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Dependence of the mean—square number of rays on a distance in the region
behind a phase screen is obtained. The probabilities of single—, three—, and five—ray
propagation are found using the average number of rays and their mean square. It is
shown that the multiray propagation is manifested at distances much longer than the
distance at which the strong intensity fluctuations of a wave start to manifest

themseloves.

As optical waves propagate through a randomly
inhomogeneous medium or behind a random phase screen,
the large—scale (compared to the wavelength)
inhomogeneities of the refractive index act as lenses
resulting in formation of caustics. A number of interesting
effects accompany the formation of caustic singularities.
For example, it was shown in Ref. 1 that the region in
which the probability of formation of even a single
caustic differed noticeably from zero could be considered
as the start of the region in which the strong fluctuations
of the wave intensity occur. At the same time, it is well
known? that the multiray propagation may accompany the
formation of caustic. In this case not one but already
several rays with different initial coordinates arrive at a
fixed point in space.

The statistical properties of multiray propagation
must be known for its description. Dependence of the
average number of rays <N (¢#)> in the region behind the
screen on the coordinate ¢ of wave propagation was found
in Ref. 3. In addition to the fact that knowledge of the
number of rays arriving at the given point (x, t) is
important (here for simplicity we will consider only the
transverse coordinate x, the quantity <N> bears
supplemental information about the multiray propagation.
First, it allows us to estimate the applicability limits of the
single—ray approximation and second, it can be used to obtain
the probability of the three—ray propagation P(3; t).

Analogously to Ref. 3, i.e., using the normalization
condition for the probability density and definition of the
average, we can write down

P1; ) +P3; t)+...+P(N; ) + ... =1,

1P(1; ) +3P3;t)+ ... + NP(N; t) + ... = <N(t)>,
)
12P(1; ) + 32P(3; t) + ... + N2P(N; t) + ... = <N A(t)> ,

Here the probability P(N, ¢) is equal to the
normalized length of the intervals along the transverse
axis at the distance ¢ from the screen within which N
rays fall. As far as the number of rays N infinitely
increases® with increase of ¢, then it follows from the
system of equations (1) that all the moments <N %>,
where «=1,2, ..., must be known to obtain the
probabilities P(N; t). If we ignore the probability of
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occurence of seven and more rays, then the first three
equations of the system of equations (1) will form the
closed system from which the probabilities P(1; t),
P(3; t), and P(5; t) can be found providing <M#)> and
<N%(t)> are known. The relationship between <N(¢)> and
the Lagrangian average of the modulus of the beam
divergence has been found in Ref. 3

<N(x, t)> = <|J(x, t)|>L .

Here we can calculate <N %(x, t)>. To do this for the
coordinate X of the ray coming from the point (y, t), the
angle of ray arrival V, and the ray divergence J, we
transform from the Lagrangian two—point probability
density to the Eulerian one

Wy, (o 2y, 04 09, 10 T3 Uy Y 1) =
=<3(X(y,, ) —x) 8(XC(y,, 1) — x,) I(V(y,, 1) —v)) x
x 3(V(y,, 1) —vy) 8y, 1) —j ) 8y, O — jy)> =

NCry, ©) Nxy, £

- j11j2 < Z z S(yn(xP t)—y1)><

n=1 m=1

% 80y, (1 1) — 1) 8o (2, 1) — £) 80, (1 1) — 1,) x
% 807, ) — 7)) 8(j (2 ) — jo)>p - @

Let us consider x, =x, +s and introduce the notation
for the numbers of rays arriving at the points (x, ¢) and
(xy, 0)

NG, =N, NG, ) =M.

Integrating equality (2) over y, and y, and taking the

formula for the total probability into account, we derive
+oo

S Wy w00 0y g i U 9y 0 dydyy =

1 o0 o0
= I M:
m%;1P(1\,M, s, 1) x

N M
x z Z WiSn(UP j1; Xy t |N; Ly, ]‘2§ Xy t | M) ’

n=1 m=1
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where P(N, M; s, t) is the probability that N rays will
arrive at the point (x,, £) and M rays — at the point
(x, +5, 8) szn is the joint probability density of the

Eulerian fields t and j in the nth and mth rays under the
same conditions. We multiply the last equality by | 7t j2|

and integrate it over T Jo Vs and v,

+oo

S il WGy, %, 7y s 0y 950 0 dydyy djydiy =

0

= Z NMP(N, M; s, t) . 3)
N, M

It can be seen that the right—side expression represents
the correlation function of the number of rays

Ky (s, ) = <N(x, ON(x + s, D> .

Let us simplify the left side of Eq. (3) accounting for the
statistical homogeneity of the medium. To do this, we go
over to the coordinates

Yyt Yy,
STX TN ST Y Y AT T )

and integrate over ¢,

oo
Ky (s, t) = f 17,7yl WG, 7y, fgi sp0 8 dsydf,dfy - (4)
By definition,

WG, i, dy g 1) =

= <3(X(sy, ) — X0, t) — ) 8(J(s,, 1) — j,) 8(J(O, ) — ,)> .
Substituting W into Eq. (4) on account of the properties
of the &—function, we obtain

+oo

Kys, 0= [ <100, ) 15, 0| 8(X (s, 1) =X(0, £) = 5)=dl;, (5)

We employ the relations for the coordinate and divergence
of the geometric optical ray behind the phase screen?

X O=y+vpt,
J,v=1+ul@t, u=vjy) .

Then, taking these equations into account, we can perform
the averaging in Eq. (5) using the joint probability density
of the quantities (s — s,)/t, p; = u(0) ¢, and p, = u (s)) ¢

Ky (s, t)=%f |(1+p1)(1 +p2)| x

s—5,
«WA—F pp py s t) dsgdpydp, . (6)

The sought—after quantity <N 2(¢)>can be obtained from
Eq. (6) for s = 0.

The field v(y) is taken to be Gaussian with zero
average and covariance function
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BUO(SO) = o2 exp(— s2/d?) ,

where d is the characteristic scale of the inhomogeneities of
the screen. The probability density of the three—dimensional
normal distribution? is

1

W & &) = G e oo VA

X exp

L é_%“ 2) &_5( 2)+&"_§( 2y 4
~a|or R+ 3 (R + 5 (1R,

28585
6263

28,8,
i )

.0, (R, = R;3Ryp) + (Ry; = R, Ry +

28,8
+ E (Riz — Ry Ry |1

where
_ ) 2 P
A=1-Rj = Rjz3+ R+ 2R, RizR,;.

In our case

5=,
a1: t ’a2=p1’a3:p2761=05,62=03=6p7
while the cross—correlation coefficients have the form
dB,, (5

R12 = R( Py 50) :ad—s(}?
R13 = R( Pos 30) = R12 ,

t2 dZBUO(SO)
Ry; =R(p, p) =— 05 P

In addition, the variances o, and 5, of the fields s and p, ,

are also expressed in terms of the function BUO(SO)
dZBUO(So)
2 _ 2 2 _ 2 0
i = 2(60 — Buo(s())) 10, = —t 152 .
0 $5=0
0
Further we can conveniently use the new dimensionless
coordinates

SV

(¢
0
Ny=7,2= ztg.

St~

Here d is the characteristic focal length,” i.e., the distance
from the screen at which the strong fluctuations of the wave
intensity occur.

Substituting now the function Wi(n,, p,, p,; 2) into
Eq. (6), we finally derive

+oo

1 1
N 22> = PR TER Zgj (4 +p) U+ pl —'_A1A2 x

21,2
1 . (pi+p3) A,
x exp{— T2A A, |:né A+ —A1 +
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2p, p, A.
+ 202 (p, + p?—#}} dnydp,dp, - @)

Here we introduce the notation

A

2 2

o=1—(—1e™ A =1+ 1)e ™,
2 2
Ay=1—e 0 —n2 e 20

R ) N
Ay=(1+nle™M—2n—e)e ™ A, =4,+A4,.

2

70

1

!
o 7 2 3 z

FIG. 1. Dependence of the mean square <N %> and the
average number <N> of rays on the distance in the region
behind the phase screen.

Figure 1 shows the dependence <N 2(z2)>obtained by
numerical integration of Eq. (7). It also shows the

dependence <N(z)> calculated by the formula given in
Ref. 3

1 2 1
<N(2)> = CD(;) + \/% z exp(— 2—22) ,
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where ®(7) is the error integral.

Now from the system of equations (1) we can derive
the probabilities of the single—, three—, and five—ray
propagation

15 — 8<N>+ <N 2

P(1, Z) 8 y
_5 4+ s 2
PG 2) = B 6<1\4> <N > ,
— >+ <N 2
P(S; 2) :% )

For example, at z =1, i.e., in the region of strong
focusing, by substituting <N>= 1.167 and <N %> = 1.675
into the above relations, we obtain P(3; z = 1) = 0.08175
and P(5; z = 1) = 0.000875.

This means that the multiray propagation is manifested
at distances much longer than the distances at which the
strong overshoots of the wave intensity occur in the
vicinities of the originating caustics.

The author would like to acknowledge A.I. Saichev for
the statement of the problem and useful discussions.

REFERENCES

1. Yu.A. Kravtsov, Zh. Exp. Teor. Fiz. 35, No. 3, 798—801
(1968).

2. Yu.A. Kravtsov and Yu.l. Orlov, Geometric Optics of
Inhomogeneous Media (Nauka, Moscow, 1980), 304 pp.

3. S.N. Gurbatov, A.N. Malakhov, and A.I. Saichev,
Nonlinear Random Waves in the Media without
Dispersion (Nauka, Moscow, 1990), 216 pp.

4. G.Korn and T. Korn, Mathematical Handbook for
Scientists and Engineers (McGraw—Hill, New York, 1961).
5. E.E. Sapleter, Astrophys. J. 147, No. 2, 433—448 (1967).



