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A procedure for linearizing the solution of the inverse problem in the analysis of 
experimental measurements of spectral fluxes of short-wavelength radiation in the 
atmosphere for the purpose of obtaining vertical profiles of the optical parameters of 
the atmosphere – the optical thickness, the photon survival probability, and the 
scattering phase function – is described. As an example the optical parameters of a 
separate layer of an inhomogeneous multilayered atmosphere are determined by the 
method of successive approximations. It is shown that the solution converges rapidly 
and the required accuracy can be achieved. 

 
 

In Part I of this work we formulated the problem 
of reconstructing the optical parameters of 
atmospheric layers from measurements of the vertical 
profiles of radiation fluxes and we gave an example of 
the convergence of the iteration process in determining 
the optical parameters of one layer in a four-layer 
atmosphere. 

We shall now examine the possibility of 
determining the optical parameters of all layers of the 
atmosphere at the same time. The most important stage 
in the solution of the inverse problem is the calculation 
of the matrix of partial derivatives of the fluxes with 
respect to the optical parameters of the atmosphere. 
Before solving the inverse problem for specific 
experimental data, however it is useful to determine 
the information content of the solution based on the 
obtained matrix of partial derivatives. This will show 
which parameters of the atmosphere can be determined 
from measurements (with variance less than the a 
priori value). 

To evaluate the information in the case when 
several layers are studied simultaneously we calculated 
the derivatives for a three-layer atmosphere in three 
cases: "thin" atmosphere 0 = 0.09, average 
atmosphere 0 = 0.9, and "thick" atmosphere 
0 = 3.5. The layers had the same thickness, and the 
values of the remaining parameters were as follows: 
i = 0.5: Gi = 15; S[  = 100 (arbitrary units); 
A0 = 30% and 0  = 45. Before analyzing the results 
we note the characteristic values of the variations 
  0.1,   0.1, and G  10. For this reason, if 
the partial derivative with respect to Gi is two orders of 
magnitude less than the derivative with respect to i or 
, then their information content is identical. This 
difference is, obviously, less pronounced for the values 
of the logarithmic derivatives (Table 1, no indication of 

the variances). We shall examine all three cases in 
greater detail. 

a) “Thin” atmosphere, 0 = 0.09. The derivatives 
of the upward and downward fluxes with respect to  
have the largest values. This is as expected, since only 
scattered radiation is dependent on  and G, and its 
relative contribution at the boundaries of the layers is 
4.8 and 12%, respectively. As regards derivatives with 
respect to i and Gi, probably only i can be 
reconstructed from them, since the derivatives with 
respect to Gi are smaller contribution is very small in 
this case. It can be expected that for such small values 
of 0 the information content of the derivatives with 
respect to  and G will increase as the scattering 
increases, i.e., as [  and A0 increase. 

b) "Average" atmosphere, 0 = 0.9. The 
derivatives of the incident flux with respect to , , 
and G are approximately equally informative), i.e., 
the downward flux leaving a layer is approximately 
equally dependent on each of the optical 
characteristics. We note that in all three cases the 
matrices of the derivatives of the incident flux (to 
within order of magnitude) triangular; this is natural, 
since the incident flux contains very little information 
about the layers through which the flux has not yet 
passed (this information is formed by backscattering of 
the upward flux, i.e., scattering of second and higher 
orders). As regards the upward flux, its dependence on 
 is strongest. The weak (as compared with ) 
dependence of the upward flux on  and G can be 
explained by the existence of opposing tendencies: as  
increases the decrease of this flux reduces the upward 
flux at the surface, but as the backscattering of the 
incident flux increases the upward flux increases; 
analogously, as G increases the incident flux also 
increases, while the backscattering decreases. 
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TABLE 1. 
 
Matrix of logarithmic derivatives of the fluxes 
with respect to the optical parameters of the layers 

 

 

 
 

3) "Thick" atmosphere, 0 = 3.5. The information 
content of derivatives of the incident flux with respect to 
,  and G is also approximately the same. For the 
upward flux, however, as compared with the preceding 
case, the information content of the derivatives with 
respect to  is lower, while the information content of 
the derivatives with respect to  and G is higher (the 
increase for derivatives with respect to is especially 
sharp). All matrices of the derivatives of both the 
incident and upward fluxes are nearly triangular, i.e., 
for such large values of i the fluxes carry information 
primarily about the optical characteristics of the layers 
which the flux has already passed. The derivatives of the 
scattering phase function with respect to the parameter 
Gi are unexpectedly large, though theoretically the 
dependence on this function should gradually vanish as 
the optical thickness increases. The absence of this effect 
can probably be explained by the fact that for a strongly 

elongated scattering phase function (Gi = 15)  = 3.5 
is still a quite small optical thickness. 

We shall now evaluated the information content 
of each optical parameter of the atmospheric layers 
relative to the entire complex of measurements. We 
shall evaluate the information content quantitatively 
with the help of the matrix of a posteriori variance - 
Fisher’s matrix (see, for example, (Ref. 1)). 

By definition, the amount of information is given 
by the logarithm of the ratio of the a posteriori and a 
priori variances: 
 

 
 
The a posteriori variance is given by the diagonal 
elements of Fisher’s matrix: 
 

 
 
where A is the matrix of partial derivatives and  is 
a diagonal matrix of a priori variances. Then the 
information content of the i-th component of a vector 
relative to the entire complex of measurements is 
given by 
 

 
 

where dii are the diagonal elements of the matrix D, 
while fii are the diagonal elements of the matrix F. The 
amount of information is measured in bits. 

We shall now evaluate the amount of information 
in the cases 1, 2, and 3 above. We shall assume that the 
fluxes are measured with an accuracy of 1.5%, and for 
the a priori variances we choose 0 for , 0.25 for , and 
15 for G, which covers the range of possible variations 
in these quantities in a clear atmosphere. 
 

TABLE 2. 
 

The amount of information (in bits) contained in 
the entire complex of flux measurements about the 
parameters of the atmospheric layers 

 

 
 

The results of the calculations are given in Table 2. 
It is obvious that the obtained estimates of the 
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information content confirm the conclusions drawn 
based on "visual" analysis of the matrices of partial 
derivatives. 

Thus analysis of the partial derivatives of the 
fluxes with respect to the optical parameters of the 
atmospheric layers shows that the optical parameters 
of the atmosphere can be determined from flux 
measurements. In Part 3 of this work we shall examine 
the question of finding the parameters of the 
atmosphere from concrete experimental data. 

We are deeply grateful to G.A. Ryzhikov for very 
useful discussions of this work. 
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