filaments at a large negative
chirp of the initial pulse (0.5-9.5 ps with the
duration of the spectrally limited pulse amounting to
about 100 fs) was examined in Ref. 6.

Multifilamentation arises when the pulse power
exceeds the critical self-focusing power by a
sufficiently large value at almost any deviations of
the transverse beam profile from the unimodal one.
Such deviations are caused by fluctuations of the
light field intensity distribution, which appear upon
the intensification of the laser pulse,” and by the
following increase in the amplitude of these
fluctuations due to self-focusing in elements of the
optical systems.® In addition, at the stage of filament
formation, random distortions in the turbulent
atmosphere are significant.’ Therefore,
multifilamentation almost inevitably arises upon the
propagation of a high-power laser pulse in real
media.

The filamentation of femtosecond pulses is
usually accompanied by the generation of broadband
radiation in the wavelength region from 400 to about
4500 nm [Ref. 10]. This effect, referred to as the
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supercontinuum generation, can be employed in a
laser lidar for broadband sensing of the atmosphere.'!

The spatial structure of the supercontinuum was
studied experimentally in Refs. 8, 12—15. In Refs. 11
and 12, it was found that the supercontinuum
radiation in the Dblue part of the spectrum is
generated both at the filament axis and in the rings
about the filament, while the supercontinuum
radiation in the red part of the spectrum is generated
only at the filament axis. The interference of the
supercontinuum fields in the blue region in air was
observed in Ref. 14 and investigated in detail in
Ref. 8. In Ref. 15, the interference of the blue wing
of the supercontinuum was discovered in the case of
propagation of a femtosecond laser pulse in water.

Most of the theoretical studies of the
filamentation and supercontinuum generation were
performed in the approximation of the axisymmetric
geometry,1("718 which does not allow, in principle, the
consideration of multifilamentation. In Refs. 19—21,
the nonstationary multifilamentation was investigated
in the coordinates x, y, z, t. One of the methods to
control the multifilamentation was proposed in
Ref. 20. In addition, the spatial distributions of the
supercontinuum in the red and blue parts of the
spectrum upon the multifilamentation have been
analyzed theoretically in Ref. 8. At the same time,
the mechanism of appearance of multiple filaments in
a femtosecond laser pulse has not been studied.

In this paper, we study in detail the scenario of
consecutive birth and death of filaments in a high-
power laser pulse. It is shown that the efficiency of
supercontinuum  generation increases upon the
decrease in the separation between the initial
intensity perturbations in the beam profile.

Mathematical formulation of the
problem

The propagation of a pulse through a medium is
described by the equation for a slowly varying
complex amplitude of the light field E(x, y, z, t)
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where v, is the group velocity; k = 21/A is the wave
number; 7, is the refractive index of the medium; the
nonlinear addition to the refractive index An is

defined as
2
2TR Nc (1 +i&), (2)

An = Amye, —————<
e (o +V2) w

where Any,, is the mnonlinear addition to the
refractive  index  associated with the Kerr
nonlinearity; m and e are the electron mass and
charge, respectively; w is the frequency of laser
radiation  corresponding to the  wavelength
A =810 nm; v, = N,v.0. is the frequency of electron
collisions with neutral particles ?;, N, is the
concentration of neutral particles (molecules or
atoms); v, is the root-mean-square velocity of
electrons, acquired under the effect of the field E; o,
is the collision cross section; N, is the electron
number density. The first term in Eq. (2) describes
the instantaneous Kerr nonlinearity, while the second
term describes the nonlinearity of the self-induced
laser plasma.

The equation for the electron number density
NJx, y, z, O):

oN,
ot

is solved together with Eq. (1). The first term in the
right-hand side of Eq. (3) describes the increase in
the concentration of free electrons due to
multiphoton  ionization. = The  probability  of
multiphoton ionization P(|E®) is determined
according to Ref. 23. The second term in the right-
hand side of Eq. (3) describes the avalanche increase
in the number of free electrons. Here v; is the
frequency of avalanche ionization, which is
determined, according to Ref. 22, as follows:

=P(|E|2)(Na_Ne)+viNe_BN3~ (3)

1 e’E?

- W, 2m(? + vf)vm @

Vi

where W is the ionization potential of air molecules
(nitrogen and oxygen) or the width of the forbidden
zone for water. The electron—ion recombination is
described by the third term in the right-hand side of
Eq. (3). The coefficient B (ecm®/s) was determined,
according to Ref. 24, as:

=875DV”

Tg/,,/z Ner (5)

B

where T is the electron temperature in plasma, in eV.

Thus, the model (1)—(5) describes the
diffraction of a laser pulse, its Kerr self-focusing,
defocusing in the self-induced laser plasma, arising
due to the multiphoton ionization and electron
avalanche, the energy loss for ionization of the
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medium, and the absorption in plasma. In the model
proposed, we neglect the change in the shape of the
ultrashort pulse as a result of the material dispersion
and the lag effect of the Kerr nonlinearity.

Since this paper focuses on the influence of the
non-unimodal spatial profile of the input beam on the
multifilamentation of radiation, the change in the
shape of the ultrashort pulse due to the material
dispersion in the medium is ignored. In Ref. 16, it
was shown that the material dispersion influences the
shape of the pulse and the efficiency of conversion of
the initial pulse energy into the supercontinuum,
whereas the spatial distribution of the radiation
energy density varies only slightly. Actually, the
filament diameter in air amounts to 50—100 pm, that
is, the length of its diffraction spreading for the
radiation at the wavelength of 810 nm is no longer
than 02 cm. At the same time, the characteristic
time scale, arising in the process of radiation self-
focusing, is 010 fs. The length of dispersion
spreading, corresponding to this time scale, is 01 m.
Thus, the spatial effects determining the picture of
multifilamentation develop faster than the temporal
ones. In water, the filament diameter is about 10 pm
(Ref. 25) and the length of diffraction spreading
decreases to 200 pm. For the time scale of 10 fs, the
length of dispersion spreading in water is 1000 pm,
that is, in condensed media the spatial -effects
develop faster than the temporal ones too.

The nonlinear addition to the refractive index,
associated with the Kerr nonlinearity, can be written
in the form

t
Ankcrr = ;nZ{(l _ﬁ)‘E(f)‘z +ﬁ jH(f _f') E(t,)zdt'}, (6)

where

H(t) = step(H)Q? exp(_%j Sll;\/\t

2
is the response function; for air A?=0Q? —rz,
Q =20.6 THz, T =26 THz; n, is the coefficient of
Kerr nonlinearity of the medium; the coefficient
7. =1/2 characterizes the ratio Dbetween the
instantaneous and inertial contributions to Anye,
(Refs. 26 and 27). The characteristic response time of
the non-instantaneous term in Eq. (6) is 076 fs.
Since the duration of the pulse, for which the
numerical simulation is carried out, does not exceed
45 fs, the contribution from the instantaneous part
can be taken into account efficiently, by integrating
Eq. (6) for the Gaussian time distribution of
radiation. As a result, the nonlinear addition (6) can
be presented in the instantaneous form>:

2

Ankm. (f) = %nchf (t) ‘E(f)

where ny.;(£)=0.6n, for the pulse duration of 45 fs. In
our calculations, n, was taken equal to 107" cm?/W,
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and the corresponding critical self-focusing power for
the short pulse with the duration of 45 fs was

P.=10 GW.

In water, the contribution of the Kerr
nonlinearity Ay (1) was calculated as
instantaneous,” and it was assumed that
Noerp = Ny = 2 01071 cm®>/W.  The  corresponding

critical self-focusing power is P, = 4 MW.

During the filamentation of a high-power
femtosecond pulse at the wavelength of 810 nm in
atmospheric air, the peak intensity is 5010%—
10" W /cm?, and the maximum concentration of free
electrons does not exceed 107 cm™ (at the
concentration of the air constituent molecules
N, =2700"cem™®). The frequency of electron
collisions with neutral particles v, is 02010 s™!. The
time between collisions 0500 fs exceeds the pulse
duration used in experiments on filamentation and in
numerical simulation considered in this paper. The
avalanche ionization in air does not occur for the
time of pulse propagation. The recombination time
01 ns, calculated for the electron concentration of
10" ¢cm™ and the plasma temperature of 5 eV is much
longer than the pulse duration. The rate equation (3)
in the case of atmospheric air takes the form

% = P(| E PXN, - N.).

The nonlinear addition to the refractive

index (2) can be written as
An = Dy \E\z -21€°N, /(m 3).

In water, the concentration of neutral particles
N, =3.300% cm™ exceeds the concentration of air
molecules by more than 1000 times. At the radiation
intensity of 10" W/cm? the ionization frequency is
v; 02 010" s7' and the time 1/v; =35 fs is shorter
than the pulse duration. Thus, the concentration of
free electrons increases due to both the multiphoton
and avalanche ionization. At the intensity of
10" W/cm?, the frequency of collisions in water
v. 02 010" s™' is comparable with the radiation
frequency w= 2.3 010" s~!. The nonlinear addition
to the refractive index An and the equation for the
plasma density are considered in the form (2) and
(3), respectively.

The numerical simulation involved the
calculation of the following distributions with a
certain interval Az:

energy density

J(x,y,2) = J'I(x,y,z, dr,

intensity profiles
I(x=0,y 1,

spectral intensity profiles S(x, y, w), which were
determined using the Fourier transform:
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oo 2
SC,y,z,w) = I E(x,y,z, r)ei“"d+ , 7

where T =t — z/v, is the current time.

Scenario of multifilamentation of
a femtosecond laser pulse

As laser pulses with the peak power exceeding
the critical self-focusing power several times
propagate, several filaments can be formed, and the
interaction between these filaments is significantly
nonstationary. In the numerical simulation of this
phenomenon, the distribution of the complex
amplitude of the field at the entrance to water (at
z=0) is taken as a sum of two Gaussian functions:

S 2 RS
E(x,4,0,0 = o/’ {E1 exp{—x * (Zyz Yo) ] +
ai

+E, exp{—%2 () ]}7 8

2a3

where 1o = 27 fs is the pulse duration at the e™! level;
Y0=10.22 mm; Dbeam radii are a@;=a;=0.22 mm,

ay =0.055 mm; E; = 81d,/c, I, =2.2500” W/cm?,
E, = [81,/c, I,=8100"W/cm® The diffraction

perturbation length of the radius @y is I4= kai =
= 37.5cm. The peak power of the pulse roughly
fourfold exceeds the critical self-focusing power of
the Gaussian pulse. At z = 0, the partial power of an
inhomogeneity with the radius @ is 58% of the total
power and that of an inhomogeneity with the radius
a, is 42% of the total power. At T = —oo, the initial
concentration of free electrons is N(x, y, z, T = —) =
=10" cm® (Ref. 28).

To study the nonstationary formation of
filaments, consider the evolution of the spatial
distribution of the energy density J(x, y) along the
axis z, because it is just this characteristics that is
used almost always in the experiments with pulses of
femtosecond duration (Fig. 1).

At a distance 0 <2z <0.2l4, the intensity of
inhomogeneities increases. Filaments are formed
almost independently, as in the case of the pulse
propagation in the single-filament mode. At this ratio
between the partial powers of the initial
inhomogeneities, two filaments turn out to be formed
at roughly the same distance z=0.2/y (Fig. 1b). Here
the distance of formation of the developed filament is
understood as such a distance along the axis z, at
which the peak intensity of an inhomogeneity
achieves the threshold ionization intensity (for water
I 010" W/cm?). At the energy density distribution,
rings are formed at z = 0.2/4 due to defocusing in the
plasma, induced by each of the filaments (see local
minima in the region of the maximum energy density
in Fig. 1b).
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Fig. 1. Transverse distributions of the energy density at
different distances z: (z =0) initial conditions (a);
(z = 0.21y) independent development of two filaments (b);
(z = 0.3ly) birth of a “daughter” filament as a result of
interaction of ring structures of the “parent” filaments (c,
d); (z = 0.4514) beginning of breakup of the upper filament
(e); (z = 0.551y) “death” of the upper filament (f).

The ring structures of the formed “parent”
filaments interfere, and at z = 0.3ly a developed
“daughter” filament with the coordinates (x = 0,
y = —0.22a,) is formed, as one can see from Fig. 1c.
Figure 1d shows the “birth” of the third filament in
the form of a surface.

At z >0.4l4, the centroid of the distribution
J(x, y) begins to shift toward negative values of y,
that is, the inhomogeneity with the high partial
power begins to dominate. This is connected with the
fact that at the distance z = 0.45/4 the pulse looses
about 30% of its initial energy, mostly because of the
absorption in plasma. The filaments “struggle” for
energy. As a result of this competition (Fig. 1e), one
of the parent filaments disappear, and at z = 0.55/4
high-intensity maxima remain only in the region
y <0 (Fig. 1f), that is, only one filament with the
coordinates (x =0, y = —0.42a,), formed in the
region of the initial perturbation with the higher
partial power, survives in the competition.

To study the processes of independent
development of the “parent” filaments, the
interference of the ring structures from these
filaments, and the formation of the daughter filament
in a more detail, consider Fig. 2.

As can be seen from Fig. 2, the conical emission
rings are formed at the distance z = 0.2]; and grow
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quickly, achieving the diameters d(z=0.23ld)|ﬂ1=
=0.5q;, and d(2=0.231d)|,,2=0.4a0 by the distance
z=0.23l4. At this distance, the stage of independent
development of the parent filaments terminates, the
ring structures approach each other to the minimum
separation [00.3ay, and their interference begins. In
the plot d(z), this corresponds to the termination of
the ring growth. During the further propagation to
the distance z = 0.26l4, the constructive interference
of the ring structures from the parent filaments
results in formation of the developed daughter
filament with its own conical emission ring, and it is
no longer possible to speak about the rings of the
parent filaments.

The numerical simulation allows us to draw the
time-resolved intensity distributions I(x =0, y, 1),
which carry voluminous information about the
interaction of the filaments (Fig. 3). Figure 3a depicts
the initial distribution I(x=0,y,z=0,1) at the
entrance to the nonlinear medium. Figure 3b and the
corresponding Fig. 1b show the stages of independent
development of the two parent filaments from the
initial perturbations, and both of the filaments are
already developed, because they have already formed
the ring structures.

0.6 /go

0.4

e d,

—e— d(2)l,,
0.2

| I | 1 |
0.2 0.22 0.24 2/l

Fig. 2. Diameters d of the rings of the parent filaments as
functions of the propagation coordinate z. The perturbation
of the radius a; is shown by squares, and that of the radius
a, is shown by circles.

By the distance z = 0.3l4 (Fig. 3¢), the third,
daughter, filament is formed due to the interference
of the conical emission rings from the parent
filaments. It is important to note that the filaments
appear in different time layers, for example, the
daughter filament forms at the time layer 1= 0.9 fs,
while the parent filaments are formed at the layers
1= —14.5fs, located in the upper hemisphere, and
1= —16.9 fs, located in the lower hemisphere.
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Fig. 3. Lines of equal intensity [(x =0, y, 1) at the distance z: (z = 0) initial conditions (a); (z = 0.2/y) independent
development of two filaments (b); (z = 0.314) birth of the daughter filament as a result of interaction between ring structures
of the parent filaments (c¢); (z = 0.45/4) beginning of breakup of the upper filament (d); (z = 0.55/4) death of the upper
filament (e). The minimum level is 0.041 ., the step between the lines is 0.041 . (Imay is the peak intensity at z = 0.5514).

In the process of laser pulse propagation, the
pulse energy decreases due to dissipation in plasma
and ionization of water molecules. At the distance
z > 0.45l4 (Fig. 3d), the filaments compete with each
other, so that by 2z = 0.35/; only one filament,
located in the lower hemisphere, survives (Fig. 3e).

Thus, we can separate the following stages of
the interaction between multiple filaments during the
propagation of the high-power femtosecond laser
pulse:

— independent development of the initial
perturbations in the spatial profile of the beam into
the developed parent filaments;

— interference of the intensity rings, which
spread in the cross section from the initially formed
parent filaments,

— appearance of daughter filaments as a result
of this interference;

— competition between the filaments,
manifesting itself in the energy transfer from one
filament to another;

— survival of one (or several) filament in the
competition.

Generation of supercontinuum
of multiple filaments

The blue supercontinuum radiation is generated
both on the filament axes and in the rings spreading
from each filament. In the case of multifilamentation,
the interference between these rings is possible.® In
the red part of the spectrum, the supercontinuum

generation was detected only on the filament
axes, 1213
To study the spatial distribution of the

supercontinuum in air, the initial conditions at the
entrance to the nonlinear medium (air) were taken

in the form (8), where E;=8m/c, I;=1.93x
x10°W/cm?,  E, = \81l,/c, 1,=6.9300"2W /cm?,

pulse energy Wjy=35m]J, beam radii @ =a,=

= 0.18 mm,
normalization

a> = 0.045 mm, the length, used for
of the propagation coordinate z,
lg= ka} = 25.1 cm. The peak power of the pulse is
roughly 11 times exceeds the critical self-focusing
power of the Gaussian beam. In the case of the close
location of the initial perturbations on the transverse
profile of the beam, y, was taken equal to 0.75a.
The upper row in Fig. 4 shows the successive
formation of multiple filaments from two initial
inhomogeneities. Note that all the main stages of the
multifilamentation scenario are observed in air.

Two filaments develop independently of the
initial perturbations, and by the distance z = 0.08l4
the first parent filament, formed from the initial
perturbation located in the upper half-plane, generate
conical emission rings. First daughter filaments are
formed from these rings (Fig. 4a). After the
generation of the rings spreading from the filament
located in the lower half-plane, a complex pattern of
interference between the fields of multiple filaments
(both parent, and daughter) arises, which results in
the birth of new filaments (Fig. 4b). By the distance
z=0.13l;, about eight filaments are formed
(Fig. 4c).

When studying the spatial distributions of the
supercontinuum at some distances z, the spectral
intensity S(x, y, z, \) was determined by Eq. (7).
Consider the evolution of the spatial distribution of
S(x, y, z, A = 650 nm), that is, in the blue wing of
the spectral region (see Fig. 4, central row). The
distances of detection of the supercontinuum in the
numerical experiment correspond to the distances of
detection of the energy density (see Figs. 4a—c). As
is shown in Fig. 4d, the generation of the
supercontinuum Dbegins on the filament axes as a
result of the phase self-modulation under the
conditions of the Kerr nonlinearity of the medium.
Then in the process of defocusing in the self-induced
laser plasma, the spectral components in the high-
frequency region of the supercontinuum Dbegin to
appear in the rings surrounding the filaments
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(Figs. 4d and e). The detailed explanation to the
spreading of the high-frequency components in the
form of the rings surrounding the filament is given in
Ref. 16. Simultaneous development of several
filaments leads to interference between the rings of
high-frequency components from different filaments
(see Figs. 4¢ and [f). The presence of interference
indicates that the broadband radiation generated by
each of multiple filaments born in a single pulse is
coherent.

In the red wing of the supercontinuum spectral
region, it is mostly generated on the filament axes
(see Fig. 4, lower row). To confirm this, Figs. 4g—i
show mnot only the distributions S(x, y, z, A =
= 850 nm), but also the plots of the energy density
at x =0: J(x =0, y, z) — solid white lines. As can
be seen, any region of active generation of the red
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wing of the supercontinuum is connected with the
corresponding filament. At the same time, the maxima
of the spectral components at the wavelength
A = 850 nm could form earlier along the axis z. Since
it is known that the red components of the
supercontinuum propagate along the filament axes, '
it is possible to expect the detection of the maxima of
these components, corresponding to the position of
born (and, possibly, already dead or significantly
displaced) filaments at any distances z shorter than
the distance of detection. An example of such a
maximum is the peak located at the point (x = 0,
y =—0.135 mm) in Fig. 4g. The filament, which has
generated this maximum, was formed at the distance
z=0.08ly at the same values (x =0, y=-—
0.135 mm), which roughly corresponds to the
perturbation maximum in the profile of the input beam.

.18 0 k. 18
(1] r, mm

i i

Fig. 4. Spatial distributions of the energy density J(x, y, z) — upper row (a—c); spectral intensity of the supercontinuum
S(x, y, z, A) in the blue region (A = 650 nm) — central row (d—/), spectral intensity of the supercontinuum S(x, y, z, A) in
the red region (A = 850 nm) — lower row (g — i) at some distances z: z = 0.10l4(a, d, g), z = 0.111a(b, e, h), z = 0.13L4 (¢, [, D).
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The spatial distribution of the spectral intensity
obtained in the computer experiment is shown in
Figs. 4d—i for the distance between perturbations
Yo = Yshort = 0.75ay. For the longer distance between
perturbations  yo = Yiong = 0.9@9, the area  of
interference between the conical emission rings in the
blue region decreases. It is practically interesting to
compare the efficiency of conversion of the laser
pulse into the supercontinuum for the shorter and
longer distances between initial perturbations. The
supercontinuum energy in the blue W), and red
Wiea spectral regions is determined by the following
equations:

Ay
Wi (2) = jS(x,y,z, Mdadyda,
M

A4
Weed(2) = J.S(x,y, z,Mdxdyda,
A3

where Ay = 400, Ay = 750, A3 = 850, A; = 1000 nm. The
efficiency of conversion of the laser pulse energy into
the supercontinuum is determined by the ratio of the
energy of the blue (red) spectral portion to the total
energy of the laser pulse at the entrance to the
nonlinear medium W,. Figure 5 shows the ratios
Wit/ Wy and W,.q/ W, as functions of the distance z.
: Wblue /VVO /._,,--0'”—'.
109

10

10° £

10—6 . L . L L .
0.06 0.08 0.1 0.12 0.14 0.16

2/1y

b
Fig. 5. Supercontinuum energy in the blue Wy, (a) and
red Wia (b) spectral regions as a function of the distance z
at the far (solid line) and close (dashed line) location of the
initial perturbations; W) is the laser pulse energy at z = 0.
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As can be seen from Fig. 5, the energy of the
supercontinuum increases with the distance. In the
blue spectral region at the distance z = 0.10/,, the
conversion efficiency achieves 8.010% for close
perturbations and 5.9007* for far perturbations. In
the red spectral region, the efficiency of conversion
into the supercontinuum is also higher in the case of
close initial perturbations.

Thus, close location  of  the  initial
inhomogeneities is preferable for the transfer of the
energy with the fundamental wavelength into the
white light. This agrees with the experimental data
on the influence of scaling of the beam dimensions on

the signal of supercontinuum and nonlinear
fluorescence.?
Conclusions
1. The scenario of formation of multiple

filaments upon the propagation of a femtosecond
laser pulse with the non-unimodal transverse
intensity distribution includes:

— independent  development of the initial
perturbations in the spatial profile of the beam into
the  developed  filaments, forming plasma
“microchannels”;

— interference between the rings in the intensity
distribution, which spread in the cross section from
the parent filament formed earlier;

— appearance of the daughter filaments caused
by this interference;

— competition Dbetween the filaments that
manifests itself in the energy transfer from one
filament to another;

— survival of one (or several) filament as a
result of the competition.

2. In the case of multifilamentation, the spatial
distribution of the supercontinuum radiation in the
red spectral region looks like a set of axisymmetric
peaks with centers on the axes of the corresponding
filaments. In the blue region, the interference is
observed between the rings of the conical emission of
the supercontinuum, spreading from each filament.

3. The decrease of the distance between the
initial perturbations in the beam intensity profile
leads to an increase in the efficiency of conversion of
the laser pulse into the supercontinuum radiation.
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