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In this paper we analyze the effect of preferred orientation of axisymmetric 
elongated particles (AEP) to the horizontal plane on the light scattering phase matrix 
(LSPM). It has been shown that analysis of the relationships between the elements of 
the LSPM provides for determining the angle and the degree of preferred orientation 
of the AEP.  

 
1. CALCULATIONAL TECHNIQUE 

 
Investigations of the patterns of light scattering by 

nonspherical particles are of interest not only for 
specialists in the theory of radiative transfer through the 
atmosphere but also for improvement of the methods of 
optical monitoring of the atmosphere, particularly of 
polarization sounding of mixed clouds.  

Hexagonal column and plate crystals whose size 
varies from a few to hundreds of micrometers are the most 
commonly encountered shapes of ice particles in mixed 
clouds. As is well known,1 orientation of particles 
sedimentating in the quiescent atmosphere depends on the 
particle shape and the Reynolds number Re=lu/ν, where 
l is the characteristic size of a particle, u is the rate of 
sedimentation, and ν is the kinematic viscosity of a 
medium. In particular, sedimentating particles with 
Re ≤ 0.1 retain their orientation at the beginning of 
motion. With increasing Re particles start to orient in 
such a way that their resistance to motion becomes 
maximum. 

For example, according to the data of Ref. 2, the 
precise orientation is observed for plate and column 
crystals with Re ≤ 100, and one may expect the 
noticeable oscillations of free–falling crystals only when 
they are very large (Re > 100). But the atmosphere is far 
from being the stable system, and it is clear that the 
intense turbulent mixing may result in oscillations of the 
axes of crystals even with small Reynolds number. The 
role of turbulent air fluxes in orientation of particles is 
poorly known. 

This paper is devoted to analysis of the effect of the 
slope angle of the column particle axes with respect to 
the horizontal plane on the light scattering phase matrix 
(LSPM) elements. 

It should be noted that in the general case of 
arbitrary oriented hexagonal ice crystals the light 
scattering characteristics of an individual particle must be 
averaged over all possible orientations determined by the 
rotation of a column about its principal axis. It is clear 
that for uniform distribution the available peculiarities of 
light scattering caused by fine geometric structure of a 
crystal (its faces) are strongly smoothed out. This makes 
it possible to interpret the crystal as circular cylinders of 
finite length (CCFL). 

The approximate solution of the problem on 
electromagnetic wave scattering by homogeneous circular 
cylinder of finite length was obtained in Ref. 1 in terms 

of amplitude functions. In the theory the scattered field is 
expressed in the x′y′z′ coordinate system (Fig. 1) affixed 
to a cylinder whose symmetry axis is aligned with the z′ 
axis and the wave vector k(i) of the incident radiation lies 
in the x′z′ plane at the angle β with respect to the z′ axis. 
The vector k(s) of the scattered field has arbitrary 
orientation specified by the polar angles θ′ and ϕ′. Then 
the expression for the amplitude functions in this 
coordinate system is written in the form 
 

Si(ϕ′, θ', β, r, l) = 

k l
p  E [ ] 

k l
2  (cos q'– cos b)  Ti(ϕ', β, r), 

(1) 
 where Ti (ϕ′, β, r) are the elements of the amplitude matrix 

for an infinite cylinder3; r is the cylinder radius; 
i = 1, 2, 3, 4; k = 2π/λ is the wave number; l is the 
cylinder length; and, E(x) = sin (x)/x is the Kotel'nikov 
function. The scattering phase matrix elements Fij are 

expressed in terms of the amplitude functions Si in a 

standard way4 (i, j = 1, 2, 3, 4). 
 

 
FIG. 1. Geometry of scattering by arbitrarily oriented 
circular cylinder. 
 

In order to calculate the total LSPM of an ensemble 
of randomly oriented cylindrical particles, it is convenient 
to introduce another xyz coordinate system whose z axis is 
aligned with k(i). The cylinder orientation, i. e., the 
direction of its symmetry axis, is specified by the polar 
angles (α, β) in the xyz coordinate system. Let us specify 
the polarization state of the incident light with respect to 
the plane ϕ = ϕ

0
. 
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Then, according to Ref. 5, the LSPM of an individual 
arbitrarily oriented cylinder in the xyz coordinate system 
with respect to the plane ϕ = ϕ

0
 has the form 

 

Z(θ, ϕ
0
,α,β, r, l) = L(π – γ) F(θ', ϕ', r, l) L(–γ), (2) 

 

where L(–κ) is the matrix of transformation of the Stockes 
parameters upon clockwise rotation of the reference plane 
through the angle κ when looking in the wave propagation 
direction, 
 

L(– κ) = 

⎝
⎜
⎜
⎛

⎠
⎟
⎟
⎞1

0
0
0

 

0
cos 2k
sin 2k

0

 

0
– sin 2k
cos 2k

0

 

0
0
0
1

 , (3) 

 
F(θ′, ϕ′, r, l) is the matrix of transformation of the Stockes 
parameters in the x′y′z′ coordinate system . 

The angles θ′, ϕ′ and γ in Eq. (2) for the given 
cylinder orientation (α, β) can be expressed in terms of the 
angles θ, β, and α – ϕ

0
: 

 

cosθ' = cosθ cosβ + sinθ sinβ cos(α – ϕ
0
), 

cosϕ' =
 
[cosθ sinβ – sinθ cosβ cos(α – ϕ

0
)] / ± sinθ', (4) 

cosγ =
 
[cosβ sinθ – sinβ cosθ cos(α – ϕ

0
)] / ± sinθ', 

 

where the sign plus in two last cases is taken for  
0 < α – ϕ

0
<π, and minus is taken for π < α – ϕ

0
 < 2π. 

Let us consider the LSPM for polydisperse ensemble 
of cylinders that have uniformly oriented angle α and the 
angle β symmetric about the z axis. In this case the 
scattered field is independent of the azimuth angle ϕ

0
. So 

we can select the xz plane as a scattering plane. The Stokes 
parameters of the radiation scattered by all randomly 
oriented particles represent the sum of the Stokes 

parameters of each particle. So the average LSPM 
–
F(θ) for 

the case of arbitrarily oriented particles can be derived by 
integrating the LSPM elements over all possible 
orientations and size 
 

–
F(θ) = 

1
4π⌡⌠

0

2π

 ⌡⌠
0

π

 ⌡⌠
l
1

l
2

 ⌡⌠
r
1

r
2

 Z(θ, 0, α, β, r, l) g(β) n(r, l) sin β dβ dα dr dl, 

(5) 
where g(β) and n(r,l) are the distribution functions of 
cylinders over the angle β and size. 

Due to the above–enumerated conditions of 
orientation of the angles α and β of the particles and taking 
into account that cylindrical particles have the symmetry 

plane, the LSPM 
–
F(θ) is the function of only scattering 

angle θ and consists of six independent elements  

–
F(θ) = 

⎝
⎜
⎜
⎛

⎠
⎟
⎟
⎞

–
f

11

–
f
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0
 

0
 

–
f
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–
f

22
0
 

0
 

0
 

0
 –

f
33

–
–
f

43

0
 

0
 –

f
43

–
f

44

.  (6) 

We have used this characteristic form of the matrix to 
check the accuracy of integration of Eq. (5). Based on the fact 
that the cylinder has the symmetry plane perpendicular to its 
axis, we may integrate over the angle α in Eq. (5) from 0 to π. 

 

It is convenient to use the normalized LSPM 
 

P(θ) = 
4π

k2 –Cs

 
–
F(θ) (7) 

for the subsequent analysis of the obtained results, where 
–
Cs 

is the ensemble averaged scattering cross section and k is 
the wave number. 
 

2. CALCULATED RESULTS  
 

The values of the LSPM elements given by Eq. (5) 
were calculated by the algorithm described in Ref. 6, i.e., 
by the Monte Carlo method. The convergence of the 
integral was tested on the basis of numerical estimates and 
check of the property (6). The distribution of particles over 
radii of cross section was modeled by the lognormal 
distribution with mean geometric radius rm = 1 μm (Fig. 2) 

and 5 μm (Fig. 3) and the standard deviation σ = 0.5. 
The cylinder length was calculated by the formula1 

 

l = A (2 r)ε, (8) 
 
where A = 2.07 and ε = 1.079. The distribution over the 
angle α was modeled by the uniform distribution. The 
distribution over the angle β that characterizes the 
deviation of the cylinder axes from the horizontal plane 
was modeled by the uniform distribution in the interval 
π/2 – Δβ < β < π /2 + Δβ. For the two characteristic 
parameters we have analyzed five different orientations of 
the angle β with Δβ = 0 (curve 1), 3 (2), 10 (3), and 
20° (4) and uniform distribution of β (5). All calculations 
were carried out for the incident radiation wavelength 
λ = 1.06 μm and the ice refractive index7 n = 1.299 – i⋅10–6. 

Let us analyze the angular dependence of the LSPM 
elements simultaneously on the degree of orientation of an 
ensemble of the CCFL and on the characteristic size of 
particles involved in it. The comparison of the behavior of 
curves 1 and 5 corresponding to ensembles of horizontally 
and uniformly oriented particles (HOP and UOP) receives 
primary attention. 

(a) The element P
11

 is the normalized phase function. 

As can be seen from Figs. 2a and 3a, the behavior of P
11 

is 

similar for the same degrees of orientation of both 
considered characteristic parameters. Thus it is primarily 
determined by the degree of orientation. Scattering by the 
UOP is stronger than by the HOP at the angles θ < 120°. 
Conversely, at θ > 120°, backscattering by the HOP is  
50 – 100 times stronger than by the UOP. We note that in 
the case of the UOP P

11
 has rather flat angular distribution 

slightly increasing as the scattering angle approaches 180°. 
(b) The parameter p = P

12
/P

11
 that determines the 

degree of linear polarization of singly scattered unpolarized 
incident light is characterized by distinctly pronounced peak 
near the scattering angle θ = 150° for the HOP with 
rm = 1 μm (curve 1 in Fig. 2b) and near 140° for rm = 5 μm 

(curve 1 in Fig. 3b). The peak is narrower in the last case. 
The parameter p is largely positive for the HOP irrespective 
of the characteristic size. For the UOP with rm = 1 μm 

(curve 5 in Fig. 2b) and 5 μm (curve 5 in Fig. 3b) p takes 
both positive and negative values and also has positive peaks 
near the same angles as for the HOP but their amplitudes are 
half as high as those for the UOP. The oscillations of p about 
zero are faster for rm = 5 μm than for rm = 1 μm. 
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FIG. 2. Angular dependence of the normalized elements of the scattering phase matrix for an ensemble of circular 
cylinders with rm = 1 μm and different degree of orientation of their axes to the horizontal plane. 
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FIG. 3. The same as in Fig. 2 but for rm = 5μm. 

  
(c) Angular behavior of the normalized element 

P
43

/P
11

 of the LSPM for the HOP with rm = 1 μm and 

5 μm (Figs. 2c and 3c) is characterized by the presence of 
clearly pronounced negative minimum near θ = 130°. The 
parameters P

43
/P

11 
for the UOP with rm = 1 μm and 

5 μm differ from zero to a lesser degree and have less 
pronounced negative minimums than those for the HOP. 

Noteworthy are the very fast oscillations of this 
parameter at the scattering angles 170° < θ < 180° for 
rm = 5 μm. 

(d) The parameter Δ = 1 – P
22

/P
11

 represents the 

depolarization ratio for the total intensity and, since 
Δ = 0 for uniform spheres, characterizes the degree of 
particle nonsphericity. Angular behavior of the element 
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P
22

/P
11

 is most sensitive to the orientation degree of an 

ensemble of particles and weakly depends on the 
characteristic particle size except the scattering angles 
close to 180°. The values of this element are close to 1 at 
θ < 170° for the HOP with rm = 1 μm (curve 1 in 

Fig. 2d), whereas for the UOP (curve 5 in Fig. 2d) they 
essentially differ from 1 in the same interval. The values 
of P

22
/P

11
 practically coincide and essentially differ from 

1 for both orientation types in the interval 
170° < θ < 180°. Similar reasoning for both degree of 
orientation with rm = 5 μm shows that the interval of 

coincidence is narrower than for rm 
= 1 μm, and the 

values of the elements differ from 1 to a lesser degree. 
Thus we can conclude that the depolarization of the 
radiation scattered at the angle θ = 180° is independent of 
the degree of orientation of an ensemble of particles and 
decreases as the characteristic particle size increases. 

(e) Angular behavior of the element P
33

/P
11

 

(Figs. 2e and 3e) is also very sensitive to the degree of 
orientation of an ensemble of particles. The values of this 
element are close to 1 for the HOP with rm 

= 1 μm and 

5 μm, as in the case of spherical particles, whereas they 
differ markedly from 1 for the UOP. As for P

22
/P

11
, 

there is an interval near 180° in which the values of the 
element P

33
/P

11
 coincide for both orientations, but this 

interval is much narrower for rm 
= 5 μm than for 

rm 
= 1 μm . 

(f) Angular behavior of the element P
44

/P
11

 

(Figs. 2f and 3f) reveals weak dependence on the degree 
of orientation of an ensemble of particles. 

 

Thus even when the incident radiation is 
perpendicular to the horizontal plane, there is essential 
difference between the optical characteristics of scattering 
by horizontally and uniformly oriented cylindrical 
particles. This difference becomes especially pronounced 
near the scattering angles θ = 90° and 140°. So the 
polarized incident radiation is depolarized much stronger 
in the case of scattering by the UOP than by the HOP.  

In its turn, scattering by the HOP, first, results in 
the sharp increase of the values of the phase function at 
θ = 180°, second, the unpolarized incident radiation is 
polarized. 

This paper has been completed under the financial 
backing of the Russian Fund of Fundamental Researches 
(Project Code 93 – 05 – 9376). 
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