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Ïîñòóïèëà â ðåäàêöèþ 10.05.2016 ã. 
 

Ïîêàçàíî, ÷òî ïîñëå âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè ðåøåíèÿ (À×Ð) â ìàëîóãëîâîé ìîäèôèêàöèè ìå-
òîäà ñôåðè÷åñêèõ ãàðìîíèê (ÌÑÃ) îñòàâøàÿñÿ ðåãóëÿðíàÿ ÷àñòü ðåøåíèÿ (Ð×Ð) ÿâëÿåòñÿ ãëàäêîé êâàçè- 
èçîòðîïíîé ôóíêöèåé ñ îòäåëüíûìè ïèêàìè íà óãëîâîì ðàñïðåäåëåíèè. Ãëàäêóþ ÷àñòü Ð×Ð áåç ïèêîâ ìîæíî 
îïðåäåëÿòü â äâóõïîòîêîâîì èëè äèôôóçèîííîì ïðèáëèæåíèè. Ïåðâàÿ èòåðàöèÿ îò ïîëó÷åííîãî óãëîâîãî 
ðàñïðåäåëåíèÿ ÿðêîñòè ñóùåñòâåííî óòî÷íÿåò ðåøåíèå è ïîçâîëÿåò âîññòàíîâèòü óêàçàííûå óãëîâûå ïèêè. 
Êâàçèäèôôóçèîííîå ïðèáëèæåíèå – âûäåëåíèå À×Ð íà îñíîâå ÌÑÃ, îïðåäåëåíèå Ð×Ð â äèôôóçèîííîì 
ïðèáëèæåíèè è óòî÷íåíèå ðåøåíèÿ íà îñíîâå ïåðâîé èòåðàöèè – íå çàâèñèò îò ñèììåòðèè çàäà÷è, à ïîòîìó 
îáîáùàåòñÿ íà ñëó÷àé ïðîèçâîëüíîé ãåîìåòðèè ñðåäû. 

 

Êëþ÷åâûå ñëîâà: äèñêðåòíîå óðàâíåíèå ïåðåíîñà èçëó÷åíèÿ, êâàçèäèôôóçèîííîå ïðèáëèæåíèå, ñèíòå-
òè÷åñêèå èòåðàöèè; discrete radiative transfer equation, quasi-diffusion approximation, synthetic iteration. 

 

Ââåäåíèå 
 

Ñóùåñòâåííûé ïðîãðåññ, äîñòèãíóòûé â ïîñëåä-
íèå äåñÿòèëåòèÿ â ðàçðàáîòêå ïðèáîðîâ ïðèåìà èç-
ëó÷åíèÿ â óñòðîéñòâàõ îïòè÷åñêîãî äèñòàíöèîííîãî 
çîíäèðîâàíèÿ àòìîñôåðû Çåìëè è çåìíîé ïîâåðõ- 
íîñòè, ãäå ïðåæäå âñåãî ñëåäóåò âûäåëèòü ãèïåðñïåê-
òðàëüíûå ïðèáîðû è òåõíîëîãèè, ïîçâîëèë ñîçäàòü 

ñèñòåìû îïðåäåëåíèÿ ìàëûõ ãàçîâûõ êîìïîíåíò, äîëÿ 

êîòîðûõ â àòìîñôåðå ñîñòàâëÿåò ìåíåå 1%. Ýòî íà-
êëàäûâàåò æåñòêèå òðåáîâàíèÿ ê ÷èñëåííîìó ìîäå-
ëèðîâàíèþ ðàñïðîñòðàíåíèÿ îïòè÷åñêèõ ñèãíàëîâ  
â àòìîñôåðå: ïîãðåøíîñòü íå áîëåå 1% ïðè âðåìåíè 
ñ÷åòà íå áîëåå 1 ñ äëÿ îäíîé äëèíû âîëíû [1] íà 
ñòàíäàðòíîì ïåðñîíàëüíîì êîìïüþòåðå. Ãëàâíàÿ òðóä- 
íîñòü â ñîçäàíèè òàêîãî ìåòîäà ðåøåíèÿ óðàâíåíèÿ 
ïåðåíîñà èçëó÷åíèÿ (ÓÏÈ) â ïðîòèâîðå÷èâîñòè ýòèõ 

òðåáîâàíèé: âî âñåõ òðàäèöèîííûõ ìåòîäàõ ðåøåíèÿ 

ñêîðîñòü ðàñ÷åòà è òî÷íîñòü îáðàòíî ïðîïîðöèîíàëü-
íû äðóã äðóãó – ïîâûøåíèå òî÷íîñòè ðàñ÷åòà ïðîèñ-
õîäèò ïðè ñîîòâåòñòâóþùåì óâåëè÷åíèè âðåìåíè 

ñ÷åòà. Äëÿ âûïîëíåíèÿ òðåáîâàíèÿ òî÷íîñòè ðåøåíèÿ 

íå õóæå 1% íåîáõîäèìî âêëþ÷åíèå â ìîäåëü ïåðåíî-
ñà âñåõ âëèÿþùèõ ôàêòîðîâ: ïîëÿðèçàöèè èçëó÷åíèÿ, 
âåðòèêàëüíîé è ãîðèçîíòàëüíîé íåîäíîðîäíîñòè àò-
ìîñôåðû, ïðîôèëÿ çåìíîé ïîâåðõíîñòè. Íåñîìíåííî, 
òàêîå ðåøåíèå âîçìîæíî ïîëó÷èòü òîëüêî ÷èñëåí-
íûìè ìåòîäàìè. 
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1. Äèñêðåòíîå ÓÏÈ 
 

Ïðîàíàëèçèðóåì àëãîðèòì ÷èñëåííîãî ðåøåíèÿ 
êðàåâîé çàäà÷è ÓÏÈ äëÿ ñëó÷àÿ îñâåùåíèÿ ñëîÿ 
ìóòíîé ñðåäû ïëîñêèì ìîíîíàïðàâëåííûì (ÏÌ) 

èñòî÷íèêîì â íàïðàâëåíèè { }
2
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ãäå L(τ, μ, ϕ) – ÿðêîñòü ñâåòîâîãî ïîëÿ íà îïòè÷å-

ñêîé ãëóáèíå 

0

( )

z

dτ = ε ζ ζ

∫
 â íàïðàâëåíèè âèçèðîâà-

íèÿ { }
2 2

ˆ 1– cos , 1– sin , ,= μ ϕ μ ϕ μl  ˆ

ˆ( , ) cos ;μ = ≡ ϑz l  

ˆ ˆ( , )x ′l l  – èíäèêàòðèñà ðàññåÿíèÿ; Λ – àëüáåäî îäíî-

êðàòíîãî ðàññåÿíèÿ. Êðàåâàÿ çàäà÷à (1) îïðåäåëåíà 
â Äåêàðòîâîé ñèñòåìå êîîðäèíàò OXYZ, â êîòîðîé 
îñü OZ íàïðàâëåíà âíèç ïåðïåíäèêóëÿðíî ãðàíèöå 
ñëîÿ; ẑ  – åäèíè÷íûé âåêòîð âäîëü OZ. Âåðõíÿÿ 
ãðàíèöà ñëîÿ z = 0. Åäèíè÷íûå âåêòîðà áóäåì îò- 
ìå÷àòü çíàêîì ^, âåêòîð-ñòîëáöû ïðàâîé ñòðåëêîé, 
âåêòîð-ñòðîêè ëåâîé ñòðåëêîé, à ìàòðèöû äâîéíîé 

ñòðåëêîé íàä ñîîòâåòñòâóþùèìè ñèìâîëàìè. 
Êðàåâàÿ çàäà÷à äëÿ ÏÌ-èñòî÷íèêà çàíèìàåò 

îñîáîå ìåñòî â òåîðèè ïåðåíîñà: 
1) ïðîñòîòà ïëîñêîé ñèììåòðèè îïðåäåëÿåò, ÷òî 

â åå ðåøåíèè ñîäåðæàòñÿ, êàê â çåðíå, ñâîéñòâà ðå-
øåíèÿ ÓÏÈ ïðè ïðîèçâîëüíîé ãåîìåòðèè; 
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2) çäåñü èìåþòñÿ ñòðîãèå àíàëèòè÷åñêèå ðåøå-
íèÿ, ÷òî ïîçâîëÿåò èñïîëüçîâàòü ýòó çàäà÷ó äëÿ îöåí- 
êè òî÷íîñòè ÷èñëåííûõ ðåøåíèé äëÿ ñðåäû ñ ïðî-
èçâîëüíîé òðåõìåðíîé ãåîìåòðèåé; 

3) ýòà çàäà÷à èìååò áîëüøîå ïðàêòè÷åñêîå çíà÷å- 
íèå, ïîñêîëüêó ñîîòâåòñòâóåò ñëó÷àþ îïòè÷åñêîãî äèñ- 
òàíöèîííîãî çîíäèðîâàíèÿ â îäíîðîäíîé àòìîñôåðå. 
  Êðàåâàÿ çàäà÷à (1) äëÿ ÏÌ-èñòî÷íèêà çàïèñàíà 
äëÿ ñëó÷àÿ îòñóòñòâèÿ îòðàæåíèÿ îò íèæíåé ãðàíè-
öû (÷åðíîé ãðàíèöû). Îäíàêî ýòà êðàåâàÿ çàäà÷à 
ÿâëÿåòñÿ ôóíäàìåíòàëüíîé äëÿ ïðîáëåìû ïåðåíîñà 
èçëó÷åíèÿ ÷åðåç ïëîñêèé ñëîé ìóòíîé ñðåäû, è ÷å-
ðåç íåå ìåòîäîì ôóíêöèé Ãðèíà âûðàæàåòñÿ ðåøå-
íèå è ïðè íàëè÷èè îòðàæåíèÿ íà íèæíåé ãðàíèöå [2]. 
Ìû ñîñðåäîòî÷èì âíèìàíèå íà çàäà÷å ÏÌ-èñòî÷íè- 
êà, âñå ïîäðîáíîñòè ïåðåõîäà ê ãðàíèöàì ñ îòðàæå-
íèåì ïðèâåäåíû â [2]. 

Äëÿ ÷èñëåííîãî ðåøåíèÿ ÓÏÈ åãî íåîáõîäèìî 
äèñêðåòèçèðîâàòü, äëÿ ÷åãî íåîáõîäèìî çàìåíèòü èí- 
òåãðàë ðàññåÿíèÿ êîíå÷íîé ñóììîé [3]. Ýòî íåâîç-
ìîæíî ïðè íàëè÷èè óãëîâûõ îñîáåííîñòåé â óãëî-
âîì ðàñïðåäåëåíèè ÿðêîñòè, ïîñêîëüêó îñîáåííîñòü 

íåëüçÿ ïðåäñòàâèòü êîíå÷íûì ðÿäîì íè â îäíîì áà-
çèñå. Ïðè íàëè÷èè ñèëüíîé àíèçîòðîïèè â óãëîâîì 
ðàñïðåäåëåíèè ÿðêîñòè çàìåíà èíòåãðàëà êîíå÷íîé 
ñóììîé ìîæåò ïðèâåñòè ê çíà÷èòåëüíîé ïîãðåøíîñ- 
òè [4]. 

Ôèçè÷åñêîé ìîäåëüþ òåîðèè ïåðåíîñà ÿâëÿåòñÿ 
ëó÷åâîå ïðèáëèæåíèå â îïèñàíèè èçëó÷åíèé [5, 6]. 
Â ëó÷åâîì ïðèáëèæåíèè ëþáîé ðàçðûâ â ãðàíè÷íûõ 
óñëîâèÿõ ïðèâîäèò ê ïîÿâëåíèþ îñîáåííîñòåé â ïðî-
ñòðàíñòâåííî-óãëîâîì ðàñïðåäåëåíèè ÿðêîñòè, êîòî-
ðûå ðàñïðîñòðàíÿþòñÿ âãëóáü ñðåäû [2, 7, 8]. ßðêèé 
ïîâñåäíåâíûé ïðèìåð ïîäîáíîãî ÿâëåíèÿ – ðåçêàÿ 
ãðàíèöà ñâåòà è òåíè, âîçíèêàþùàÿ çà íåïðîçðà÷-
íîé ïåðåãîðîäêîé (ðàçðûâ â ãðàíè÷íûõ óñëîâèÿõ). 
Íàëè÷èå àíèçîòðîïíîãî ðàññåÿíèÿ â ñðåäå ïðèâîäèò 
ê ïîÿâëåíèþ àíèçîòðîïèè â óãëîâîì ðàñïðåäåëåíèè 
ÿðêîñòè ðàññåÿííîãî èçëó÷åíèÿ. 

Ïîýòîìó äëÿ àêêóðàòíîé äèñêðåòèçàöèè íåîá-
õîäèìî âûäåëèòü èç ðåøåíèÿ ïóñòü ïðèáëèæåííî, íî 

îáÿçàòåëüíî àíàëèòè÷åñêè âñå îñîáåííîñòè è ñèëüíî 

àíèçîòðîïíóþ ÷àñòü – 
ˆ( , )

a
L τ l  (àíèçîòðîïíàÿ ÷àñòü 

ðåøåíèÿ), ò.å. ïðåäñòàâèòü ðåøåíèå â âèäå [2, 7, 8]: 
 

 ˆ ˆ ˆ( , ) ( , ) ( , ),
a r

L L Lτ = τ + τl l l  (2) 

ˆ( , )
r

L τ l  – ðåãóëÿðíàÿ ÷àñòü ðåøåíèÿ (Ð×Ð), ÿâëÿþ-

ùàÿñÿ ãëàäêîé ôóíêöèåé, ïðåäñòàâëåíèå êîòîðîé 

âîçìîæíî ïî êîíå÷íîìó áàçèñó ýëåìåíòîâ. 

Äëÿ 
ˆ( , )

r
L τ l  ñ ó÷åòîì (2) êðàåâàÿ çàäà÷à (1) ïðå-

îáðàçóåòñÿ â âûðàæåíèå [2, 7, 8]: 

00, 0 , 0
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ˆ ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , );

4

ˆ ˆ ˆ( , ) 0; ( , ) – ( , ),

r

r r

r r a

L
L x L d

L L L
τ = μ > τ = τ μ <

⎧ ∂ τ Λ
′ ′ ′μ + τ = τ + Δ τ⎪

⎪ ∂τ π

⎨

⎪
τ = τ = τ

⎪
⎩

∫
l

l l l l l l

l l l

�
 (3) 

ãäå ôóíêöèÿ èñòî÷íèêîâ îïðåäåëÿåòñÿ àíèçîòðîïíîé 
÷àñòüþ ðåøåíèÿ 

 

ˆ( , )
ˆ ˆ ˆ ˆ ˆ ˆ( , ) – – ( , ) ( , ) ( , ) .

4
a

a a

dL
L x L d

d

τ Λ

′ ′ ′Δ τ = μ τ + τ

τ π
∫

l
l l l l l l

�
(4) 

Èçìåíåíèå âòîðîãî ãðàíè÷íîãî óñëîâèÿ ñâÿçàíî 
ñ òåì, ÷òî íåî÷åâèäíî, ÷òî ïðèáëèæåííîå ðåøåíèå 

ˆ( , )
a

L τ l  áóäåò óäîâëåòâîðÿòü òî÷íûì ãðàíè÷íûì óñ-

ëîâèÿì. 
Âûðàæåíèå (4) íåëüçÿ èñïîëüçîâàòü äëÿ ïðÿ-

ìûõ ðàñ÷åòîâ, ïîñêîëüêó ˆ( , )
a

L τ l  ñîäåðæèò óãëîâóþ 

δ-îñîáåííîñòü. Îíà ñâÿçàíà ñ ïðÿìûì íåðàññåÿííûì 
èçëó÷åíèåì. Âûäåëèì åå: 

 0–
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ˆ ˆ ˆ ˆ( , ) e ( – ) ( , ),

a a
L L

τ μ

τ = δ + τl l l l�  (5) 

÷òî ïðèâåäåò âûðàæåíèå (4) ê âèäó 
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a

x L d x
τ μ

Λ Λ

′ ′ ′+ τ +

π π
∫

l l l l l l�

�
 (6) 

Ôóíêöèÿ 
ˆ( , )

a
L τ l�

 àíèçîòðîïíàÿ, íî ãëàäêàÿ, ïî-

ýòîìó ðàñ÷åò âûðàæåíèÿ (6) íå ïðåäñòàâëÿåò ïðî-
áëåì [3]. 

Ïîñêîëüêó 
ˆ( , )

r
L τ l  – ãëàäêàÿ ôóíêöèÿ, òî åå ïðåä- 

ñòàâëåíèå âîçìîæíî ïî êîíå÷íîìó áàçèñó. Íàïðèìåð, 
åñëè äëÿ äèñêðåòèçàöèè ÓÏÈ èñïîëüçóåòñÿ ìåòîä 
äèñêðåòíûõ îðäèíàò (ÌÄÎ), òî òàêîå ïðåäñòàâëå-
íèå áóäåò èìåòü âèä 

 0,

0

L ( , , ) (2 – )cos( )C ( , ),
M

m

r i m i

m

m
± ±

=

τ μ ϕ = δ ϕ τ μ∑

��

 

 C ( ) C ( , ),m

i

±

±
τ ≡ τ μ
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 (7) 

ãäå 

T

–C( ) C ( ), C ( )
+

⎡ ⎤τ ≡ τ τ
⎣ ⎦

� � �

 – âåêòîð-ñòîëáåö äèñêðåò-
íûõ çíà÷åíèé ïî àçèìóòó êîýôôèöèåíòîâ ðàçëîæå-
íèå ÿðêîñòè â ðÿä Ôóðüå ïî àçèìóòó, 0,5( 1),j j

±

μ = ζ ±  
ζj – íóëè ãàóññîâîé êâàäðàòóðû ïîðÿäêà N/2 äëÿ 
äèñêðåòèçàöèè èíòåãðàëà ðàññåÿíèÿ ïî çåíèòíîìó 
óãëó. Èç-çà î÷åâèäíîñòè âåðõíèé èíäåêñ m äàëåå 
âåçäå îïóñêàåì. 

Ýòî ïîçâîëÿåò çàìåíèòü èíòåãðàë ðàññåÿíèÿ êî-
íå÷íîé ñóììîé, à êðàåâàÿ çàäà÷à (3) ïðåîáðàçóåòñÿ 
â êðàåâóþ çàäà÷ó äëÿ ìàòðè÷íîãî íåîäíîðîäíîãî 

ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî 
ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè [2, 7, 8]: 
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wj – âåñà ãàóññîâîé êâàäðàòóðû ïîðÿäêà N/2 ïî 
çåíèòíîìó óãëó; ( )m

kP μ  – ïðèñîåäèíåííûå ïîëèíî-
ìû Ëåæàíäðà, ïðè÷åì 

0( ) ( )k kP Pμ ≡ μ  – ïîëèíîìû Ëå-
æàíäðà. 

Ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ (8) ïðåäñòàâè-
ìî â âèäå [2, 7, 8] ñóììû îáùåãî ðåøåíèÿ îäíîðîä-
íîãî óðàâíåíèÿ è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî: 
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0 0 0

0

–C(0) P(0, )C( ) P(0, )M ( , ) ,d

τ
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 (9) 

ãäå ôóíêöèÿ 

 B( – )P( , ) e t
t

τ

τ ≡

�

�

 (10) 

åñòü ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ, îïèñûâàþùåå 
ñâÿçü ðàñïðåäåëåíèé ÿðêîñòè â äâóõ òî÷êàõ t è τ 
ñðåäû áåç âíóòðåííèõ èñòî÷íèêîâ, – ïðîïàãàòîð [2]. 
  Ïðîáëåìû ðàñ÷åòîâ ïî ïîëó÷åííîìó ðåøåíèþ 

(9) ñâÿçàíû ñ íàëè÷èåì â ïðîïàãàòîðå (10) êàê îò-
ðèöàòåëüíûõ, òàê è ïîëîæèòåëüíûõ ýêñïîíåíò, ÷òî 
ôèçè÷åñêè ñîîòâåòñòâóåò ïîòîêàì, ðàñïðîñòðàíÿþ-
ùèìñÿ ñâåðõó âíèç è ñíèçó ââåðõ, ïðèâîäèò ê áûñò-
ðîìó óõóäøåíèþ îáóñëîâëåííîñòè ìàòðèöû è äåëàåò 
íåâîçìîæíûì ðàñ÷åòû äëÿ ñâåòîâûõ ïîëåé äëÿ îï-
òè÷åñêèõ òîëù τ > 1. Äëÿ óñòðàíåíèÿ ýòîãî ýôôåêòà 

èñïîëüçóåòñÿ ìàñøòàáíîå ïðåîáðàçîâàíèå [2, 7, 8]: 
 

 –1 –1

0–SU C(0) HU C( ) J,+ τ =

� � �� � � �

 

 
0

–1 1

0

J S e U M ( ) ,t
t dt

τ

Γ −

≡

∫

�
�� � �

Δ  (11) 

ãäå ìàòðè÷íàÿ ýêñïîíåíòà ïðåäñòàâëÿåòñÿ â âèäå 
[2, 7, 8]: 
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Âåêòîð-ñòîëáöû C (0),
+

�

 – 0C ( )τ

�

 â âûðàæåíèè (11) 

îïèñûâàþò ïîòîêè èçëó÷åíèÿ, ïàäàþùåãî íà ñëîé, 
è îïðåäåëÿþòñÿ ãðàíè÷íûìè óñëîâèÿìè. Âåêòîðû 

–

C (0),
�

 0C ( )
+
τ

�

 ñîîòâåòñòâóþò ïîòîêàì îòðàæåííîãî  

è ïðîøåäøåãî ñëîé èçëó÷åíèÿ. Ðàçðåøèì óðàâíå-
íèå (11) îòíîñèòåëüíî ïîòîêîâ, âûõîäÿùèõ èç ñëîÿ, 
è ïîëó÷èì ðåøåíèå â ôîðìå ðàññåèâàòåëåé [3, 9]: 
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Âûðàæåíèå â ôîðìå ðàññåèâàòåëåé (13) äàåò 

ñâÿçü âûõîäÿùèõ èç ñëîÿ ïîòîêîâ ñ ïàäàþùèìè  
è ïðåäñòàâëÿåò ñîáîé îáîáùåíèå êîýôôèöèåíòà ÿð-
êîñòè. Ïðè ýòîì ñòîëáåö F

�

 îïèñûâàåò ñîáñòâåííîå 
èçëó÷åíèå ñëîÿ, à ìàòðèöû R

�

 è T
�

 ïðåäñòàâëÿþò 

äèñêðåòíûå çíà÷åíèÿ êîýôôèöèåíòîâ ÿðêîñòè ïî îò- 
ðàæåíèþ è ïðîïóñêàíèþ. Ïîñêîëüêó ðåøåíèå (13) 
ñïðàâåäëèâî òîëüêî äëÿ ãëàäêîé ÷àñòè, òî ñîáñòâåí-
íîå èçëó÷åíèå ñëîÿ F

�

 ôèçè÷åñêè ñâÿçàíî íå ñ èçëó-
÷åíèåì ýëåìåíòàðíûõ îáúåìîâ ñðåäû, à ñ íåâÿçêîé 
ïðèáëèæåííîãî ðåøåíèÿ ˆ( , )

a
L τ l  â ÓÏÈ. 

Èç ïðîâåäåííîãî àíàëèçà âèäíî, ÷òî äèñêðåòè-
çàöèÿ ÓÏÈ ëþáûì äðóãèì ìåòîäîì îáÿçàòåëüíî ïðè- 
âîäèò ê îäíîìó è òîìó æå äèñêðåòíîìó ÓÏÈ äëÿ 

ñëîÿ (8), êàê, íàïðèìåð, ýòî ïîêàçàíî äëÿ ìåòîäà 
ñôåðè÷åñêèõ ãàðìîíèê â [7]. Ýòî óðàâíåíèå èìååò 
îäíî åäèíñòâåííîå ðåøåíèå ëèáî ÷åðåç ïðîïàãàòîð 

(11), ëèáî â ýêâèâàëåíòíîé ôîðìå ðàññåèâàòåëåé (13). 
Ýòî íàãëÿäíî ïîêàçàëî ÷èñëåííîå ñðàâíåíèå ðàçëè÷-
íûõ àëãîðèòìîâ [10, 11]: âñå ðåøåíèÿ ñîâïàëè ñ ìà-
øèííîé òî÷íîñòüþ, ÷òî ãîâîðèò î òîì, ÷òî ðå÷ü øëà 
î ñðàâíåíèè îäíîãî è òîãî æå ðåøåíèÿ, íî ðàçëè÷-
íûìè àëãîðèòìàìè. Îòëè÷èÿ ñîñòàâëÿë òîëüêî ìå-
òîä âûäåëåíèÿ àíèçîòðîïíîãî ðåøåíèÿ. 

 

2. Àíèçîòðîïíàÿ ÷àñòü ðåøåíèÿ 
 

Âîïðîñ îïðåäåëåíèÿ ïðèáëèæåííîãî ðåøåíèÿ 
íå ñòîëü î÷åâèäåí – íåîáõîäèìî îïðåäåëèòü êðèòå-
ðèé óãëîâîé àíèçîòðîïèè ôóíêöèè. Â óãëîâîì ïðî-
ñòðàíñòâå ýòî ñäåëàòü çàòðóäíèòåëüíî – áîëüøàÿ 

ïðîèçâîäíàÿ ïî óãëó? Íàñêîëüêî áîëüøàÿ? Îäíàêî 
ñóùåñòâåííî ïðîùå òàêîå îïðåäåëåíèå ïðîâåñòè äëÿ 
óãëîâîãî ñïåêòðà, îáëàäàþùåãî èçâåñòíûì ñâîéñò-
âîì: ÷åì áîëåå àíèçîòðîïíà óãëîâàÿ çàâèñèìîñòü 
ôóíêöèè, òåì áîëåå ïîëîãèì ÿâëÿåòñÿ ñïåêòð. Ñëå-
äîâàòåëüíî, íàì íóæíî ïîíèìàòü ïîä ˆ( , )

a
L τ l  ÷àñòü 

ðåøåíèÿ, ñîîòâåòñòâóþùóþ íàèáîëåå ìåäëåííî èç-
ìåíÿþùåéñÿ ÷àñòè óãëîâîãî ñïåêòðà. 

Ïîä ñïåêòðîì óãëîâîãî ðàñïðåäåëåíèÿ ÿðêîñòè 
áóäåì ïîíèìàòü êîýôôèöèåíòû ðàçëîæåíèÿ òåëà 

ÿðêîñòè ïî ñôåðè÷åñêèì ôóíêöèÿì. Ïðè ýòîì ïî-
ñêîëüêó àíèçîòðîïíàÿ ÷àñòü ðåøåíèÿ ñîîòâåòñòâóåò 
íàïðàâëåíèÿì âèçèðîâàíèÿ, áëèçêèì ê íàïðàâëåíèþ 
ïàäàþùåãî èçëó÷åíèÿ, áàçèñîì ðàçëîæåíèÿ ñëåäóåò 
âûáðàòü íàïðàâëåíèå ïàäåíèÿ âíåøíåãî èçëó÷åíèÿ 
ÏÌ-èñòî÷íèêà: 
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= μ

+

 – ïåðåíîðìèðîâàííûå ïîëèíîìû 

Ëåæàíäðà. 
Ïîñêîëüêó óãëîâîé ñïåêòð àíèçîòðîïíîé ÷àñòè 

ðåøåíèÿ ( )m
kC τ  èìååò ìåäëåííóþ çàâèñèìîñòü îò èí- 

äåêñà k, òî ýòî ïîçâîëÿåò ñäåëàòü ñëåäóþùèå äîïó-
ùåíèÿ [12]: 



 

742 Áóäàê Â.Ï., Æåëòîâ Â.Ñ., Ëóáåí÷åíêî À.Â. è äð. 
 

1) ââåäåì íåïðåðûâíóþ çàâèñèìîñòü êîýôôèöè-
åíòîâ ðÿäà (14) îò íîìåðîâ ãàðìîíèê ( ) ( , ),m m

kC C kτ = τ  
êîòîðàÿ âñëåäñòâèå óãëîâîé àíèçîòðîïèè ÿâëÿåòñÿ 
ìåäëåííîé ìîíîòîííîé ôóíêöèåé, ÷òî âîçìîæíî 
ïðåäñòàâëåíèå 

 
( , )

( , 1) ( , )
m

m m C k
C k C k

k

∂ τ
τ ± ≈ τ ±

∂

; (15) 

2) îñíîâíîé âêëàä â ðÿä (14) äàþò ÷ëåíû ñ íîìåðà-
ìè 1,k �  è ñòåïåíü àíèçîòðîïèè ñóùåñòâåííî áîëü-
øå åå àçèìóòàëüíîé àñèììåòðèè .k m�  

Â [12] ïîêàçàíî, ÷òî ïîëó÷àåìàÿ èç ÓÏÈ (1) 
áåñêîíå÷íàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëü- 
íûõ óðàâíåíèé ïî ìåòîäó ñôåðè÷åñêèõ ãàðìîíèê 
ïðè èñïîëüçîâàíèè óêàçàííûõ äîïóùåíèé ïåðåõî-
äèò â îäíî óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ 

 0 ( ) –(1– ) ( ),m m
k k kC x C

∂

μ τ = Λ τ

∂τ

 (16) 

ðåøåíèå êîòîðîãî èìååò ïðîñòîå àíàëèòè÷åñêîå âû-
ðàæåíèå 

 ( )0( ) exp –(1– ) ( )m
k k kC x Zτ = Λ τ μ ≡ τ  (17) 

èëè äëÿ àíèçîòðîïíîé ÷àñòè óãëîâîãî ðàñïðåäåëå-
íèÿ ÿðêîñòè 
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Äàííûé ïîäõîä ïîëó÷èë íàçâàíèå ìàëîóãëîâàÿ 
ìîäèôèêàöèÿ ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê (ÌÑÃ) 
è áûë ïðåäëîæåí â [13]. Ïîäñòàâèì ïîëó÷åííîå âû-
ðàæåíèå äëÿ àíèçîòðîïíîé ÷àñòè (18) â (6) è ïîëó-
÷èì âûðàæåíèå äëÿ ôóíêöèè èñòî÷íèêîâ ñ ó÷åòîì 
ñîîòíîøåíèÿ [3]: 
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Ïîñëå äèñêðåòèçàöèè ôóíêöèè èñòî÷íèêîâ (19) 
â ñîîòâåòñòâèè ñ âûáðàííîé ñõåìîé ÌÄÎ ïîëó÷èì 
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Â ñîîòâåòñòâèè ñ (11) è (20) ôóíêöèÿ èñòî÷íè-
êîâ â óðàâíåíèè (11) ïðèìåò âèä [3]: 
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γi – ýëåìåíòû ìàòðèöû Γ
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 ñîáñòâåííûõ çíà÷åíèé 
ìàòðèöû B.
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Âûðàæåíèÿ (8), (13) è (21) ïîëíîñòüþ îïðåäå-

ëÿþò ðåøåíèÿ, ïðè÷åì (8) è (13) ñïðàâåäëèâû äëÿ 
ëþáîãî ñïîñîáà âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè ðå-
øåíèÿ, à (21) îïðåäåëÿåò âèä ôóíêöèè èñòî÷íèêîâ 
ïðè âûäåëåíèè àíèçîòðîïíîé ÷àñòè íà îñíîâå ÌÑÃ. 
Îïèñàííûé àëãîðèòì ðåàëèçîâàí â âèäå ïðîãðàììû 
MDOM. Ñðàâíåíèå àëãîðèòìîâ ñ ðàçëè÷íûìè ñïî-
ñîáàìè âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè ðåøåíèÿ  
â [10, 11] ïîêàçàë, ÷òî ñïîñîá âûäåëåíèÿ àíèçî-
òðîïíîé ÷àñòè îïðåäåëÿåò âðåìÿ ñ÷åòà äî äîñòèæå-
íèÿ ôèêñèðîâàííîé òî÷íîñòè. 

Çàìåòèì, ÷òî ðåøåíèå âåêòîðíîãî ÓÏÈ ïðèâî-
äèò ê ñîâåðøåííî ýêâèâàëåíòíîìó ìàòðè÷íîìó óðàâ-
íåíèþ, òîëüêî âñå ìàòðèöû è ñòîëáöû èìåþò â 4 ðàçà 
áîëüøèé ðàçìåð [14]. Â ýòîì ñìûñëå ïîñëå ïåðåõî- 
äà ê äèñêðåòíîìó ÓÏÈ ñêàëÿðíûé è âåêòîðíûé âà-
ðèàíòû àíàëèòè÷åñêè íåðàçëè÷èìû. Äëÿ ïðîñòîòû 
âåçäå áóäåì èñïîëüçîâàòü ñêàëÿðíûé âàðèàíò. 

 

3. Ðåãóëÿðíàÿ ÷àñòü ðåøåíèÿ 
 

Ñëîæíîñòü ðàñ÷åòîâ ïî ïîëó÷åííîìó ìàòðè÷íî-
ìó óðàâíåíèþ (13) îïðåäåëÿåòñÿ ðàçìåðàìè âõîäÿ-
ùèõ â íåãî ìàòðèö, êîòîðûå çàâèñÿò îò òðåõ öåëûõ 
êîíñòàíò – N, M, K: N – êîëè÷åñòâî äèñêðåòíûõ 
îðäèíàò; M – êîëè÷åñòâî àçèìóòàëüíûõ ãàðìîíèê; 
K – êîëè÷åñòâî ÷ëåíîâ ðàçëîæåíèÿ èíäèêàòðèñû ïî 
ïîëèíîìàì Ëåæàíäðà. 

Â îáùåì ñëó÷àå ïðîèçâîëüíîãî óãëà ïàäåíèÿ âñå 
ýòè òðè âåëè÷èíû ïðèáëèçèòåëüíî ðàâíû: M ≈ N ≈ K. 
Îäíàêî ïðè óäà÷íîì âûáîðå àíèçîòðîïíîé ÷àñòè 

ìîæíî äîáèòüñÿ, ÷òî óãëîâàÿ çàâèñèìîñòü Ð×Ð áó-
äåò áëèçêà èçîòðîïíîé. Â ýòîì ñëó÷àå 

 ,K N M� �  

÷òî ñóùåñòâåííî óñêîðÿåò ðåøåíèå. 
Ñðàâíåíèå ïîêàçàëî [10, 11, 15], ÷òî âûäåëåíèå 

îñîáåííîñòåé íà îñíîâå ÌÑÃ íàèëó÷øèì îáðàçîì 
îïèñûâàåò àíèçîòðîïíóþ ÷àñòü ðåøåíèÿ è óñêîðÿåò 
àëãîðèòì âû÷èñëåíèÿ áîëåå ÷åì íà äâà ïîðÿäêà. Íà 
ðèñ. 1 ïîêàçàíî ñðàâíåíèå ðàñ÷åòîâ óãëîâîãî ðàñ-
ïðåäåëåíèÿ ÿðêîñòè èçëó÷åíèÿ, îòðàæåííîãî ñëîåì, 
äëÿ ðàçëè÷íûõ íàáîðîâ ïàðàìåòðîâ N è M. Íà âñåõ 
ðèñóíêàõ óãîë âèçèðîâàíèÿ îòñ÷èòûâàåòñÿ îò îñè OZ. 
Ðàñ÷åòû ïðîâîäèëèñü íà êîìïüþòåðå Intel(R) Core 
(TM) i7-4770R CPU @ 3.50 GHz. Íåòðóäíî âèäåòü, 
÷òî ðàñ÷åò ïðàêòè÷åñêè ïîëíîãî ðàñïðåäåëåíèÿ ïî 
óãëó ñóùåñòâåííî áûñòðåå, ÷åì ðàñ÷åò îòäåëüíûõ 
ìåëêèõ îñòðûõ ïèêîâ. Ðàçíèöà âî âðåìåíè ðàñ÷åòà 
Δt áîëåå ÷åì â 150 ðàç. Ïî÷åìó òàê? 

Óãëîâîå ðàñïðåäåëåíèå Ð×Ð äåéñòâèòåëüíî áëèç- 
êî ê èçîòðîïíîìó, íî ñ íåêîòîðîé ìåëêîé ðÿáüþ. 
Ðåçîííûé âîïðîñ: ñêîëüêî äèñêðåòíûõ îðäèíàò N 
íåîáõîäèìî äëÿ ïðåäñòàâëåíèÿ ýòîé ìåëêîé ðÿáè? 
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Ðèñ. 1. Ñðàâíåíèå óãëîâûõ ðàñïðåäåëåíèé ÿðêîñòè îòðà- 

  æåííîãî èçëó÷åíèÿ. Íàïðàâëåíèå â íàäèð 180° 

 
Ïîñêîëüêó Ð×Ð ÿâëÿåòñÿ ãëàäêîé ôóíêöèåé, òî åå 

ðàçëîæåíèå â ðÿä ïî ïîëèíîìàì Ëåæàíäðà èìååò 
êîíå÷íîå ÷èñëî ÷ëåíîâ N: 
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Âñå ïîëèíîìû Ëåæàíäðà ïîðÿäêà ìåíåå N òî÷-
íî âûðàæàþòñÿ ÷åðåç ïîëèíîì ïîðÿäêà N + 1: 
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ãäå μi – êîðíè ïîëèíîìà PN + 1(μ). 
Ñîîòâåòñòâåííî, ýòî ïðèâîäèò ê âûðàæåíèþ 
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÷òî ñîîòâåòñòâóåò èíòåðïîëÿöèîííîé ôîðìóëå Ëà-
ãðàíæà äëÿ ôóíêöèè L(τ, μ). 

Ýòè ñîîòíîøåíèÿ ÿâëÿþòñÿ àíàëîãîì òåîðåìû 
Êîòåëüíèêîâà î âûáîðêàõ äëÿ óãëîâîãî ñïåêòðà óã-
ëîâîãî ðàñïðåäåëåíèÿ ïî ïîëèíîìàì Ëåæàíäðà. Ñëå-
äîâàòåëüíî: 

1) MDOM îáåñïå÷èâàåò ñõîäèìîñòü â ñðåäíåì; 
  2) âñå ìåòîäû âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè 

ýêâèâàëåíòíû äðóã äðóãó â ðàâíîìåðíîé ìåòðèêå; 
  3) äëÿ äîñòèæåíèÿ õîðîøåé ñõîäèìîñòè â ðàâ-
íîìåðíîé ìåòðèêå èíòåðâàë äèñêðåòèçàöèè äîëæåí 

ñîîòâåòñòâîâàòü óãëîâîìó ðàçìåðó ñàìîé ìåëêîé äå-
òàëè, êîòîðàÿ äîëæíà áûòü âîñïðîèçâåäåíà íà ðàñ-
ïðåäåëåíèè ÿðêîñòè. 

Äëÿ ðåøåíèÿ îáðàòíûõ çàäà÷ íóæåí àëãîðèòì 
ðåøåíèÿ ÓÏÈ ñ òî÷íîñòüþ ïî ðàâíîìåðíîé ìåòðèêå 
íå õóæå 1%, à ïî âðåìåíè ñ÷åòà íå áîëåå 1 ñ äëÿ îä-
íîé äëèíû âîëíû. Êàê æå ñîâìåñòèòü âñå ýòè ïðî-

òèâîðå÷èâûå òðåáîâàíèÿ? Âîçìîæíûì âàðèàíòîì 

ðåøåíèÿ çäåñü ÿâëÿåòñÿ àëãîðèòì ñèíòåòè÷åñêèõ èòå- 
ðàöèé [3, 16]. 

 

4. Ìåòîä ñèíòåòè÷åñêèõ èòåðàöèé 
 

Ìåòîä ñèíòåòè÷åñêèõ èòåðàöèé (ÑÈ) áûë ïðåä-
ëîæåí â ÿäåðíîé ôèçèêå [17]. Ïðè ýòîì èòåðàöèÿ 

ðàñïàäàåòñÿ íà äâà ýòàïà. Íà ïåðâîì ýòàïå èùåòñÿ 
ïðèáëèæåííîå ðåøåíèå, õîðîøî ñõîäÿùååñÿ â ñðåä-
íåé ìåòðèêå ïî ýíåðãåòèêå, à íà âòîðîì âûïîëíÿåò-
ñÿ îáû÷íàÿ èòåðàöèÿ, îñíîâàííàÿ íà èíòåãðàëüíîì 
ÓÏÈ, ÿâëÿþùåìñÿ ôîðìàëüíûì ðåøåíèåì êðàåâîé 
çàäà÷è (1), ÷òî ñóùåñòâåííî ïîâûøàåò ñõîäèìîñòü  
â ðàâíîìåðíîé ìåòðèêå ïî óãëó. Ïîñêîëüêó ðàçðà-
áîòàííûé ìåòîä ðåøåíèÿ MDOM èìååò õîðîøóþ 
ñõîäèìîñòü â ñðåäíåé ìåòðèêå, òî ñëåäóåò ðàññ÷è-
òûâàòü íà åãî ñóùåñòâåííîå ïîâûøåíèå ñõîäèìîñòè 
ïîñëå èòåðàöèè. 

×èñëåííîå ñðàâíåíèå ÿðêîñòè îòðàæåííîãî èç-
ëó÷åíèÿ â ïåðâîé èòåðàöèè ñ MDOM ïðåäñòàâëåíî 
íà ðèñ. 2 [3, 16], ãäå Δt – âðåìÿ âû÷èñëåíèé. Âèäíî, 
÷òî íàèáîëüøóþ ñëîæíîñòü äëÿ âû÷èñëåíèÿ â MDOM 
ïðåäñòàâëÿåò îáëàñòü âáëèçè ãëîðèè (ðèñ. 2, á). Äëÿ 

ðàñ÷åòîâ ýòîé îáëàñòè â ïðîãðàììå MDOM òðåáó-
þòñÿ N = 801 è M = 256, ÷òî ñîîòâåòñòâóåò øàãó 
äèñêðåòèçàöèè ìåíåå 0,5°. Äëÿ äîñòèæåíèÿ òîé æå 
òî÷íîñòè â ðàìêàõ ñèíòåòè÷åñêîé èòåðàöèè íåîáõî-
äèìû òîëüêî N = 11, M = 4, ÷òî ñîêðàùàåò âðåìÿ 
âû÷èñëåíèé ïî÷òè â 60 ðàç. Ñîîòâåòñòâåííî, ñèíòå-
òè÷åñêàÿ èòåðàöèÿ îò MDOM ïîçâîëÿåò âû÷èñëÿòü 
óãëîâûå ðàñïðåäåëåíèÿ ÿðêîñòè ñ òî÷íîñòüþ â ðàâ-
íîìåðíîé ìåòðèêå íå õóæå 1% ïðè âðåìåíè ñ÷åòà íå 
áîëåå 1 ñ. Äîñòîèíñòâîì ðåøåíèÿ ÿâëÿåòñÿ âîçìîæ-
íîñòü ïðè âû÷èñëåíèè èòåðàöèè ïåðåõîäà ê ïðîèç-
âîëüíîé ñåòêå óãëîâ âèçèðîâàíèÿ, íå ñâÿçàííîé  
ñ äèñêðåòíûìè îðäèíàòàìè. 

Ñòîëü âûñîêàÿ ýôôåêòèâíîñòü àëãîðèòìà ÑÈ  
â äàííîì ñëó÷àå ñâÿçàíà ñ òåì, ÷òî óãëîâîå ðàñïðå-
äåëåíèå Ð×Ð ïîñëå âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè 
íà îñíîâå ÌÑÃ î÷åíü áëèçêî ê èçîòðîïíîìó, çà èñ-
êëþ÷åíèåì íåêîòîðûõ âñïëåñêîâ, èíòåãðàë îò êîòî-
ðûõ ïî òåëåñíîìó óãëó î÷åíü ìàë. Ýòî ïîçâîëÿåò 
îïðåäåëÿòü Ð×Ð ïî ÌÄÎ ñ ìàëûì ÷èñëîì îðäèíàò. 
Âñïëåñêè æå âîññòàíàâëèâàþòñÿ óæå ïåðâîé èòåðà-
öèåé. Îòìåòèì, ÷òî ïîñêîëüêó ÌÑÃ ñîäåðæèò ïðÿìîå 

èçëó÷åíèå, òî â èòåðàöèè òî÷íî ó÷èòûâàåòñÿ îäíî-
êðàòíî ðàññåÿííîå èçëó÷åíèå, à îñòàëüíûå êðàòíîñ- 
òè ñèëüíî óëó÷øàþòñÿ ïî òî÷íîñòè. 

Îòìåòèì, ÷òî â ëèòåðàòóðå äëÿ ðåøåíèÿ ÓÏÈ 
ìåòîä ÑÈ ÷àñòî èñïîëüçóåòñÿ ïîä äðóãèìè íàçâàíèÿ-
ìè: Discrete Ordinate Scheme with Infinitely Small 
Weight [18], False discrete ordinate [19] èëè ìåòîä 
àïïðîêñèìàöèè çíà÷åíèé ÿðêîñòè äëÿ óãëîâ âíå 
ñåòêè óãëîâ ÌÄÎ [20]. Âî âñåõ ñëó÷àÿõ ýòîò ïðèåì 
ðàññìàòðèâàåòñÿ êàê ìåòîä óñêîðåíèÿ ñõîäèìîñ- 
òè èëè àïïðîêñèìàöèè ñåòêè, íî íå êàê ìåòîä ðå-
øåíèÿ ÓÏÈ, ÷òî ñóùåñòâåííî ñíèæàåò îáùíîñòü 
ðåçóëüòàòîâ. 

Âûñîêàÿ òî÷íîñòü ðåøåíèÿ ÑÈ óæå ïðè ìàëûõ 
çíà÷åíèÿõ N, ÷òî ñâÿçàíî ñ ìåäëåííûì èçìåíåíèåì  
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Ðèñ. 2. Ñðàâíåíèå ñèíòåòè÷åñêîé èòåðàöèè ñ MDOM äëÿ 
ÿðêîñòè îòðàæåííîãî ñëîåì èçëó÷åíèÿ: à – ïîëíûé äèàïà-
çîí óãëîâ âèçèðîâàíèÿ; á – îáëàñòü â îêðåñòíîñòè ãëîðèè 
 

 

Ð×Ð, ïîçâîëèëà ïðîòåñòèðîâàòü ïðîñòåéøèé âàðèàíò 
ÌÄÎ äëÿ íàõîæäåíèÿ Ð×Ð ñ äâóìÿ îðäèíàòàìè 
N = 2. Ïðàâäà, â ýòîì ñëó÷àå áîëåå ýôôåêòèâåí âà-
ðèàíò äâóõïîòîêîâîãî ïðèáëèæåíèÿ (2Ï) çà ñ÷åò áî-
ëåå óäà÷íîé íîðìèðîâêè êîýôôèöèåíòîâ óðàâíåíèÿ 
ïî ýíåðãåòèêå. Êàê ïîêàçàëè ðàñ÷åòû ïî àëãîðèòìó 
[3, 16], ïîëó÷àåìîå óãëîâîå ðàñïðåäåëåíèå ÿðêîñòè 
ïðàêòè÷åñêè íåîòëè÷èìî îò ðåçóëüòàòîâ, ïðåäñòàâ-
ëåííûõ íà ðèñ. 2. Ýòî ïîäòâåðæäàåò íàøå ïðåäïî-
ëîæåíèå, ÷òî ÌÑÃ äîñòàòî÷íî òî÷íî îïèñûâàåò àíè-
çîòðîïíóþ ÷àñòü ðåøåíèÿ, ÷òî äåëàåò Ð×Ð ãëàäêîé, 
ìåäëåííî èçìåíÿþùåéñÿ ñ óãëîì ôóíêöèåé, çà èñ-
êëþ÷åíèåì âîçìîæíî êîíå÷íîãî ÷èñëà ïèêîâ. Õîðî-
øàÿ ñõîäèìîñòü â ñðåäíåì ïîçâîëÿåò óòâåðæäàòü, ÷òî 
èíòåãðàë îòêëîíåíèÿ Ð×Ð îò êâàçèèçîòðîïíîãî ðàñ-
ïðåäåëåíèÿ ïî òåëåñíîìó óãëó â îáëàñòè ïèêîâ êðàé-
íå ìàë, ÷òî äàåò âîçìîæíîñòü èõ âîññòàíîâèòü óæå 
ïåðâîé èòåðàöèåé. 

Ê ñîæàëåíèþ, ïðèáëèæåíèå 2Ï îñíîâûâàåòñÿ íà 
ïëîñêîé ãåîìåòðèè, ÷òî íå ïîçâîëÿåò åãî îáîáùèòü 
íà ñðåäû ñ áîëåå ñëîæíîé ãåîìåòðèåé. Â òåîðèè ïå-
ðåíîñà 2Ï-ïðèáëèæåíèå ýêâèâàëåíòíî P1-ïðèáëèæå- 

íèþ ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê, èíà÷å íàçûâàå-
ìîãî äèôôóçèîííûì ïðèáëèæåíèåì. Â ëèòåðàòóðå 
èçâåñòíî èñïîëüçîâàíèå äèôôóçèîííîãî ïðèáëèæå-
íèÿ â êà÷åñòâå ïåðâîãî øàãà â ðåøåíèè ÓÏÈ ìåòîäîì 

ÑÈ [21], êîòîðîå ïîëó÷èëî íàçâàíèå êâàçèäèôôó- 
çèîííîãî ïðèáëèæåíèÿ (ÊÄÏ). Â ðàáîòå [22] ïðåä-
ëîæåíî åãî ðàçâèòèå, êîãäà ïåðåä ðåøåíèåì â ÊÄÏ 
âûäåëÿåòñÿ ïðÿìîå èçëó÷åíèå, ÷òî ñóùåñòâåííî óëó÷-
øàåò ñõîäèìîñòü. Ìîæíî ïðåäïîëàãàòü, ÷òî ýôôåê-
òèâíîñòü ðåøåíèÿ áóäåò åùå áîëåå âûñîêîé, åñëè 
ïåðåä ðåøåíèåì â ÊÄÏ âûäåëèòü àíèçîòðîïíóþ ÷àñòü 
â ÌÑÃ. 

 

5. Êâàçèäèôôóçèîííîå ïðèáëèæåíèå 
 

Ïðåäñòàâèì âñå ôóíêöèè â ÓÏÈ â êðàåâîé çà-
äà÷å (3) â âèäå ðàçëîæåíèÿ ïî ñôåðè÷åñêèì ôóíê-
öèÿì äëÿ ñëó÷àÿ P1-ïðèáëèæåíèÿ ìåòîäà ñôåðè÷å-
ñêèõ ãàðìîíèê:1 
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π

l  – ñôåðè÷å-

ñêàÿ ôóíêöèÿ; Ckm, skm – êîýôôèöèåíòû ðàçëîæå-
íèÿ Ð×Ð è ôóíêöèè èñòî÷íèêîâ ïî ñôåðè÷åñêèì 
ôóíêöèÿì. 

Ïîñëå ïîäñòàíîâêè (25)–(27) â ÓÏÈ ïîñëåäî-
âàòåëüíî ïðîèíòåãðèðóåì ïîëó÷åííîå âûðàæåíèå ïî 
ïîëíîìó òåëåñíîìó óãëó è ñ âåñîì ˆ.l  Ñ ó÷åòîì îð-
òîãîíàëüíîñòè ñôåðè÷åñêèõ ôóíêöèé ïîëó÷èì ñâÿ-
çàííóþ ñèñòåìó èç äâóõ óðàâíåíèé [22]: 
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÷òî ñîîòâåòñòâóåò P1-ïðèáëèæåíèþ ìåòîäà ñôåðè÷å-
ñêèõ ãàðìîíèê [23]. 

Â ïðåäïîëîæåíèè, ÷òî ñðåäà îäíîðîäíàÿ ε = const, 
ìîæíî âû÷èñëèòü äèâåðãåíöèþ îò âòîðîãî óðàâíåíèÿ 

ñèñòåìû (28), âûðàçèòü ( )∇ τE  èç ïåðâîãî è ïîäñòà-
âèòü âî âòîðîå, ÷òî îêîí÷àòåëüíî ïðèâåäåò ê óðàâ-
íåíèþ [22]: 
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Èñòî÷íèêè ψ(τ) â ïðàâîé ÷àñòè óðàâíåíèÿ (29) 

ëåãêî âû÷èñëÿþòñÿ ñ ó÷åòîì âèäà ôóíêöèè èñòî÷-
íèêîâ â ÌÑÃ (19) â ÓÏÈ (3) äëÿ Ð×Ð: 
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Ñ ó÷åòîì ïëîñêîé ñèììåòðèè ñðåäû è ôóíêöèè 
èñòî÷íèêîâ (30), (31) óðàâíåíèå äèôôóçèè (29) äëÿ 
ïëîñêîãî ñëîÿ ïðèîáðåòàåò ôîðìó 
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ãäå ζ = az. 
Îáùåå ðåøåíèå óðàâíåíèÿ (32) îïðåäåëÿåòñÿ 

âûðàæåíèåì 
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ãäå ÷àñòíîå íåîäíîðîäíîå ðåøåíèå, èñõîäÿ èç âèäà 
ôóíêöèè èñòî÷íèêîâ, äîëæíî èìåòü âèä 
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C1, C2 – êîíñòàíòû, îïðåäåëÿåìûå èç ãðàíè÷íûõ 

óñëîâèé, 1 1(1– ) (1– ).a a x≡ ε = Λ Λ  

Ïîäñòàâëÿÿ (33) è (34) â (32), ïîëó÷àåì óðàâ-
íåíèå äëÿ êîíñòàíò c0, c1, c2, c3, êîòîðûå íàõîäÿòñÿ 
èç óñëîâèé ðàâåíñòâà êîýôôèöèåíòîâ ïðè îäèíàêî-
âûõ ïîêàçàòåëÿõ ó ýêñïîíåíò. 

Ãðàíè÷íûå óñëîâèÿ ïîëîæèì â ôîðìå Ìàðøà-
êà – ðàâåíñòâî ïîòîêîâ ÷åðåç ãðàíèöó ñðåäû. ßð-
êîñòü â äèôôóçèîííîì ïðèáëèæåíèè íàõîäèòñÿ ïî 
(25), ïðè÷åì èç âòîðîãî óðàâíåíèÿ ñèñòåìû (28): 
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Äëÿ îáëó÷åííîñòè (ïîòîêà) âíèç èìååì 

 ( )

1

0

0 0

1
ˆ ˆ ˆ

ˆ( , ) ( , ) ( ) 3 ( )
2

r
E L d E d

↓

μ ≥

= τ = τ + μ τ μ μ =

∫ ∫
l l z l E  

 0

1 1
( ) ( ).

4 2
E= τ + τE  (36) 

Íåòðóäíî âèäåòü, ÷òî äëÿ ïîòîêà ââåðõ ïîëó÷èì 
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Ñîîòâåòñòâåííî, ãðàíè÷íûå óñëîâèÿ â ïëîñêîé 
çàäà÷å ïðèìóò âèä 
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îòêóäà îïðåäåëÿþòñÿ êîíñòàíòû C1, C2. 
Ðåàëèçàöèÿ îïèñàííîãî àëãîðèòìà äëÿ çàäà÷è, 

ñîîòâåòñòâóþùåé ïðåäñòàâëåííûì íà ðèñ. 2 ðåçóëü-
òàòàì, ïîêàçàëà, ÷òî êâàçèäèôôóçèîííîå ïðèáëèæå-
íèå ïîëíîñòüþ ýêâèâàëåíòíî êâàçèäâóõïîòîêîâîìó 
ïðèáëèæåíèþ ïî òî÷íîñòè è ñêîðîñòè âû÷èñëåíèé. 
Îäíàêî êâàçèäèôôóçèîííîå ïðèáëèæåíèå íå çàâè-
ñèò îò ïëîñêîé ñèììåòðèè, à ïîòîìó îáîáùàåòñÿ íà 
ïðîèçâîëüíóþ ãåîìåòðèþ ñðåäû. 

 

Çàêëþ÷åíèå 
 

Âûäåëåíèå àíèçîòðîïíîé ÷àñòè ïî âûðàæåíèþ (2) 
èç ðåøåíèÿ êðàåâîé çàäà÷è (1) äåëàåò óãëîâîå ðàñ-
ïðåäåëåíèå ñîîòâåòñòâóþùåé ãëàäêîé ÷àñòè áëèçêèì 
ê èçîòðîïíîìó çà èñêëþ÷åíèåì îòäåëüíûõ âñïëåñêîâ, 
îòëè÷èå êîòîðûõ îò ãëàäêîãî ðàñïðåäåëåíèÿ â ñðåä-
íåêâàäðàòè÷íîé ìåòðèêå íåçíà÷èòåëüíî. Ýòî ïîçâî-
ëÿåò íàõîäèòü ãëàäêóþ ÷àñòü â äâóõïîòîêîâîì èëè 
äèôôóçèîííîì ïðèáëèæåíèè. Óòî÷íèòü ïîëó÷åííîå 
ðåøåíèå ñ ó÷åòîì îïèñàíèÿ è âñïëåñêîâ ìîæíî íà 

îñíîâå èòåðàöèè. Òåì ñàìûì ïðåäëàãàåìûé ìåòîä 

ðåøåíèÿ îòíîñèòñÿ ê êëàññó ñèíòåòè÷åñêèõ èòåðàöèé 
ðåøåíèÿ ÓÏÈ. Äèôôóçèîííîå ïðèáëèæåíèå äëÿ îï- 
ðåäåëåíèÿ ãëàäêîé ÷àñòè (êâàçèäèôôóçèîííîå ïðè-
áëèæåíèå) â îòëè÷èè îò äâóõïîòîêîâîãî íå çàâèñèò 
îò ãåîìåòðèè ñðåäû. Ïîñêîëüêó ðåøåíèÿ â ÌÑÃ ïî-
ëó÷åíû [2] è âû÷èñëåíèÿ èòåðàöèé âîçìîæíû äëÿ 
ëþáîé ãåîìåòðèè ñðåäû, ýòî ïîçâîëÿåò óòâåðæäàòü 
âîçìîæíîñòü ïîñòðîåíèÿ ðåøåíèÿ ÓÏÈ â êâàçèäè-
ôóçèîííîì ïðèáëèæåíèè òàêæå äëÿ ïðîèçâîëüíîé 
òðåõìåðíîé ãåîìåòðèè ñðåäû. 

Îòìåòèì, ÷òî ïðåäëàãàåìûé ïîäõîä ïîçâîëÿåò 
ñóùåñòâåííî óñêîðèòü ñõîäèìîñòü òðàäèöèîííûõ ìå- 
òîäîâ ðåøåíèÿ ÓÏÈ íà ïðèìåðå ïëîñêîãî ñëîÿ. Ó÷åò 
âñåõ ôàêòîðîâ: ïîëÿðèçàöèè, âåðòèêàëüíîé è ãîðè-
çîíòàëüíîé íåîäíîðîäíîñòè, ïðîôèëÿ ïîäñòèëàþùåé 
ïîâåðõíîñòè è ò.ä. – óâåëè÷èò âðåìÿ ñ÷åòà, íî ñó-
ùåñòâåííî â ìåíüøåé ñòåïåíè, ÷åì â òðàäèöèîííûõ 
ñõåìàõ. Òàê, íàïðèìåð, ïðè âåðòèêàëüíîé íåîäíî-
ðîäíîñòè èñïîëüçóåòñÿ ìàòðè÷íî-îïåðàòîðíûé ìåòîä, 
êîòîðûé ïðè êëàññè÷åñêîì ïîäõîäå ìåòîäà äèñêðåò-
íûõ îðäèíàò èëè ñôåðè÷åñêèõ ãàðìîíèê [9] îñíî-
âûâàåòñÿ íà M ìàòðè÷íûõ âûðàæåíèÿõ ñ ìàòðèöà-
ìè N × N. Ïðè ñôîðìóëèðîâàííîì ìåòîäå ýòî îäíî 
ìàòðè÷íîå âûðàæåíèå ñ ìàòðèöåé 2 × 2, ÷òî òàêæå 
ïðèâåäåò ê ñóùåñòâåííîìó âûèãðûøó ïî âðåìåíè. 
Îäíàêî ýòî òåìû îòäåëüíûõ èññëåäîâàíèé. 



 

746 Áóäàê Â.Ï., Æåëòîâ Â.Ñ., Ëóáåí÷åíêî À.Â. è äð. 
 

1. Yokota T., Oguma H., Morino I., Inoue G. A nadir loo- 
king SWIR FTS to monitor CO2 column density for Ja- 
panese GOSAT project // Proc. XXIV Int. Sym.  
Space Technol. Sci. Miyazaki, Japan, May–June 2004. 
P. 887. 

2. Budak V.P., Klyuykov D.A., Korkin S.V. Convergence 
acceleration of radiative transfer equation solution at 
strongly anisotropic scattering // Light Scattering Re-
views 5. Single Light Scattering and Radiative Transfer / 
Ed. A.A. Kokhanovsky. Springer Praxis Books, 2010. 
P. 147–204. 

3. Budak V.P., Shagalov O.V., Zheltov V.S. Numerical ra- 
diative transfer modeling in turbid medium slab // 20th 
Int. Symp. on Atmospheric and Ocean Optics: Atmos-
pheric Physics. Proc. SPIE. 9292. 2014. P. 92920Y. 

4. Êðûëîâ Â.È. Ïðèáëèæåííîå âû÷èñëåíèå èíòåãðàëîâ. 
Ì.: Íàóêà, 1967. 500 c. 

5. Àïðåñÿí Ë.À., Êðàâöîâ Þ.À. Òåîðèÿ ïåðåíîñà èçëó÷å- 
íèÿ: Ñòàòèñòè÷åñêèå è âîëíîâûå àñïåêòû. Ì.: Íàóêà, 
Ãë. ðåä. ôèç.-ìàò. ëèòåðàòóðû, 1983. 320 c. 

6. Budak V.P., Veklenko B.A. Boson peak, flickering noise, 
backscattering processes and radiative transfer in random 

media // J. Quant. Spectrosc. Radiat. Transfer. 2011. 
V. 112, N 5. P. 864–875. 

7. Áóäàê Â.Ï., Êîçåëüñêèé À.Â., Ñàâèöêèé Å.Í. Óëó÷øå- 
íèå ñõîäèìîñòè ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê ïðè ñèëü-
íî àíèçîòðîïíîì ðàññåÿíèè // Îïòèêà àòìîñô. è îêåà-
íà. 2004. Ò. 17, ¹ 1. Ñ. 36–41. 

8. Budak V.P., Korkin S.V. On the solution of a vectorial 
radiative transfer equation in an arbitrary three-dimen- 
sional turbid medium with anisotropic scattering // J. 
Quant. Spectrosc. Radiat. Transfer. 2008. V. 109, N 2. 
P. 220–234. 

9. Budak V.P., Klyuykov D.A., Korkin S.V. Complete ma-
trix solution of radiative transfer equation for pile of ho- 
rizontally homogeneous slabs // J. Quant. Spectrosc. 
Radiat. Transfer. 2011. V. 112, N 7. P. 1141–1148. 

10. Kokhanovsky A.A., Budak V.P., Cornet C., Duan M., 
Emde C., Katsev I.L., Klyukov D.A., Korkin S.V., C-La- 
bonnote L., Mayer B., Min Q., Nakajima T., Ota Y., Pri- 
khach A.S., Rozanov V.V., Yokota T., Zege E.P. Bench- 
mark results in vector atmospheric radiative transfer // 

J. Quant. Spectrosc. Radiat. Transfer. 2010. V. 111, 
N 12–13. P. 1931–1946. 

11. Sokoletsky L.G., Budak V.P., Shen F., Kokhanovsky A.A. 
Comparative analysis of radiative transfer approaches for  
 

calculation of plane transmittance and diffuse attenua- 
tion coefficient of plane-parallel light scattering layers 
// Appl. Opt. 2014. V. 53, N 3. P. 459–468. 

12. Áóäàê Â.Ï., Êîçåëüñêèé À.Â. Î òî÷íîñòè è ãðàíèöàõ 
ïðèìåíèìîñòè ìàëîóãëîâîãî ïðèáëèæåíèÿ // Îïòèêà 
àòìîñô. è îêåàíà. 2005. Ò. 18, ¹ 1–2. Ñ. 38–44. 

13. Áóäàê Â.Ï., Ñàpìèí Ñ.Ý. Ðåøåíèå óðàâíåíèÿ ïåðå-
íîñà èçëó÷åíèÿ ìåòîäîì ñôåðè÷åñêèõ ãàðìîíèê â ìà-
ëîóãëîâîé ìîäèôèêàöèè // Îïòèêà àòìîñôåðû. 1990. 
Ò. 3, ¹ 9. Ñ. 981–987. 

14. Áóäàê Â.Ï., Êëþéêîâ Ä.À., Êîðêèí Ñ.Â. CIAO – ïðî-
ãðàììà ìîäåëèðîâàíèÿ ïîëÿðèçàöèîííûõ ñèãíàëîâ 

ñïåêòðàëüíûõ ïðèáîðîâ äèñòàíöèîííîãî çîíäèðîâàíèÿ 
â ñèñòåìå «îêåàí–àòìîñôåðà» // Èçâ. âóçîâ. Ôèç. 
2010. Ò. 53, ¹ 9/3. Ñ. 58–69. 

15. Budak V.P., Efremenko D.S., Shagalov O.V. Efficiency 
of algorithm for solution of vector radiative transfer 
equation in turbid medium slab // J. Phys.: Conference 
Series. 2012. V. 369. 012021 (10 p.). 

16. Budak V.P., Kaloshin G.A., Shagalov O.V., Zheltov V.S. 
Numerical modeling of the radiative transfer in a turbid 
medium using the synthetic iteration // Opt. Express. 
2015. V. 23, N 15. P. A829. 

17. Adams M.L., Larsen E.W. Fast iterative methods for dis-
crete-ordinates particle transport calculations // Progr. 
Nuclear Energy. 2002. V. 40, N 1. P. 3–159. 

18. Li H.-S., Flamant G., Lu J.-D. An alternative discrete 
ordinate scheme for collimated irradiation problems // 
Int. Comm. Heat Mass Transfer. 2003. V. 30, N 1. 
P. 61–70. 

19. Efremenko D., Doicu A., Loyola D., Trautmann T. Acce- 
leration techniques for the discrete ordinate method // 
J. Quant. Spectrosc. Radiat. Transfer. 2013. V. 114. 
P. 73–81. 

20. Thomas G.E., Stamnes K. Radiative Transfer in the At-
mosphere and Ocean. N.Y.; Cambridge: Cambridge 
University Press, 2006. 540 p. 

21. Ãîëüäèí Â.ß. Êâàçèäèôôóçèîííûé ìåòîä ðåøåíèÿ êè-
íåòè÷åñêîãî óðàâíåíèÿ // Æ. âû÷èñë. ìàò. è ìàò. ôèç. 
1964. Ò. 4, ¹ 6. Ñ. 1078–1087. 

22. Àðèñòîâà Å.Í., Ãîëüäèí Â.ß. Ðàñ÷åò àíèçîòðîïíîãî 
ðàññåÿíèÿ ñîëíå÷íîãî èçëó÷åíèÿ â àòìîñôåðå (ìîíî-
ýíåðãåòè÷åñêèé ñëó÷àé) // Ìàò. ìîäåëèð. 1998. Ò. 10, 
¹ 9. Ñ. 14–34. 

23. Äýâèäñîí Á. Òåîðèÿ ïåðåíîñà íåéòðîíîâ. Ì.: Àòîìèç-
äàò, 1960. 438 ñ. 

 
 

V.P. Budak, V.S. Zheltov, A.V. Lubenchenko, K.S. Freidlin, O.V. Shagalov. Fast and accurate algo-
rithm for the numerical simulation of radiative transfer in turbid media. 

It is shown that the regular part of the solution (RPS) remained after the separation of the anisotropic 
part of the solution (APS) in the small-angle modification of the spherical harmonics method (MSH) is  
a smooth quasi-isotropic function with some peaks in the angular distribution. The smooth part of the RPS 
without peaks can be determined in two-streaming or diffuse approximation. The first iteration of the resulting 
radiance angular distribution significantly refines the solution and allows restoring the specified angular peaks. 
Quasi-diffusion approach – the separation of APS by MSH, the definition of RPS in the diffuse approximation 
and refinement of solutions based on the first iteration, – is independent of the problem symmetry, and 
therefore can be generalized to the case of arbitrary medium geometry. 
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