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Èññëåäóþòñÿ ôèçèêà äåôîðìàöèè çàðÿæåííîé âîäíîé êàïëè ñ ïðèìåíåíèåì ÷èñëåííûõ ìåòîäîâ â ïðè-

áëèæåíèè åå ýëëèïñîèäàëüíîé ôîðìû è êðèòåðèé íåóñòîé÷èâîñòè êàïëè îò âåëè÷èíû åå íà÷àëüíûõ äåôîðìà-
öèé. Ïîêàçàíî, ÷òî ïðè ìàëûõ íà÷àëüíûõ âîçìóùåíèÿõ âðåìÿ ðàçâèòèÿ íåóñòîé÷èâîñòè çíà÷èòåëüíî ïðå-
âûøàåò ïåðèîä êîëåáàíèé íåâîçìóùåííîé êàïëè áåç çàðÿäà. Ïðè óâåëè÷åíèè íà÷àëüíûõ äåôîðìàöèé âðåìÿ 
íåóñòîé÷èâîñòè ýêñïîíåíöèîíàëüíî óìåíüøàåòñÿ. Ýòî óêàçûâàåò íà âàæíóþ ðîëü âíåøíèõ ôàêòîðîâ äå-
ôîðìàöèé çàðÿæåííûõ êàïåëü, ïðèâîäÿùèõ ê óñêîðåíèþ èõ íåóñòîé÷èâîñòè. 

 

Êëþ÷åâûå ñëîâà: çàðÿæåííàÿ êàïëÿ, íåóñòîé÷èâîñòü Ðýëåÿ; charged drop, Ràóleigh instability. 

 
Ââåäåíèå 

 

Çàäà÷à î äèíàìèêå çàðÿæåííûõ êàïåëü â îáëà-
êàõ ïðåäñòàâëÿåò áîëüøîé èíòåðåñ äëÿ ôèçèêè ãðî-
çîîáðàçîâàíèÿ. Åå ïîñòàíîâêà è ïåðâûå ðåøåíèÿ èñ-
õîäÿò èç ðàáîò Ràóleigh [1]. Èññëåäîâàíèÿ â äàííîì 
íàïðàâëåíèè àêòèâíî âåäóòñÿ è â íàñòîÿùåå âðåìÿ [2]. 
Òðàäèöèîííî â òåîðåòè÷åñêîì àíàëèçå ýòîé çàäà÷è 
èñïîëüçóþò ìåòîä ìàëûõ âîçìóùåíèé. Äëÿ ïðàêòè-
÷åñêè âàæíîãî ñëó÷àÿ îñöèëëÿöèè êàïëè ñ êîíå÷-
íûìè äåôîðìàöèÿìè, à òàêæå äëÿ æèäêîñòåé ñ âÿç-
êîñòüþ, îòëè÷íîé îò íóëÿ, òàêîé ïîäõîä ïðèâîäèò 
ê äîñòàòî÷íî ãðîìîçäêèì âûðàæåíèÿì äëÿ çàâèñè-
ìîñòè àìïëèòóäû êîëåáàíèé îò âðåìåíè [2]. Îò ýòî-
ãî íåäîñòàòêà ñâîáîäíû ÷èñëåííûå ìåòîäû ðåøåíèÿ 
çàäà÷ ãèäðîäèíàìèêè. 

Â íàñòîÿùåé ñòàòüå èñïîëüçîâàí ìåòîä, îñíîâàí- 
íûé íà ïðåäñòàâëåíèè äåôîðìèðîâàííîé ïîâåðõíî-
ñòè êàïëè çàäàííîé ôîðìû. Ñëåäóÿ äàííîìó ïîäõî-
äó, ðàññìîòðèì äèíàìèêó çàðÿæåííîé âîäíîé êàïëè 
íà îñíîâå çàêîíà ñîõðàíåíèÿ ýíåðãèè [3], çàïèñàí-
íîãî äëÿ äåôîðìèðîâàííîé êàïëè ýëëèïñîèäàëüíîé 
ôîðìû [4]. Òàêèì îáðàçîì, ïðåäïîëàãàåòñÿ, ÷òî ôîð- 
ìà äåôîðìèðîâàííîé ÷àñòèöû – ýëëèïñîèä, îñòàåò-
ñÿ îäèíàêîâîé íà âñåõ ñòàäèÿõ ïðîöåññà. 

 
Îñíîâíûå ñîîòíîøåíèÿ 

 

Ðàññìîòðèì ïîñòàíîâêó çàäà÷è î äèíàìèêå çà-
ðÿæåííîé âîäíîé êàïëè â èíòåãðàëüíîé ôîðìóëè-
ðîâêå (â ñèñòåìå îòñ÷åòà öåíòðà ìàññ). Â ñîîòâåòñò- 
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âèè ñ çàêîíîì ñîõðàíåíèÿ ýíåðãèè çàïèøåì óðàâ-
íåíèå [5]: 
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– ñêîðîñòü âÿçêîé äèññèïàöèè; ( )q

S

dSp v  – ðàáîòà 

ñòîðîííèõ ñèë â åäèíèöó âðåìåíè; V, S – îáúåì  
è ïëîùàäü ïîâåðõíîñòè äåôîðìèðîâàííîé êàïëè; v – 
âåêòîð ñêîðîñòè òå÷åíèÿ âíóòðè êàïëè; vi – êîìïî-
íåíòû âåêòîðà ñêîðîñòè òå÷åíèÿ âíóòðè êàïëè; xi –
ïðîñòðàíñòâåííûå êîîðäèíàòû; ï – êîýôôèöèåíò ïî- 
âåðõíîñòíîãî íàòÿæåíèÿ; pq = pqn, pq – íàïðÿæå-
íèå íà ïîâåðõíîñòè êàïëè, pq – äàâëåíèå; n – âåê-
òîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè êàïëè;  – äè-
íàìè÷åñêàÿ âÿçêîñòü; 1 – ïëîòíîñòü æèäêîñòè; t – 
âðåìÿ. 

Íà ãðàíèöå ðàçäåëà çàðÿæåííàÿ êàïëÿ – âîç-
äóõ äåéñòâóåò ïîâåðõíîñòíàÿ ïîíäåðîìîòîðíàÿ ñèëà. 
Îíà õàðàêòåðèçóåòñÿ âåëè÷èíîé íàïðÿæåíèÿ pq = 
 2 8n E  [3]. Çäåñü E – ýëåêòðè÷åñêîå ïîëå âáëèçè 

ïîâåðõíîñòè êàïëè, êîòîðîå âûðàæàåòñÿ ñëåäóþùèì 
îáðàçîì: 
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(Eq – ïîëå çàðÿäà êàïëè, Ea – âíåøíåå ýëåêòðè÷å-
ñêîå ïîëå). Äàëåå ìû áóäåì ðàññìàòðèâàòü ñèòóàöèþ 
äëÿ Ea = 0. 

Âûðàçèì ñëàãàåìîå â (1), îòâåòñòâåííîå çà ðà-
áîòó ýëåêòðîñòàòè÷åñêèõ ñèë, ÷åðåç ìîùíîñòü. Âèä 
èíòåãðàëüíîãî âêëàäà îò ðàáîòû âíåøíèõ ýëåêòðî-
ñòàòè÷åñêèõ ñèë, äåéñòâóþùèõ íà ïîâåðõíîñòü êàïëè, 
ìîæåò áûòü ïåðåôîðìóëèðîâàí â òåðìèíàõ ýíåðãèè 
çàðÿæåííîé êàïëè Wq. Äåéñòâèòåëüíî, äëÿ ýëåìåí-
òàðíîé ïëîùàäêè ïëîùàäüþ dS ñ ïîâåðõíîñòíîé 
ïëîòíîñòüþ çàðÿäà q ìîæíî ïîëó÷èòü ñëåäóþùèé 
ðÿä ñîîòíîøåíèé [5]: 
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ãäå r – ðàäèóñ-âåêòîð â êàïëå. 
Çàìåòèì äàëåå, ÷òî ïîòåíöèàë â çàäàííîé òî÷êå 

ôîðìèðóåòñÿ ïîâåðõíîñòíûì çàðÿäîì ñî âñåé êàïëè, 
ò.å. 
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(C0 – êàëèáðîâî÷íàÿ êîíñòàíòà). Äèôôåðåíöèðóÿ 
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Çäåñü ìû ó÷ëè, ÷òî ïðèáëèæåíèå áåñêîíå÷íîé ïðî-

âîäèìîñòè ñîîòâåòñòâóåò óñëîâèþ 


 


( ) 0.qt
 Òàêèì 

îáðàçîì, ìû ïðåíåáðåãàåì âðåìåíåì óñòàíîâëåíèÿ 

ëîêàëüíîãî ðàâíîâåñèÿ ïî ñðàâíåíèþ ñ õàðàêòåð-
íûìè âðåìåíàìè äèíàìèêè êàïëè. Ñ ó÷åòîì óñëîâèÿ 
ïîñòîÿíñòâà ïîòåíöèàëà íà ïîâåðõíîñòè è â ñèëó 
ñîõðàíåíèÿ ïîëíîãî çàðÿäà èìååì 
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Â ñèëó ñèììåòðèè r è r è ñ ó÷åòîì (2) èç (3) îêîí-
÷àòåëüíî íàéäåì 
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Îòñþäà óðàâíåíèå äèíàìèêè êàïëè (1) ïðåîá-
ðàçóåòñÿ ê âèäó 
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Ïîñêîëüêó ÷èñëî Ðåéíîëüäñà äàííîé çàäà÷è 
  0Re 1,va  ãäå  – êèíåìàòè÷åñêàÿ âÿçêîñòü 

æèäêîñòè, òî çà èñêëþ÷åíèåì îáëàñòè ïîãðàíè÷íîãî 
ñëîÿ òîëùèíîé 0 0Rea a  òå÷åíèå âíóòðè êàïëè 
ìîæåò áûòü ðàññìîòðåíî ïîòåíöèàëüíûì [6]. 

Ñëåäóÿ ýòîìó ïðèáëèæåíèþ, äëÿ ôîðìû âîç-
ìóùåííîé ïîâåðõíîñòè â âèäå ýëëèïñîèäà ïîòåíöè-
àë ñêîðîñòè òå÷åíèÿ Φ ìîæíî çàïèñàòü ñëåäóþùèì 
îáðàçîì [7]: 

 
 

    
 

2 2 2
1 2 3

1 2 3

1
2

x da y da z da
a dt a dt a dt

 

(ai – ïîëóîñè ýëëèïñîèäà). Âåêòîð ñêîðîñòè v = r, 
è, òàêèì îáðàçîì, óäàåòñÿ îïðåäåëèòü âñå ñëàãàåìûå, 
âõîäÿùèå â (4). Äëÿ òèïà äåôîðìàöèè êàïëè – ýë-
ëèïñîèä âðàùåíèÿ (a1 = a3), ââåäåì íîâóþ ïåðåìåí-
íóþ   2 1a a  – ñòåïåíü äåôîðìàöèè. Ââîäÿ òàêæå 
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îñíîâíàÿ ÷àñòîòà ñîáñòâåííûõ êîëåáàíèé êàïëè, äëÿ 
áåçðàçìåðíîé ïëîùàäè ïîâåðõíîñòè ïîëó÷èì âûðà-
æåíèå 
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Áåçðàçìåðíàÿ âåëè÷èíà ýíåðãèè çàðÿæåííîé ïîâåðõ-
íîñòè ýëëèïñîèäà ñîîòâåòñòâåííî èìååò âèä 
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Çäåñü Q – îáùèé çàðÿä êàïëè;     0 ï 160 2a  – 

áåçðàçìåðíàÿ äèíàìè÷åñêàÿ âÿçêîñòü. Òàêæå ââî-
äÿòñÿ áåçðàçìåðíûå âåëè÷èíû êèíåòè÷åñêîé ýíåð-
ãèè æèäêîñòè â êàïëå:   2

ï 0(8 )K K a  è ñêîðîñòè 

âÿçêîé äèññèïàöèè    2
0 ï 0(8 ).N N a  

Êðèòåðèé íåóñòîé÷èâîñòè çàðÿæåííûõ êàïåëü 

áûë ââåäåí Ràóleigh è ñîîòâåòñòâóåò óñëîâèþ 

(0) 1qW  èëè  2 3
ï 0(16 ) 1Q a  [1]. Îí ñâÿçàë äàííûé 

ýôôåêò ñ ýêñïîíåíöèàëüíûì ðîñòîì àìïëèòóäû êà-
ïèëëÿðíûõ âîëí íà åå ïîâåðõíîñòè. Áûëî ïîëó÷åíî 
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óñëîâèå ïðîÿâëåíèÿ íåóñòîé÷èâîñòè èäåàëüíî ïðî-
âîäÿùåé çàðÿæåííîé ñôåðè÷åñêîé êàïëè â âèäå 

(0) 1.qW  Ñïðàâåäëèâîñòü ðýëååâñêîãî êðèòåðèÿ íå- 

óñòîé÷èâîñòè íàäåæíî ïîäòâåðæäåíà â ýêñïåðèìåí-
òàëüíûõ ðàáîòàõ [2]. 

Ïðîàíàëèçèðóåì óñëîâèå íåóñòîé÷èâîñòè êàïëè 
äëÿ ïðîèçâîëüíîé íà÷àëüíîé äåôîðìàöèè (0). Äëÿ 
ýòîãî ïðîäèôôåðåíöèðóåì âûðàæåíèå äëÿ áåçðàç-
ìåðíîé ïîòåíöèàëüíîé ýíåðãèè êàïëè  2 qU S W  
ïî  âåëè÷èíå  ,  ââåäÿ òåì ñàìûì áåçðàçìåðíóþ ñèëó 
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ßñíî, ÷òî åñëè ñèëà F  áîëüøå íóëÿ, òî äåôîðìà-
öèÿ êàïëè áóäåò ðàñòè, â ïðîòèâíîì ñëó÷àå êàïëÿ 
áóäåò ñòðåìèòüñÿ ñæàòüñÿ, ò.å. â äàííîì ñëó÷àå âåð-
íóòüñÿ ê ñîñòîÿíèþ ñôåðè÷åñêîé êàïëè. Îñîáåííîñòü 
âûáðàííîé ìîäåëè ñîñòîèò â òîì, ÷òî ïðè ðîñòå qW  
ïîòåíöèàëüíàÿ ýíåðãèÿ U  ìîíîòîííî ïàäàåò. À ýòî 
çíà÷èò, ÷òî êðèâàÿ íà ïîâåðõíîñòè ( , ),qW  íà êî-
òîðîé ïðîèñõîäèò ñìåíà çíàêà ,F  îäíîçíà÷íî îòäå-
ëÿòñÿ îáëàñòü óñòîé÷èâîñòè îò îáëàñòè íåóñòîé÷èâî-
ñòè. Íà ðèñ. 1 ïðèâåäåíà êðèâàÿ äëÿ  sign ( , )qF W   
â ñëó÷àå âûòÿíóòîé äåôîðìèðîâàííîé çàðÿæåííîé 
âîäíîé êàïëè â ôîðìå ýëëèïñîèäà. Âèäíî, ÷òî äëÿ 
ëþáûõ êîíå÷íûõ äåôîðìàöèé  > 1, íåóñòîé÷èâîñòü 
êàïëè ìîæåò ðåàëèçîâàòüñÿ ïðè  0,9 (0) 1.qW  

 

 
Ðèñ. 1. Êðèâàÿ, îòäåëÿþùàÿ îáëàñòü íåóñòîé÷èâîñòè F > 0 
(çàøòðèõîâàííàÿ îáëàñòü) îò îáëàñòè óñòîé÷èâîñòè F < 0 
 

 
Ðàññìîòðèì äèíàìèêó ïîâåðõíîñòè êàïëè. Äëÿ 

ýòîãî âûïèøåì èç (4) óðàâíåíèå äëÿ : 

 
               

2 8 32 2

2 2 2
2 2 135

–
3 (2 1) 16(2 1)

d d dS
d dd

 

    
  

    

8 3 8 3

2 2

135 (0)
0.

8(2 1) (2 1)
qW d d

d d
 (5) 

Óðàâíåíèå (5) ðåøàëîñü ÷èñëåííî äëÿ ïðîèçâîëü-
íûõ äåôîðìàöèé. Ìû ïðèâåäåì ðàñ÷åòíûå äàííûå, 

êîòîðûå ìîæíî èñïîëüçîâàòü äëÿ îöåíêè âðåìåíè 
ðàçâèòèÿ íåóñòîé÷èâîñòè êàïëè i. Â êà÷åñòâå êðè-
òåðèÿ íåóñòîé÷èâîñòè êàïëè ïðèìåì âåëè÷èíó äå-
ôîðìàöèè  = 3. Ñëåäóåò çàìåòèòü, ÷òî âûáîð òàêîãî 
çíà÷åíèÿ äîñòàòî÷íî óñëîâåí è îòðàæàåò ëèøü ôàêò 
äîñòèæåíèÿ áîëüøèõ . Ðàññìîòðèì çàâèñèìîñòè 
âðåìåíè ðàçâèòèÿ íåóñòîé÷èâîñòè îò ðàçìåðà è çà-
ðÿäà êàïëè ñîîòâåòñòâåííî. 

Èç ðèñ. 2 âèäíî, ÷òî â îáëàñòè ðýëååâñêîãî ïî-
ðîãà íåóñòîé÷èâîñòè êàïëè âðåìÿ ðàçâèòèÿ íåóñòîé-
÷èâîñòè ñóùåñòâåííî âîçðàñòàåò ñ óìåíüøåíèåì ðàç-
ìåðà êàïëè. Ìîäåëü äåôîðìàöèé êàïëè â ôîðìå (5) 
òàêæå ïîçâîëÿåò âàðüèðîâàòü è çíà÷åíèå âÿçêîñòè. 
 

 
Ðèñ. 2. Çàâèñèìîñòü áåçðàçìåðíîãî âðåìåíè ðàçâèòèÿ íå-
óñòîé÷èâîñòè i çàðÿæåííîé êàïëè îò ðàçìåðà êàïëè ïðè 
  (0) 1qW  

 
Ïîìèìî ðàäèóñà è çàðÿäà â ðàçâèòèå íåóñòîé-

÷èâîñòè âíîñèò âêëàä âåëè÷èíà íà÷àëüíîé äåôîðìà-
öèè êàïëè. Àìïëèòóäà îñöèëëÿöèé êðóïíûõ îáëà÷-
íûõ êàïåëü ìîæåò äîñòèãàòü âåëè÷èíû, ñðàâíèìîé 
ñ ðàäèóñîì êàïëè, íàïðèìåð èç-çà ñîóäàðåíèé ñ äðó-
ãèìè êàïëÿìè èëè çà ñ÷åò àêóñòè÷åñêèõ âîçìóùåíèé 
âîçäóõà. Ìîäåëü (5) ïîçâîëÿåò îöåíèâàòü õàðàêòåð-
íûå âðåìåíà äëÿ ðàçëè÷íûõ íà÷àëüíûõ äåôîðìàöèé. 
Íà ðèñ. 3 ïîêàçàíà çàâèñèìîñòü âðåìåíè äîñòèæå-
íèÿ íåóñòîé÷èâîñòè êàïëè îò íà÷àëüíîé äåôîðìàöèè 
ïîâåðõíîñòè. 

Â ðàáîòå [8] íà îñíîâå ìîäåëè, ïîñòðîåííîé  
â ïðèáëèæåíèè ìàëûõ êîëåáàíèé, âðåìÿ ðàçâèòèÿ 
íåóñòîé÷èâîñòè ìèëëèìåòðîâîé êàïëè ïðè (0) 1qW  
è  = 1 + 10–8 áûëî îöåíåíî â 10 c. Ýòî íàõîäèòñÿ 
â ñîãëàñèè ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ïðè ðàñ÷å-
òå ñ èñïîëüçîâàíèåì (5). 

Òàêèì îáðàçîì, ïîëó÷åííàÿ ìîäåëü âêëþ÷àåò 

êðèòåðèé Ðýëåÿ êàê ÷àñòíûé ñëó÷àé, êîãäà ðåàëèçó-
þòñÿ íåçíà÷èòåëüíûå íà÷àëüíûå äåôîðìàöèè. Óñòà-
íîâëåíî òàêæå, ÷òî äëÿ âîäíûõ êàïåëü ðàçìåðàìè, 
õàðàêòåðíûìè äëÿ ãðîçîâûõ îáëàêîâ, èìåþùèõ âû-
ñîêèå çíà÷åíèÿ íà÷àëüíûõ äåôîðìàöèè (  2), ðý-
ëååâñêèé êðèòåðèé âûïîëíÿåòñÿ ñ òî÷íîñòüþ äî 90%. 
Ïîêàçàíî, ÷òî ïðè ìàëûõ íà÷àëüíûõ âîçìóùåíèÿõ 
âðåìÿ ðàçâèòèÿ íåóñòîé÷èâîñòè êðàéíå âåëèêî. Ñëå-
äóåò ñ÷èòàòü, ÷òî îäíèì èç îñíîâíûõ ôàêòîðîâ, 
âëèÿþùèõ íà ðàçâèòèå íåóñòîé÷èâîñòè çàðÿæåííûõ  
 



 

 Êîëåáàíèÿ çàðÿæåííîé âîäíîé êàïëè â óñëîâèÿõ ñèëüíûõ äåôîðìàöèé… 881 
 

 
Ðèñ. 3. Çàâèñèìîñòü áåçðàçìåðíîãî âðåìåíè ðàçâèòèÿ íå-
óñòîé÷èâîñòè êàïëè îò íà÷àëüíîé äåôîðìàöèè è (0) 1qW  
 

 
êàïåëü, ÿâëÿåòñÿ âíåøíåå âîçìóùåíèå ïîâåðõíîñòè, 
ïðèâîäÿùåå ê äîñòàòî÷íî áîëüøèì íà÷àëüíûì äå- 
 

ôîðìàöèÿì (0)  2. Âñå âûøåñêàçàííîå ïîçâîëÿåò 
çàêëþ÷èòü, ÷òî ïîëó÷åííîå óðàâíåíèå äëÿ ñòåïåíè 
äåôîðìàöèè çàðÿæåííîé êàïëè ñëóæèò õîðîøåé îñ-
íîâîé äëÿ ïðîâåäåíèÿ îöåíîê õàðàêòåðíûõ âðåìåí 
ôèçè÷åñêèõ ïðîöåññîâ, ïðîèñõîäÿùèõ ñ êàïëåé â ãðî- 
çîâîì îáëàêå. 
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A.A. Zemlyanov, A.D. Bulógin. Vibrations of a charged water drop in the conditions of strong defor-
mations in approach of the ellipsoidal form of the surface. 

Work is devoted to study of physics of deformation of a charged water drop with application of numerical 
methods, in approach of its ellipsoidal form. The criterion of instability of a drop versus the size of its initial 
deformation is investigated. It is shown that at small initial disturbances, the time of development of instability 
considerably exceeds the period of vibrations of a non-disturbed uncharged drop. The time of instability expo-
nentially decreases with an increase in initial deformations. This indicates an important role of external factors 
of deformations of charged drops leading to acceleration of their instability. 
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