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This paper presents a solution for the second-order mutual coherence function of optical 
sounding beam propagating through a refraction channel with small aberrations. Expres-
sions are derived for the coordinates of the beam center of gravity and effective radius, and 
the distribution of the sounding beam intensity over its cross section. An analysis of the 
effects of aberrations of different orders in the channel on optical beam characteristics is 
made. It is shown that the aberration-free approximation can be used to describe a narrow 
(in comparison with the width of the refraction channel) sounding beam in a defocusing 
channel with small aberrations (e.g., with a Gaussian or Gaussian-like profile) only for 
sounding paths whose length does not exceed a few focal lengths of the refraction channel. 

 
 

The data from gradient refraction measurements 
of variations of the regular dielectric constant (re-
fractive index) in various media have found wide 
applications in science and industry.1–3 One of their 
most interesting applications is optical sounding of 
cylindrical volumes of air with lateral parabolic gra-
dient of the dielectric constant, known as "lens-type" 
refraction channels.1–5 Techniques for paraxial 
sounding of such aberration-free refraction channels 
were considered in Refs. 4 and 5. It was shown there 
that the greatest amount of ønformation is contained 
in the wavefront curvature, the shift of the sounding 
beam center of gravity, and changes in the effective 
beam radius. Reference 6 considered the distorting 
effects of aberrations in a refraction channel upon the 
curvature of the sounding beam wavefront and upon 
the result of image refocusing behind the focusing lens. 
The present paper presents a theoretical study of the 
spatial intensity distribution in a sounding beam 
propagating close to the optical axis of the aberrating 
refraction channel. The domain of applicability in 
which the aberration-free approximation provides an 
adequate description of the beam is evaluated, in-
cluding: the coordinates of its center of gravity, its 
effective radius, and the maximum intensity on the 
refraction channel optical axis. 

Propagation of a sounding beam along the re-
fraction channel with aberrations is described by the 
parabolic equation: 
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where k = 2/;  is the optical radiation wave-

length; 
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2 is the change in the medium dielectric constant 
along the optical axis of the refraction channel; F0 is 
the refraction channel focal length; , , and  are 
vector and scalar coefficients which characterize the 
aberrations in the refraction channel 
 

 
 

The equation for the second-order mutual coherence 
function of E(x, ) in Eq. (1), 2(x, 1, 2) = 
= E(x, 1)E*(x, 2), has the form 
 

 
 

 
 

 
 

Here 
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We will use perturbation theory to find the solution 
of Eq. (2) 
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where the function (0)
2 ( , , )x R   is the solution of the 

equation 
 

 
 

 (3) 
 

satisfying the boundary condition 
 

 
 

and the function (1)
2 ( , , )x R   is the solution of the 

equation 
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satisfying the boundary condition 
 

 
 

The solution of Eq. (3) is known,3–5 and Eq. (4) 
is solved applying the method of characteristics to its 
Fourier transform. Thus the solution for the sec-
ond-order mutual coherence function in the defocusing 
refraction channel with aberrations has the form 
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The coordinates of the center of gravity of the 
sounding beam Rk(x) can be determined as follows: 
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where 
 

 
 

Let the Gaussian sounding beam propagate along 
the refraction channel close to its optical axis. Then, as 
was demonstrated in Refs. 4 and 5 
 

 (7) 
 

where 2
0a  and a2(x) are the initial and the current 

radii of the sounding beam;4,5 Rc(x) is the displace-
ment of the center of gravity of the sounding beam in 
the channel with linear (  0) and parabolic inho-
mogeneities of the medium dielectric constant. Using 
Eqs. (5), (6), and (7) it can be shown that the shift of 
the center of gravity of the sounding beam in a re-
fraction channel with aberrations is described by the 
expression 
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For a wide (in the diffraction sense: 
2
0 0/ 1)ka F. ) collimated beam propagating parallel to 

the channel optical axis (at  = 0) we have 
 

 
 

where R0 is the initial shift of the sounding beam 
center of gravity relative to the refraction channel 
axis,4,5 so that expression (8) becomes 
 

 
 

 (9) 
 

where 
 

 
 



842  Atmos. Oceanic Opt.  /September  1990/  Vol. 3,  No. 9 I.P. Lukin 
 

 
 

 
 

 
 

 
 

 
 

Expressions (8) and (9) demonstrate that if the 
inputs from the linear and the quadratic components of 
the inhomogeneity in the medium dielectric constant 
to the sounding beam center of gravity are additive,4,5 
the aberrational components of the refraction channel 
profile make contributions which depend on Rc(x). 
Odd-order aberrations make such contributions even 
for Rc = 0, while the even-order ones do not. If 
 > 0, then the shift in the direction of R0 is larger 
than for the aberration-free profile, and vice versa. The 
intensity of a sounding pulse propagating along the 
optical axis of the refraction channel (at  = 0) can be 
obtained from relation (5) if we substitute into it the 
aberration-free approximation of the second-order 
mutual coherence function: 
 

 
 

where S(x) is the beam wavefront curvature.4,5 Cal-
culations show that for a wide collimated beam, when 
S(x) > th(x/Fc) (Refs. 4 and 5), 
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where 
 

 
 

 
 

 
 

 
 

 
 

is the intensity distribution of the sounding beam in 
the aberration-free approximation.4,5 In particular, on 
the optical axis of the refraction channel the expres-
sion for the sounding beam intensity acquires the 
simplest possible form 
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where 
 

 
 

For  > 0 the sounding beam intensity along the 
channel optical axis is less than in the aberration-free 
case, while for  < 0 it is geater. Redistribution of 
intensity within the beam due to the third order ab-
erration results in its increase along the vector , and to 
its decrease in the opposite direction, while on the 
channel axis the intensity remains the same as • in the 
aberration-free case. 

Knowing the intensity distribution across the 
beam, one may compute its initial characteristics: the 
optical radiation flux, the coordinates of the center of 
gravity, and the effective beam size (radius). Inte-
grating expression (10), one can show that the optical 
radiation flux remains unchanged: 
 

 
 

The expression for the beam center of gravity 
 

 
 

Coincides with relation (9) at Rc = 0, and the ef-
fective beam radius is then determined by the fol-
lowing expression3: 
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where 
 

 
 

It follows from Eq. (12) that the effective beam 
radius changes under the impact of only the even-order 
terms in the power-series expansion of the gradient of 
the channel dielectric constant. 
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The results obtained above enable one to evaluate 
the applicability of the aberration-free approximation 
to the case when a sounding beam, narrow in com-
parison with the refraction channel width, propagates 
through a defocusing refraction channel with low 
aberrations. Analyzing Eqs. (9)–(12), one can see 
that the effect of such aberrations can be neglected if 
the following conditions are satisfied: 
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Consider, for example, a symmetric Gaussian profile of 
the medium dielectric constant in the refraction 
channel.7 Conditions (13), in this case, take on the 
following form: 
 

 
 

 (14) 
 

Here ak is the radius of the refraction channel  
(ak p a0). Calculations show that conditions (14) can 
be satisfied for (ak/a0)  10

–1 if x/F0 < 1 and 
(ak/a0)  10

–2 if x/F0 < 3. 
To summarize: the present study, together with 

Refs. 6 and 7, demonstrates that the aberration-free 
approximation may be used to describe the parameters 
of a narrow sounding pulse propagating in a defocusing 
weakly-aberrating channel (e.g., with a Gaussian or 
Gaussian-like profile). However, it is applicable to 
short paths only, not longer than a few focal lengths of 
the refraction channel (F0). 
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