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We have studied, using a numerical method, transformation of the spectral, energy, and
angular characteristics of the supercontinuum formed by a femtosecond-duration pulsed laser
radiation in air. It has been shown that transformation of the frequency spectrum of an ultrashort
pulse after its self-focusing and the fraction of its energy transformed into the energy of
supercontinuum are mainly determined by the length of a light filament. It has been established
that the angular size of a femtosecond-duration pulsed laser radiation beam sharply increases after
passing through the region of a global nonlinear focus and then it gradually grows in the zone of
beam filamentation approaching some limiting value. The increase of the initial power of radiation
yields an increase of the limiting angular divergence of the beam. The angular size of the spectral
components of supercontinuum in its IR and visible wings is larger than the beam divergence
averaged over the entire spectrum. The excess divergence is larger in the IR wing and can reach

two times over the average one.

Introduction
At present, the problems on propagation of
high-power  ultrashort  emission through the
atmosphere and the prospects of using nonlinear
interaction  effects for diagnostics of some
atmospheric  characteristics are Dbeing actively

discussed in the literature.'™ High peak power of
femtosecond pulses determines their propagation
through the atmosphere in the mode of self-
channeling and strong spatiotemporal phase self-
modulation. As a result of the dynamic balance
between the focusing effect due to Kerr nonlinearity
and defocusing effect of plasma, generated at
multiphoton ionization of the medium in the
radiation channel, the Dbeam filamentation and
enrichment of the radiation frequency spectrum with
the formation of supercontinuum take place. The
spectral width of this radiation is rather large. Thus,
for the initial radiation with a central wavelength of
h = 800 nm the supercontinuum spectrum has
captured the ultraviolet and near infrared spectral
ranges.>® With the use of such broadband source it
has become possible to detect simultaneously, at
many frequencies, gas and aerosol atmospheric
components and atmospheric pollutants.®*

The physical pattern of filamentation and the
formation of supercontinuum radiation in the
atmosphere was discussed in many papers, both
experimental and theoretical (the overview of these
papers can be found in the literature’®). In the
experimental investigations, only averaged over space
and time characteristics are being studied such as
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energy of laser beams, the pulse energy in the entire
spectral range and its different parts, the transverse
distribution of energy density in different spectral
ranges, the filament length, and the number of
filaments. The subjects of the experimental
investigations determine the field of theoretical
studies. Such theoretical models become demandable,
which were productive when interpreting the
experimental data and realized the forecast of
propagation of high-power femtosecond radiation at
the distance comparable with the diffraction length
of a beam.

In this paper we use, to study the propagation
of high-power femtosecond pulses in the air, the
methodology of effective (integral) laser radiation
parameters developed in Ref. 7, such as pulse energy,
effective beam radius, spectral pulse width, global
and spectral angular divergence. We have established
the relations between the effective characteristics of
ultrashort radiation at each point of the path and the
initial values of power, beam radius, as well as with
the length of light filament induced in the medium
by laser radiation.

Method of investigation.
Basic approximations

The paper describes the computer simulation of
self-action of ultrashort light pulse in the atmosphere
on a horizontal path without the presence of aerosols
and turbulence. Nonlinear Schrodinger equation
(NSE) was solved numerically for a slowly varying
complex amplitude of the electromagnetic radiation
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field U(r,, z, t) with the account of the air frequency
dispersion of the second order, instantaneous and
inertial components of the Kerr effect, nonlinear
absorption and refraction of radiation by plasma
formed due to multiphoton gas ionization. This
equation has the following form (see, for example,
Refs. 1 and 7):

b i ., kO
—— Vi +i2— U@, z;t) -
{82 2ok T 2 61?2} *

—ikyny {(1 - u)\U\z +u Idt’A(t -t U(t’)Z}U(q,z; )+
+T1;s (1 + i0gte)pe(r , ;DU (r,, z;) +

n(m) a2
+%\U\ "CU(r, z0) =0,

where |r,| = J¥2+ % Ry =mnyoy/c is the wave
number, oy is the central frequency of laser radiation;
¢ is the speed of light in vacuum; &’ = ok/o0’=

=0.21 fs>/cm is the dispersion of the light pulse
group velocity in the air (at the wavelength
%o = 800 nm); 1, = 3.2.107" cm?/W is the coefficient
at the nonlinear term of the gas index of refraction
ny, u is the specific part of the Kerr inertial effect
with the response function A(f —¢') in the sum
variation of the nonlinear index of refraction (usually
it is taken to be equal 0.5), t.=350fs is the
characteristics time of an electron collision, M9, is
the m-photon ionization rate, n.,s is the cross section
of the molecular cascade ionization. As A(t — t') we
use a simplified expression following from the model
of a damped oscillator: A(t) = 0(t)Qexp(~t/ 1),

where Q = 20 THz is the frequency of oscillations,
14 = 70 ns is the characteristic attenuation, 06(¢) is
the Heaviside step function.

The variation in time of the free electron
concentration p, was calculated using the model of
quasiequilibrium plasma without the account of
recombination losses:

% — T]%\amﬁf\ ‘(]‘27’1 + Ncas pe‘U‘Zy
ot mho, nyAE;

where AE; = 12.1 eV is the ionization potential of the
oxygen atom. Eight quanta (m = 8) at %o =800 nm are

needed to ionize O, atom, in this case, the ionization

coefficient n{ps was determined from analysis of

experimental data® as n{px=3.6-10"' m">-W7. The
cross section of the cascade ionization was taken to
be equal to Mg = 5.1-10722 m?.

The procedure of the numerical integration of
the nonlinear Schrédinger equation was performed
with the use of the method of separation at each step
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along the evolution variable z of the initial problem
into two subtasks: nonlinear subtask when the
formation of a nonlinear field phase is calculated,
and a linear one, when free diffraction and the
dispersion of a wave packet with the phase front
determined at the preceding step result in the
transformation of the field amplitude. To increase the
stability of the calculation, a combination of the
Fourier spectral method (in time) was used together
with an implicit three-layer difference scheme of the
Crank—Nicholson scheme type (transverse
coordinates) and adaptive correction of a grid step
along the evolution variable. The efficient radiation
parameters were calculated as the integral moments
of the second order from local field characteristics
using the formulae from Ref. 7, and also presented
below in this paper.

In the numerical experiments an ideal
femtosecond laser pulse with a Gaussian profile in
time and space was set

Ur,z=0;t) =U, exp{— r [1 + ik"RgJ}exp{_ £ }

with the following initial parameters the wavelength
% = 800 nm, the duration (at the level e ' of the
intensity ~ maximum) t, = 80 fs, the  radius
Ry =1 mm. The initial radius of the radiation phase
front curvature F was chosen to be equal to a
doubled Rayleigh length Ly =kR3/2 so that
F =2Li. The radiation self-focusing with such
symmetric profile results in the formation of one
waveguide channel (light filament) on the beam axis.

Further we shall use the normalized variables: 7,/Ry,
Z/LR, F/LR, t/tl)'

Effective spectral width
of supercontinuum radiation
The parameter characteristic of effective spectral

width Ao of a femtosecond-duration radiation pulse
in the atmosphere is central moment of the second

order of the pulse spectral density ‘Fw(ﬁ,z,m)‘z

averaged over the beam cross section

; ; 12
A, (2)= EEZ)I_Ierl_IdmFw(rL,z;m)2(m—u)gr)2} , (D

where F.(r,, z; ®) is the Fourier transform of the
light field complex amplitude U(r,, z; ¢) in the space
of time frequencies;

0g(2) = [1/E(z)]_['|‘d2rL J‘dw\Fm(rL,z;(o)\Qw

is the position of the center of gravity of the pulse
frequency spectrum, and
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is its total energy. Within the framework of these
definitions, real spectral contour of radiation at each
point z of the path is replaced by a symmetric
Gaussian profile with the center on the frequency
axis at a point ©g(z) and the parameter of the
contour width A, (z).

Figure 1 shows the evolution, along the path, of
the mean width of the frequency spectrum A, of a
femtosecond laser pulse at its propagation in the air
in the filamentation mode. Figure 1 also shows the
beam radius R_;, determined at the level ¢! of the
maximum of transverse distribution of the light
energy density w(ry, z) at each point of the path.
Curves in this figure were calculated at variation of
the initial power of laser pulse P, set by the
dimensionless parameter n = Py/P., where P, is the
critical power of self-focusing in the air
(P, =3.2GW for radiation at the wavelength
L = 800 nm).

80 %, R, 115
60
40

20k

Fig. 1. Normalized mean width of the frequency range
Ay = Ay (2)/A,(0) (1—3) and the transverse beam radius

R{=R{/Ry (1'=3) at propagation in air of a
femtosecond-duration radiation with the initial peak power
n=2(1),5(2), and 10 (3).

One can notice from analysis of the dependences
shown in Fig. 1 that at the initial part of the path
when the transverse beam compression occurs due to
Kerr effect, the radiation spectrum width remains
practically invariable up to the moment of the
filament formation. In this case, as follows from
Fig. 2, where the dependence of the value og on the
propagation distance is shown, the center of gravity
of the spectral curve is shifted to the Stokes
frequency range (negative values relative to the
central radiation frequency ®g). Such a shift of the
spectrum is caused by the inertial component in the
total Kerr nonlinearity of the medium, which is
realized during ~70 fs (based on the data from
Ref. 9), the time necessary for swinging the
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vibration—rotation transitions of nitrogen and oxygen
molecules.

40 - Og — 09, THz

L | L |
0 1 2 z
Fig. 2. The frequency of center of gravity of the pulse
spectrum g depending on the evolution variable for
n=2(7), 5(2), and 10 (3).

—20

In order to understand the physical pattern of
the behavior of the parameters A, and oy along the
path we consider the model of one-dimensional light
wave propagation in the medium with nonlinearity of
Kerr and plasma types. The frequency deviation of
such a wave dn(z, t) at the distance z is determined
by the nonlinear component of the wave phase oy as
follows'":

d(z,t) = doN(2,1)/0t oc - koz%[AnK (z,0)+An,(z,0)], (2)

where Ang and An, are the contributions to the
variation of the index of refraction of the medium
due to Kerr effect and plasma generation,
respectively, given by the following formulae:

t
Ang(z,t) = 8Tm{(l Wi+ I[(z,t’)A(t - t’)dt}, 3)
cny -

_Meas Lepe(2,). 4

An,(z,t) = 5

where [ is the radiation intensity, [. is the electron
mean free path.

We consider that the increase of the free
electron concentration in the beam channel is mainly
determined by the process of multiphoton ionization,
ie.,

¢
o) = punity 10t
where py is the concentration of gas molecules.

Then, substituting Egs. (3) and (4) in Eq. (2),
we obtain:

s@<z,t>oc-k0{<1_u>A”gj“wm(z,t)—cw(z,t)}, ()
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where A =8mnmy/cny B=AQ, C=1/2n4s LN,
is the constants independent of time, N; is
concentration of neutral gas molecules.

From Eq. (5) it follows that at the initial stage
of the beam self-focusing the symmetric broadening
of the pulse spectrum, described by the first term, is
modified by a fixed-sign inertial Kerr nonlinearity; as
a result, the radiation spectrum obtains a shift to the
low frequency range. With the increase of the peak
intensity near the nonlinear beam focus and the
corresponding increase of the free electron
concentration p. in Eq. (5) the “plasma” component
starts to prevail, which shifts the center of gravity of
the spectrum to the UV range.

The light filament is characterized by the quasi-
constant value of the peak radiation intensity I; (in
the air I; ~ 10" W/cm? at %y = 800 nm) and by the
value of the cross size in the range ~70—150 pm,
which are determined by the characteristics of the

medium 7, and n{ps. Therefore, the spectral pulse

broadening in the beam filamentation zone, following
Eq. (5), is proportional to the effective length of the
filament Ly

A,z = Lp) ~ RyL;K(I}),

where K is the coefficient given by an expression in
square brackets in the right-hand side of Eq. (5).
Such a growth of the parameter A,, close to a linear
one at the stage of beam filamentation, is seen in
Fig. 1 at all levels of the initial radiation power used
in calculations.

After the destruction of a filament due to a
sharp decrease of the intensity, the spectral radiation
transformation is completed, and its spectral width,
as follows from Fig. 1, is stabilized at a certain level
Ay max- The value of this level, as calculations show,
is also proportional to the beam filamentation length
L (see Fig. 3).

40+ A

'@ max

30 +

10+

0 0.2 0.4 0.6 0.8 1.0 L
Fig. 3. The normalized mean width of the pulse frequency

spectrum A, depending on the light filament length

Ly = L; /Lg: the calculated data are denoted by dots and
the linear regression is presented by solid line.

It should be noted that in the dependence R_;(z)
presented in Fig. 1 the parameter L; was determined
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as the distance between the first and last minimum,
i.e., at variation of the initial power of the radiation
pulse P,. It is worth noting that similar result is
obtained in the case if the focal length of a beam is
varied at a fixed P, level, because it is known that
the filament length decreases with the increasing
sharpness of focusing.!” Hence, the dependence (5) is
rather universal and it correctly presents the fact that
the growth of the pulse spectral width takes place
primarily in the beam filamentation zone, where its
intensity peaks, and the value A, . is proportional
to the extension of this zone.

Energy of the supercontinuum

Knowledge of the laws of evolution of the
effective values A, and o4 at laser pulse propagation
through a medium makes it possible to calculate the
part of light energy in the high-frequency and low-
frequency spectral wings formed as a result of
nonlinear phase self-modulation of the initial
radiation, or, in other words, — the supercontinuum
energy Egsc. Actually, using the Gaussian shape of an
averaged pulse spectrum and defining the frequencies
of supercontinuum in its “red” © < og and “blue”
0. > 04, wings, we obtain the following expression
for Esc(2):

ESC(Z) = ZE(Z)EO X

1 0, — 04 (2) —0_ + 0g(2)
x {1 - 2{erf [Aw ) ] + erf [Am ) J]}y

o e (-0 Julo,;»), 6)

where T.(z) = E(z)/E, is the coefficient of the
radiation power transmission, o, and ®_ are the
boundary frequencies of the supercontinuum, erf(x) is
the error function.

The values of the normalized energy of
supercontinuum FEsc = Egc/Ey depending on the
light filament length are shown in Fig. 4.

Te
11

0 02 04 06 08 I

Fig. 4. Relative energy of supercontinuum Esc (/) and the
coefficient of beam energy transfer T. (2) as functions of the
normalized length of light filament Lg; the calculated data
are denoted by dots; the spline-approximation is shown by
solid lines.
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In the calculations the boundary frequencies of
supercontinuum o_ and o. were given by the values
corresponding to the wavelengths of 850 and 750 nm,
i.e., at the boundaries of the initial pulse spectrum
and the values of T, were calculated at the end of the
path z = 3 for different initial pulse power. Figure 4
shows that with the increase of the light filament
length the values of Egc increase also. In the

(Lr>04) a

transformation of the initial radiation energy to the
supercontinuum energy can take place. It is evident
that, later on, the growth of the level of this
transformation will be restricted by the increased
losses of the radiation energy on the medium
ionization.

extended filaments considerable

Spectral angular divergence of the
laser beam

In propagating of a high-power laser pulse
through a medium in the regime of nonstationary
self-focusing, transformations of its angular spectrum
take place along with the variation of its spectral and
energy characteristics. Consider now the spectral
angular divergence of a laser beam 0,(z), which we
define by the effective width of the spatial spectrum
of radiation of a corresponding spectral range:

2
} @

. 1 g
05(2) = ”0{(2) j ! k|5, Gk, z0) [k, - Ke)

2n| E,

where
S, = J.dtS(kl,z,t)exp(imt),

Sk, ,z,t) = J‘dzq -U(r,,z,t)exp(ik r,)

denote  the angular spectrum of radiation,
k, = (k,,k,) are the spatial frequencies,

ED = [ @[S,k z0f = [ [dr |F @ z0)f
is the spectral density of the radiation energy,
ko) = 1E, @) [ [dk [s, (k. z0)f K,

is the angular shift of the beam axis,
E(2) = J.de(z) is the total energy of radiation.

Equation (7) shows that due to the nonstationarity of
the self-action process (the nonlinear variations of the
medium refractive index induced by the light wave
field have time scale comparable with the duration of
a laser pulse) each spectral component of the light
pulse at the frequency o has its angular divergence
0,(2).
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Consider now in a more detail the angular
behavior  of  the  spectral  components  of
supercontinuum radiation formed at filamentation of
a femtosecond light beam. Let us separate out the
effect of the so-called conical emission (CE) of
radiation in the anti-Stokes spectral range
accompanying the filament in the air. The conical
emission was observed visually in the form of
concentric rings relative to the axis of a beam,
colored in red to green.""'7 Qualitative and
quantitative explanation of this effect was presented
most completely in Ref. 13 based on the mechanism
of the phase self-modulation of radiation in plasma
formed in the leading edge of a pulse. In the
optically dense media, such as fused silica, Ref. 15,
or water, Ref. 16, frequency dispersion of the
medium is considered as the basic effect that causes
the conical emission of a femtosecond radiation,
which determines the angular position of rings
depending on the wavelength of a spectral component
of the supercontinuum radiation.

Figure 5 shows, for example, a typical 2D
intensity distribution over spatial |k, | /ky and time

o frequencies of a femtosecond pulse |S,(k L;(D)|2

propagating in the air.

log(|Se (k5 o)),

rel. units
12 L

Fig. 5. The

distribution of spectral
femtosecond pulse over the spatial and temporal frequencies
atn=5and z=1.1.

intensity of a

The distribution shown corresponds to a point of
the path where the filament exists. The different

shape of surfaces |5, (k L;(D)|2 in the Stokes and anti-

Stokes spectral ranges is shown clearly in the figure.

In the “blue” wing, formed by the plasma
nonlinearity of the medium, we observe linear
dependence of the angular coordinate of the
maximum of spectral intensity on frequency that is
characteristic of conical emission. At the same time
the angular position of maximum of the function

|Sm(k J_;(x))|2 for frequencies with “red” shift relative

to oy corresponds to the near-axis propagation of
Stokes radiation.
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However, in spite of the above distinctions, the
behavior of the spectral angular divergence of
radiation 0,(z), determined by the expression (7) in
both spectral ranges, as follows from Fig. 6, is found
to be similar.

8 i é(ﬂ

o — O, THz

—200 0 200
Fig. 6. Spectral ~ dependence of normalized angular
divergence of supercontinuum radiation 6, =6,/08p at
filamentation of a femtosecond pulse (1 =35) in air at
different distance z = 1.2 (7); 1.5 (2); 2.0 (3). 0p is beam
divergence due to diffraction.

The described dependences have V-shapes with
minimum close to the central frequency of a wave
packet and more flat slope of the “blue” wing due to
the effect of plasma nonlinearity.

It should be emphasized once more that spectral
components with the same | — w,| value have close
angular divergence but the intensities of these
components are localized in space in different way:
the anti-Stokes component propagates in the form of
a concentric ring with peak intensity at
|k.|/ky = 0/(0), while the Stokes component of
supercontinuum, due to a self-induced Kerr lens,
form a circle with maximum on the beam axis. For
this reason in the experiments the conical emission in
the infrared wing of the femtosecond radiation
spectrum, propagating in the air, is not recorded,
Ref. 12.

Figure 6 shows one more characteristic of the
conical emission, first detected in Ref. 12, namely,
weak dependence of the angular position of rings
along the filament. Thus, in the plots presented this
variation makes less than 10% in moving from the
beginning to the end of the filamentation region that
points to the relative stability of energy and
dimension parameters of the filament.

Global angular divergence
of a femtosecond-duration laser beam

The behavior of divergence as a whole (global
angular divergence) 0(z) is described by the relation
obtained by averaging over the spectral radiation
energy E,(z) of Eq. (7). Thus for a square of the
parameter 6(z) we have
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0%(2) =

:].Em (2)do

j E,(2)02(zo)do.  (8)

In the theory of the stationary radiation self-
focusing!” the angular beam divergence is constant up
to its nonlinear focus and is equal to the value

02(2) = 02, + 212
Pycny

J.'[erlrL (VI2(rL,2=0)—V12(rl,2))},

where
0p = 1/kRy [ + 414 F?)

is the angular beam divergence due to its diffraction
in the linear medium, I is the radiation intensity.

Figure 7 shows (curve 7) the global angular
beam divergence 0(z) as a function of the evolution
variable at the radiation filamentation in the air. The
Kerr self-focusing of radiation is accompanied by a
sharp increase of energy density on the beam axis and
avalanche-type increase of the free-electron
concentration at the medium photoionization
followed by the plasma formation (curve 3). The
light filament is formed in a nonlinear beam focus
(the point z; on the curve 3 in Fig. 7), and here the
angular divergence reaches its local maximum. The
level of peak electron density p.= 10! m™ was
chosen as the filamentation threshold in calculations,
Ref. 7.

R. log(p.), m*

€]
S —8
? 7 =20
: 6
-5 110
4
3
2 10
1
-0
' ] 110

0 1 2 3z

Fig. 7. Evolution along the optical path of the normalized
global angular beam divergence 0 =0(z)/0p (1), the

effective radius R, = R.(2)/Ry (2), and peak number

density of free electrons p. (3) at propagation of a
femtosecond pulse with n =2. The points on curve 3
correspond to the conventional boundaries of light filament
existence; z; is the filament onset (nonlinear beam focus); z»
is its end; zy is boundary of medium nonlinearity.

The decrease of the global beam divergence

following the maximum of 6(z) corresponds to the
stage of filament stabilization when the plasma
nonlinearity — prevents further transverse beam
compression and its size R_; fluctuates about a some
mean level ~ 80 pym (see Fig. 1). The calculations
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indicate that in this zone the spatial beam profile is
of the form of a central peak surrounded by a system
of concentric rings formed due to the interference of
the beam field periphery and its central part at
subsequent re-focusing of time sections of the pulse.
The divergence of such a beam is higher than the

initial one, and the mean value of the parameter 0 is
about 3.5 (for the initial power n=2). If we
compare the absolute values of the global and
spectral radiation divergences in this zone, we will
see that the angular size of spectral components of
supercontinuum may be several times higher than the
beam divergence as a whole.

As the laser pulse propagates further through
the medium, the modulation beam instability in the
medium together with the dispersive spread and
energy losses for plasma formation disturb the
conditions of the field self-channeling near the axis,
and the light filament extinguishes (point z, in
Fig. 7).

Starting from this point the diffraction beam
broadening prevails over Kerr focusing that results in
gradual disappearance of rings in the transverse
energy profile w(r)), and its transformation to
unimodal distribution and gradual increase of the
parameter 0 .

After the filament extinguishes gradual growth
of the parameter 0 occurs towards the end of the
path of propagation that approaches, after some
distance zy, (the length of the nonlinearity zone) to
an asymptotic level that points to the termination of
the radiation self-action in the medium and formation
of the limiting beam divergence 0..

Figure 7 also shows the dependence of an
effective beam radius

2

)

R? =1/E(2) Tdt/ITerlI(rl’Z;tl)‘(rl ~1y)

on the normalized propagation distance, where 7y, is
the radius-vector of the beam center of gravity.

S0
2
4.5
4 L
1
3.5 O/O/O/O/O
3 1 L 1 L 1 L 1 1

2 4 6 8 n

Fig. 8. The normalized angular beam divergence 6 as a
function of the initial power m. Dots present calculated
data; solid lines are the spline-approximation; z = 1 (curve 1)
and z = 4 (curve 2).
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The increase of the initial power of a light beam

also affects its global angular divergence 6. Thus,
Figure 8 shows characteristic values of this parameter
in two spatial zones, namely, in the zone where
filamentation starts (z =1) and in the path’s end
(z = 4). Within both segments presented the growth

of global angular divergence 6 is observed with the
increase of the radiation power that corresponds to
the increase of the focal power of a nonlinear lens
formed in the medium.

Conclusion

Thus, based on the unified parameters of a wave
beam, we have numerically investigated the behavior
of the frequency-angular spectrum and energy
characteristics of the supercontinuum produced by a
femtosecond light pulse propagated in the air. It has
been found that the degree of nonlinear
transformation of the frequency band of an ultrashort
laser pulse caused by its nonstationary self-focusing is
determined, after it passes the global nonlinear focus,
by the length of the filamentation zone. In the
extended filaments, a considerable transformation of
energy of the initial radiation into the
supercontinuum energy can take place, which is
restricted only by nonlinear losses of radiation for
plasma generation in the medium. The angular
behavior of a femtosecond-duration light beam at
self-action in the air is characterized by a sharp
variation of its global divergence in the region of
nonlinear focus, which is then changed by a smooth
increase of the angular beam size in the filamentation
zone and formation of the limiting divergence. This
limiting divergence exceeds the initial one and
increases with the growth of the radiation power.
The angular size of the spectral components of the
visible and infrared wings of supercontinuum
radiation is higher than the beam divergence averaged
over the spectrum as a whole.
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