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The problem of propagation of light beams through a medium with a three—
dimensional parabolic profile of the amplification coefficient has been solved. The
degree of spatial coherence of the amplified radiation has been found. The spatial
structure of the radiation in open resonators filled with an active medium, which has
such a three—dimensional amplification coefficient has been described.

Studies of the formation of the spatial structure of
light beams in amplifying media without feedback have
quite a long history. Though the main features of this
process were clarified in Refs. 1—3, the problem has not yet
been completely solved. Thus, for example, an analysis of
light beam amplification in a medium with a three—
dimensional parabolic profile of the amplification coefficient
was presented in Ref. 1, but the result for arbitrary shape of
the signal was obtained by summing over the components of
the Fourier transform, i.e., the problem was solved for the
case of independent plane waves. The results of numerical
calculations were presented in Ref. 2, and in Ref. 3
calculations for two—dimensional media were made.

There are also certain doubts about the universality of
one of the main conclusions made in Refs. 1—3 as well as
more recently in Ref. 5, which states that the radius of an
amplified beam and its correction length tend toward
identical values. In the present paper it is shown that
diffraction of the Gaussian pump beam outside the
waveguide leads to a quite different result.

In addition, it is of great interest to analyze the spatial
mode structure of the beam in an amplifying channel with
feedback, i.e., in the resonator of superluminescence lasers
and amplifiers based on Raman scattering (RS) as well as in
standard lasers with parabolic profile of the amplification
coefficient of the active medium.5

The exact theory describing the formation of spatially
coherent light beams in active media with parabolic profile
of the amplification coefficient, including media with
feedback, which is developed in the present paper, is based
on the use of the method of integration over trajectories.?
Some of the results presented in this paper were previously
published elsewhere,”8 but limitations on the lenght of
these papers made it impossible to give a comprehensive
treatment of the problem.

1. AMPLIFICATION IN AN ACTIVE CHANNEL
WITHOUT FEEDBACK

In a prescribed pumping field the amplification of the
Stokes wave due to Raman scattering (RS) obeys the
equation

(é + ZLkAl )A(r, 2) = gl (x, DA, 2) SV

where A(r, 2) is the complex amplitude of the Stokes wave, k
is its wave number, [ fits z) is the intensity of the pumping

radiation, and the parameter g is determined by the optical
nonlinearity of the medium. The wave is assumed to propagate
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along the z axis. The vector r is perpendicular to the z axis
and A, is the transverse Laplacian.

Let us consider the process of amplification in the field
of a focused Gaussian pumping beam. In the case of
collinear propagation we have

I(r, 2)= Ila,/ a(2)] %exp[ 22/ a*(2)] , (2)
where
(@) = Ve(Dag, Ve =1 2/P2 v /1), (3)

a, is the radius of the pumping beam upon entrance into the

nonlinear medium (z =0), [ = kp aﬁ/ 2 is the diffraction

length of the pumping wave, kp is the wave number of the
pumping wave, and f is the focal length of the lens. In the
case of counter interaction of the pumping wave an the Stokes
wave, the pumping wave is assumed to be prescribed at the
exit from the nonlinear medium at z = I, where [ is the depth

of the nonlinear medium, and instead of Eq. (3) we have

- - - 2 _ 2
612(2) = V?Olmt(z)af, V(z‘ount = (1 _ 1 fZ) + (11 Z) . (4)

dp

The subscripts col and count stand for the cases of
collinear and counter amplification.

The solution of Eq. (1) can be written in terms of the
continuum integral

Alr, )= f Ay(p) x

!
x fexp{—i gf L,[r©), i‘(C)]df}Dzr(C) d’p , (5)
0
Lyt D) = QP + 221 [10), ¢] i) = % ©)
{{r, 1) = [r( kprc,c rc—d§~

The differential D?() = Dx(¢) Dy(t) indicates
integration over the trajectories that intersect the points with
the coordinates x(¢) and y(&), at the end points r(¢ = 0) = p
and r(¢ = [) = r; and the amplitude A (r) = A(r, z = 0).

We succeeded in our analytical calculations with the
help of the paraxial approach in which the pumping beam
profile (2) is approximated by a parabolic profile:
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Ip(r, 2) = ay/ AP I [1 -2/ A(2)] . @

In this case for the collinear interaction between the
waves we arrive at the result

1 ! 1
i [ Lz=gl, [ Viodi-i% [ LIxo KOl ®)
0 0 0

where

LIKG), HO1 = [HOP — iwlyy Ve % 1 =291, 11,/1, and
l,= kag/ 2 is the diffraction length.
The integral factor in the first term in Eq. (8) is equal to

!
f V;ﬁ(g)dg =1y arctan(l/ldp)/(1 — l/f). €))
0

To calculate the second integral, we transform to the
new coordinate t=z/] i and introduce the quantities

a=1 dp/ [ and 1=1/1 4y~ The greatest contribution to the
integral (5) comes from the trajectories that satusfy the Euler
equation

Q0oL oL
T or

=0. (10)
ot 5

Operating on Eq. (8), we obtain the equation

[ —at)? + )% + iur = 0, an

which must be solved with boundary conditions

r(t=0)=r, r(t=1)=r. (12)
For optimal trajectories we have

r(O=[ )/ [(D)sin g() [{r sin g(£) — pAD) sin g(£) — g(0) [},(13)

where

) = [ —at)? + 2]V2, g(t) = M arctan[t/(1 — at)],

M = M,exp(io/2), M,(1+p>)"4 ¢ = arctan p.

The contribution of the arbitrary trajectory to the
integral can be represented as r(t) =ry(¢) + p(¢), where

p(0) = p(t) = 0. Then, again operating on Eq. (8) we obtain
t T
J Lt =1+ [[52 i Voo de. (1)
0 0

Thus Eq. (5) takes the form

Alr, 1) = C(T)fAO(P) exp{gloldparctan[ T _T ar]

— g ([ - CORNEE (15)
dp
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where

ly

C(r) = f exp{— zsz [p%— in)l(t)upZ]dt}sz(t).
v
0

The value C(1) can be calculated, but it is unessential
for further analysis. The second term of Eq. (15) can be
written in the form

» M cotan[g()] +a’t+1—

a,
(1 —or)+ 2 +p{M cotan[g()]+

Ir— pp=r
+ of (1—o)?+e2 |- 22rpMsin~'[g(O][ (1—at)>+22 | ~172}.(16)

In the particular case in which the pumping beam is
focused into the center of the nonlinear medium, Eq. (16)
becomes symmetric with respect to p and r (in this case
1 =20/(1 + o)) and assumes the following form:

ir— pp=(r2+ p>)[M cotan[g(x)] + o] — 2rpM /sin (). (17)

In the case of counter interaction between the waves
the salient feature of the amplification process is a result of
the fact that the pump is assumed to be located at the other
end of the amplifying medium (see Eqs. (2) and (4)).
Therefore, to find the response of the active channel, it is
sufficient to make the substitutions p —>r and r —» p in
Eq. (16) and consequently in the exponent of Eq. (15).

The latter circumstance can be used, in particular, for
analyzing the optical fields in symmetric resonators as well
as in resonators one or several mirrors of which conjugate
the phase. Such PC—resonators are very promising since
their use provides the possibility of automatic compensation
for both static aberrations of the resonator and random
phase inhomogeneities.” 10

2. AMPLIFICATION OF STRAY WAVES.
CORRELATION FUNCTION OF THE FIELD

In what follows we consider the amplification of a
spatially incoherent signal whose correlation function has the
form

Lo(py, py) = <A(p A (py)> = Gydlp — py) |

where G, describes the angular distribution of the spectral
power density of the signal.

After some quite cumbersome calculations, in the case
of unfocused beams (f — ) and collinear interaction we
obtain for the entrance spatial correlation function of the
wave being amplified the following expression:

. .k 2 2
IGr,, 1y D= CZ(r)GOF(l)exp{Zglol— a1 Tn(A-) -

rarn (r - r2)2} (18)

- 2 - 2
d(‘ol( D el

where 7, is the beam correlation length for collinear
beams,

21
F(D) = k_J\/[Od;}(_l) [ch?N sin?N, + cos?N, sh®N |,
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a(%(,l(l) = k_]\(%) (1+ -cz)H(l)[(sinzN(7 + sth_),)cos o+

+sh?N —sin’N |1, (19)
and
refD) = 21, (1 + )M HD) |

H() = shZN_),cos((p/Z) — si112Ncsin((p/2) . (20)
Here the following notation was used:
N, =Mcos(¢/2) arctan t, N,=Mgsin(¢/2)arctant.  (21)

First of all let us analyze the ratio of the correlation
length 7, to the radius of the beam

B 2731(1)
()

= (sin®N_ +sh?N )cos ¢ + sh®N - sin?N_ . (22)

The function R(7) calculated for different values of p is
plotted in Fig. 1.
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FIG. 1. The doubled square of the ratio of the correlation
length of the beam to its radius (solid curves) and the ratio
of the angular divergence of the beam to that of the
pumping beam (dashed curves) as functions of the
normalized propagation depth. Figures above the curves
indicate the values of n (from 5 to 30).

For high pumping intensities (u > 1), we obtain

R = sh2N P sin?N

c’

(23)

The value of R increases with the argument N_. At small
values of N_ under conditions in which 1 <1

2 2 —2
R~ § N;i = § (g10)2141(1p' (24)
It turns out that at small depths </, < ldp the

correlation length of the beam is smaller than its radius. This
ratio increases with [ and at large depths (/=1 dp) the

correlation length of the beam is already greater than its
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radius. This result is substantially different from the result
obtained in Refs. 1—3, where the authors concluded that the
correlation length and the beam radius tend toward identical
values. According to Eq. (23) at [ >/ a R starts to saturate.

Let us now consider the behavior of the correlation
length and the radius of the beam. At small depths (1 < 1)
the correlation length is equal to

ro = (8g1,°/31, )12, (25)

i.e., it increases with depth. This equation coincides to
within a constant factor with the approximate result
obtained in Ref. 2. At depths larger than the diffraction
length of the pumping beam (1 < 1) we have

Ter = 21"/4(kldp)_1/2u_1/4l exp[ n%gI ()ldp)]1/2~ (26)

In this case the dependence of the correlation length of
the beam on the depth follows the case of free space.

Let us now consider the behavior of the radius of the
wave being amplified for u > 1. Then we can write

s 4l (1 +7) hoN - sin2N
Aeol\t) = k’\IZ_H " sh2N - sin2N

where N =+fiu /2 arctan t.
If 1< 1, then the radius of the beam decreases with
depth

7

a.,(D = 4ldp\] kul (28)
In the opposite case (at © > 1)
acol(l) ~ 2(kldp)71,,,,/2(2”1)71/41 . (29)

In the latter case the dependence of @, on I follows the

case of free space. At same time, the comparison of
Egs. (26) and (29) shows that the diameters of the
equivalent diffraction apertures for the correlation length
and beam radius are different.
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FIG. 2. Squared correlation length (solid curves) and beam
radius (dashed curves) normalized by the radius of the
pumping beam as functions of the normalized depth. Figures
above the curves show the values of w (from 5 to 30).

According to Egs. (25) and (26), the correlation length
of the beam increases monotonically with depth and only the
rate of increase varies. At the same time, the dependence of
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the beam radius on depth appears to be nonmonotonic: the
initial decrease of the radius is then followed by its increase
(Fig. 2). This conclusion agrees fairly well with the calculated
results.?

In the case of counter interaction, the correlation
function has the form

I(r,, 1y D) = CADG(1 + FD x

2911 fen (non) (30)
X ex — — ,
PO T AW

where C(]) is a constant,

oouni(D) = dgo(D/(1 + 1),
and

o = 12D/ (1 + ), G1)

From Eq. (30) we find that differences between the
correlation length and the beam radius for collinear and
counter interaction between the waves are observed at t > 1,
i.e., when the effects of diffraction of the pumping wave are
noticeable. It can easily be seen that in this case for counter
interaction between the waves the correlation length and
beam radius become independent of the interaction length.
In other words, only the region of the amplifying medium
adjacent to its exit and of depth / 4p has an appreciable

effect on the amplification process.

Our results have been used in the analysis of beam
shaping in amplifying media with feedback. The theory
developed in this paper can also be used for solving
problems of amplification of partially coherent beams. The
propagation of such beams through amplifying media with
longitudinal inhomogeneities was analyzed in Ref. 5 using
the density matrix formalism and the method of integrals of
motion. In this analysis the limiting value of the correlation
length of the delta—correlated initial beam coincides with
the beam radius.

3. MODE STRUCTURE OF THE FIELD IN A
RESONATOR WITH AN ACTIVE MEDIUM

In general the problem of describing the
electromagnetic fields inside a resonator formed by two
mirrors of arbitrary shape reduces to an analysis of an
integral equation for the complex amplitude A(p) of the
field at one of the mirrors, which has the form

Ap) = ga [ [ R(pIRLp)AD) Glpy, py) x
St Sy

x G(p, py) d*pyd’py, (32)

where p = {x, y} is the vector perpendicular to the z axis,
the arrows under the symbols indicate the direction of
propagation of the corresponding waves, a and a are the
eigenvalues of the equation, R, and R, are the amplitude
(in general complex) reflectances of the mirrors, G(p, p,)

are the Green’s functions, and the integrals are taken over
the surfaces of the mirrors.
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If a medium with parabolic profile of the complex
extinction coefficient completely fills the volume of the
resonator, then the Green’s function is given by:

G(p, p,) = h exp(—ap? — [Spfl — 2ypp,) , (33)

given that the optical axis of the resonator coincides with
the axis of symmetry of a medium. Here / is a constant, and
a, B, and y are complex coefficients. Let us assume for
simplicity that the mirror apertures greatly exceed the
transverse dimension of the amplifying active medium
channel. In addition we shall assume that the resonator is
symmetrical not only about its axis but also about the
origin of the x, y, z coordinate system. In this case o = B,
the variables x and y separate and taking Eq. (33) into
account, Eq. (32) can be represented in the form

A(x) = ah [Alx,) exp(—pla? + X = 2yxx) dx, (30

—o©

where the constant factor of the reflectance is contained in
the constant @, and the phase delay caused by a possible
parabolic (spherical in the paraxial approximation) shape is
contained in the coefficient .

We will show that the modes which take the form of a
polynomial of degree m multiplied by a Gaussian factor

2
-) = - m—1 —qxc _
A ) =(C "+ C, "+ . +Cle ™ =

m N\ o2
= (Z ijfje " (35)
=0

are the solutions of Eq. (34) for Re g > 0. By substituting
Eq. (35) into Eq. (34) and by making use of the identity

© n 2
JAGMexp(—Px? - Qx)dr=(—1 )"\/%% (36)

we see that both sides of this equality contain polynomials

of degree m multiplied by the factor exp(—gx?) and the
condition

@ =p>—7 (Reqg>0) (37)

must be fulfilled. It also follows from Eq. (36) that the
coefficients C,, are the Hermite polynomials with complex

variables.

Thus, the problem is reduced to finding the
eigenvalues @,, by direct substitution from the condition of
the identity of the polynomials. At the same time, it should
be the case that the eigenfunctions of Eq. (34) are
determined only to within a constant factor and that for

even m the odd coefficients C,, , are equal to zero, and

conversely for odd m the even coefficients vanish.

Let us now present some calculational results (the
serial order corresponds to m).

Fundamental mode:

ay = ItV Ap + V2, (38)

where C) is the normalization coefficient.
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The first mode:
a,=— ()2 HB + g3 2, (39)

where C, is also the normalization coefficient.
The second mode:

ay = Wy 2V Ap ¢ g2, (40)

where C/C, = —1/4q.
Generalization of Egs. (38)—(40) leads to an
expression for the eigenvalue of an arbitrary mode m

a, = (= D"ty VA + g2 (41)

Finally, the following interesting fact should be noted.
The volume—distributed action of a medium with parabolic
profile of the amplification coefficient can always be replaced
by corresponding free space zones concentrated in a certain
plane. This follows from the identity of the integral relation
between the entrance and exit waves written in terms of the
Green’s function. As applied to our analysis of a symmetric
resonator, this means that instead of a resonator filled with a
medium with parabolic profile of the amplification coefficient,
it is possible to consider the same resonator but filled with a
homogeneously amplifying medium at the center of which a
thin lens is located whose aperture is limited by a diaphragm
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with soft edges and whose amplitude transmission coefficient
profile has Gaussian shape in the transverse direction. It is
possible that such a simple model will be useful for the grafic
interpretation of our results.

REFERENCES

1. V.I. Bespalov and G.A. Pasmanik, Dokl. Akad. Nauk SSSR
210, 309—314 (1973).

2. U.A. Abdullin, V.A. Gorshkov, I.L. Klyukach, et al,
Kvantovaya Elektron. 2, 967—974 (1975).

3. I.L. Klyukach and R.I. Sokolovskii, Zh. Exp. Teor. Fiz. 71,
424—437 (1976).

4. R.P. Feynman and A.R. Hibbs, Quantum Mechanics and
Path Integrals (McGraw—Hill, New York, 1965).

5. S.G. Krivoshlykov, N.I. Petrov, and I.N. Sisakyan,
Preprint, No. 304, Institute of General Physics of the
Academy of Sciences of the USSR, Moscow, (1985), 21 pp.

6. M. Adams, Introduction to the Theory of Optical
Waveguides [Russian translation] (Mir, Moscow, 1984).

7. A.V. Belinskii and A.S. Chirkin, Izv. Akad. Nauk SSSR,
Ser. Fiz. 52, No. 3, 578—582 (1988).

8. A.V. Belinskii and A.S. Chirkin, Radiotekh. Electron. 33,
No. 12, 2637—2639 (1989).

9. B.Ya. Zel’dovich, N.F. Pilipetskii, and V.V. Shkunov,
Phase Conjugation (Nauka, Moscow, 1985), 248 pp.

10. Yu.A. Anan’ev Optical Resonators and Laser Beams
(Nauka, Moscow, 1990), 264 pp.



