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The problem of ambiguity in the torsion—rotational Hamiltonian is considered as applied to a
CH3~XH molecule having a torsion-type oscillation. The parameters of ambiguity are determined on the
basis of analysis made by O.N. Ulenikov [J. Mol. Spectrosc. 119, 144—152 (1986)]; the reduction of the

effective Hamiltonian is presented.

1. Introduction

For a long time the internal rotations in molecules
were of considerable interest for the molecular
spectroscopy.!'2 Various aspects of this problem, such
as the form of a Hamiltonian and wave functions,
different approximations and methods for solution of

Schrodinger equation, properties of the potential

functions and solutions to the Schrodinger equation,
problems of symmetry properties, and so on were
analyzed and discussed in the spectroscopic literature in
detail. However, until now at least one problem is still
open, namely, the problem on the ambiguity in the
torsion-rotational Hamiltonian. Similar situation for
normal molecules has caused numerous problems; it was
discussed, for example, in Refs. 1-5. It is interesting
to consider the problem of ambiguity as applied to
molecules with internal rotation.

Similar situations occurred rather often when
studying normal rigid molecules until publication of a
series of papers by Watson (Refs. 1-3). These papers
analyzed the problem of ambiguity as applied to
asymmetric molecules.

For a better understanding of the following
estimates, Appendices A and B give some notes to the
problems of

(a) derivation of the exact rotational—vibrational
Hamiltonian of a molecule;

(b) construction of the effective operator.

2. Effective torsion-rotational
Hamiltonian

As shown in the Appendix B, the effective
operator (the effective torsion—rotational operator in

our case) can be derived in different ways.
Nevertheless, all possible effective operators turn out to
be related to each other through unitary
transformations, namely:

Hef = PrHep (1)
where

PtP=PPt=1. (2)
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Here the operators Hef, Hef and P depend on the
rotational variables 6, @, ¥, and the torsion variable p.

Then the structure of torsion-rotational energy
levels can be determined using any effective operator
Hef, and any of such effective Hamiltonians can be
obtained in the way shown in the Appendix B. On the
other hand, the effective Hamiltonian can be derived
based only on known symmetry properties of a
molecule. (For a CH3—XH type molecule of the Gg
symmetry group, the table of characters, as well as the
properties of the rotational variables 0, ¢, y, and the
torsion variable p are given in Tables 1 and 2).

Table 1. Table of characters of the Gg = Cj3, symmetry
group.

20, | 3%
Symmetry | ¢ | (132) | (17| Operator | Vprretion
(23 | (93)+
Ay 1 1 1 Ty, [vi>
cos (3n p)
A2 1 1 -1 Jx1 ]21 -]p |Vf>
sin (3n p)
e 2 —1 0 _ —

Table 2. Transformations of rotational and torsion variables

in GG-

Symmetry

operation X 0 ¢ P
(123) X 0 ¢ p+2n/3
(23)* Ty n—0 n+ e -p

Then the effective Hamiltonian can be written in
the following form (for an isolated vibrational state):

Hy= XX Xpor Afuco), I GLTG T+ T2 T0T0)

pqrsnC
3)
where ngrs are the parameters, which, on the one

hand, can be derived from analysis of experimental
data, while on the other hand, can be written in the
analytical form as functions of fundamental
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characteristics of the molecule (see Appendices A and
B); J., J,, and J, are components of the total angular
momentum;

_ ., 9
]p__lha;

S5y = cos 3npi

an2 =sin 3n p,

where i is an imaginary unit; % is Plank’s constant; # is

a positive integer; A denotes symmetry.

Having analyzed the derivation of the effective
Hamiltonian H(,y with the use of formulas from the
Appendices A and B, we can show that the parameters
ngrs must have different order of smallness. Actually,
assume that A is Born—Oppenheimer parameter:
rx\m,/M or A ~\B,/o, where m, is the electron
mass; M is the average mass of nuclei of a molecule; B,
is the mean value of the rotational constant; o is the
mean harmonic frequency of vibrations. Then,
according to formulas from the Appendix A, it turns
out that the parameters ng,s (p+q+r+s=k) must
be on the order of A as compared with the parameters
X25,3(5+Z;+?+§= 1); here m = k /1.

In those estimates, it was assumed that the "main"
parameters X86’02 (corresponding to the parameter F in
standard designations) and X5%00, Xodoo, and Xodso
(corresponding to the rotational parameters A, B, and
g ) have the same order of smallness.

In the general case, the effective operator H;)
must satisfy some requirements, namely>:

1) it must be Hermitian, that is

Hy = Hey) 4)
or

DIDIC LD IDIP I ONNRET VST N
pqrs nC pqrsnC

= X 3 Xpars {fac(p), Jphe URTGIL+TLTGTD . (5)
pqrs nC

In Eq. (5) it is taken into account that J,, Ty T2 T
fuc(p) are Hermitian and every of J,, J,, and J,
It follows from Eq. (5)
that the parameters ng,s must be real;

2) Hyy must be transformed by the fully
symmetric representation A; under the symmetry

commutes with J, and f,,.

operations of the group Gg, that is, XZ;;;S # 0 only for

even values of the sums (p +r+s) and XZ;;}S # 0 for
the odd sums (p + 7 + s);

3) The Hamiltonian H(,) must be invariant to the
inversion of time:

33 Xprs ucPd, Tk UL TG TE+ T2 TG TE) =
pqrsnC

(COPH TS S S X AP, T3k URTOTL + TLT0 ),
pqrsnC
(6)
that is, the parameters XZ‘;% and XZ;;}S are nonzero only
for odd sums (p + r + s). The largest of the parameters
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ngrs are given in Table 3. The corresponding orders of

the parameters in terms of A7 are also given in Table 3.

Table 3. Symmetry-allowed parameters X;q(,;s (p+q+
+ r + s = 2) of the effective Hamiltonian H,.

p Q R S C n=1,2,3 l
2 0 0 0 Ay n 2n
0 2 0 0 Ay n 2n
0 0 2 0 Ay n 2n
1 0 1 0 Ay n 2n
1 0 0 1 Ay n 2n
0 0 1 1 Ay n 2n
0 0 0 2 Ay n 2n
1 1 0 0 Ay n 2n
0 1 1 0 Ay n 2n
0 1 0 1 Ay n 2n
P 0 R S c |»*=012|[*=4
n* >3 [I*=2n*
4 0 0 0 Ay n* *
0 4 0 0 Ay n* *
0 0 4 0 Ay n* *
0 0 0 4 Ay n* *
2 2 0 0 Ay n* I*
2 0 2 0 Ay n* I*
2 0 0 2 Ay n* *
0 2 2 0 Ay n* I*
0 2 0 2 Ay n* *
0 0 2 2 Ay n* *
3 0 1 0 Ay n* *
3 0 0 1 Ay n* *
1 0 3 0 Ay n* I*
0 0 3 1 Ay n* *
1 0 0 3 Ay n* *
0 0 1 3 Ay n* *
2 0 1 1 Ay n* I*
1 2 1 0 Ay n* *
1 2 0 1 Ay n* I*
0 2 1 1 Ay n* I*
1 0 2 1 Ay n* *
1 0 1 2 Ay n* I*
3 1 0 0 Ay n* *
1 3 0 0 As n* I*
0 3 1 0 As n* I*
0 3 0 1 Ay n* *
0 1 3 0 As n* I*
0 1 0 3 As n* I*
2 1 1 0 Ay n* *
2 1 0 1 Ay n* I*
1 1 2 0 Ay n* I*
0 1 2 1 Ay n* *
0 1 1 2 Ay n* *
1 1 0 2 Ay n* I*
1 1 1 1 Ay n* I

The order of smallness of the parameters XZ;;’S was
estimated using the Hamiltonian (A.1) from Appendix A
and general formulas for the effective Hamiltonian (see
Appendix B). In this case, the effective Hamiltonian
can be presented in the following form:
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Hef = 30H, + 32H, + MH, + ...,

where H,, is the operator of the order of A" as compared
with the zero order of smallness of the operator H.

3. Ambiguity in torsion—rotational
Hamiltonian

Let us consider the unitary transformation of the
effective operator (1) in a more detail. Obviously, the
form of the operator Hef does not change at a random
unitary transformation, that is, Hef and H¢f must have
the same structure (3), but different values of the
parameters XZS,S and }N(Zg,s. In this situation it is
important to address the following questions:

a) A set of what parameters obtained from analysis
of the spectrum (ng,s and }N(Zg,s) should be used for
determination of really fundamental characteristics of
the molecule?

b) How many
independent?

To answer these questions, let us take into account
that the unitary operator P in Eq. (1) depends on the
same operators, as the operators He¢f and Hef do.
Furthermore:

a) Because the operator P is unitary by definition,

it can be presented in the exponential form

and which parameters are

P =exp (iS) , (7)

where § = ST is the Hermitian operator;

b) Because the Hamiltonian Hef in Eq. (1) is a set
of operators of different orders of smallness, it is
reasonable to believe that the operator S in Eq. (7) is
also a series expansion into operators of different orders
of smallness:

S=35; (8)

¢) In the general case any of the S; operators can
be presented in the form

Si=2 % OSHC Afuclp), Ty UL TITL + T TGTE);
pqrsnC

9

d) The operators S; must be transformed by the
irreducible representation A; of the symmetry group of
a molecule and must alternate the sign at the inversion
of time. The latter circumstance means that the

parameters [s"C must be real and nonzero for odd

pars
values of the sum (p + g + r + ). Moreover, ISZ‘;}S =0
for odd values of the sum (p +r +s) and ISZ‘;% =0 for

the even sum (p +7r+s). The nonzero parameters
nggrs, which satisfy these conditions, are presented in

the Table 4.
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Table 4. Symmetry-allowed parameters of the ambiguity
S p+aq+r+s=1,3).

v
X

SR, O, ORNINO—,OoOWOo|lmro,roo N O|lo - oo
— OO R NN, P OoOWOoOO|,r—,~OoOo N O~ O o|c|n
T IXIINIIIXIIZIIIIIII| I

comr,,rOoOR,rONNOOWoRr,r ~ocoo oo ~|o
MO N OO0, = oo of—|0

n Ay

Assume that (as is wusually believed in the
rotational—vibrational theory) the operator exp(iS) in
Eq. (7) performs the small transformation of the initial
Hamiltonian He¢f (that is, summation in Eq. (8) for
Mt 1). In this case the exponential operator exp(iS)
can be presented as a series expansion

exp (i8) = 1+ X iS; + 90 (TS  + .., (10)
! Tl

and the transformed effective Hamiltonian can be
derived in the following form:

aef= A+ AT+ . =

S X X Afuc), T LTSI+ TL T TN =
pqrsnC
Hf + 3 [iS,HeA + o 3 1S, [iS,H] + ... (11)
I ml
The right-hand side of Eq. (11) is the sum of the
operators the left-hand side of it is dependent on, that is,
the parameters XZ((;,S of the transformed effective

Hamiltonian are functions of not only the parameters X
nC

pqrs Of the initial effective operator but also of the
parameters ISZC,S entering into Eq. (8). This means that

not all the Xp"q,s parameters of the effective Hamiltonian
are independent. The dependence between the parameters
can be excluded by the corresponding choice of the
variables ISZ((;,S. At the same time, studying the
dependence of the parameters )N(ZS,S on XZ((;,S and ISZ((;,S
favors better understanding and explanation of some
discrepancies following from the results of theoretical

analysis of different experimental data.
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Consider Eq. (11) in a more detail. As seen from
the data presented in Tables 3 and 4 the =zeroth
approximation gives the following results:

Hy=Hy or Xpo1=Xp1 (12)
for the following combinations of the subscripts p, ¢, 7,
and s: 2000, 0200, 0020, 0002, 1001, 0011, 1010.

We have omitted the expressions corresponding to
the contribution to the rotational potential function
because there were no problems with the ambiguity in
the potential function.

The next approximation in Eq. (1) gives

H, = Hy + [iSy, Hy] . (13)

With the appearance of the operator of the order

of A! in the effective Hamiltonian, we have neglected
the contribution from the operators Sy of the first order

in Eq. (8). 1In other words, the operator Sy = S0 J,
0100

can be included into S from Eq. (8). However, this
gives only small corrections to the parameters Xg(% .

As seen from Table 3, in this case seven parameters

14 14
of the type X » q}S and three parameters of the type Xp quS

will become allowed from the viewpoint of symmetry
(in both cases p + g+ r+s=2). At the same time,
according to Table 4, four parameters of the type S, are
allowed in Eq. (3), namely, (2)5(1)‘;1(}0, (Z)S}ggo, (2)5(1)61120,

(2)5‘(1)6131, i.e., ten symmetry allowed spectroscopic

parameters of the type X;,grs (p+qg+r+ts=2) are

related to each other with four additional relations.

Consequently, only six parameters X;,grs
(p+ g+ r+s=2) can be considered independent; just
these parameters can be found from analysis of the
experimental data.

Analysis of Eq. (13) based on the data from
Tables 3 and 4 gives the relations between the
parameters )N(;((;,S (p+q+r+s=2). These relations
are given in Table 5 in the following form:

$1C 1c
Xpgrs = Xpgrs

+ Ot;(gE) Sooto + 0122) Soo01 - (14)

_ _ )
)/ b= Apgrs = a1 S1g00 T oy So100 +

As seen from Table 5, the parameter Xé%o’ that is,
the difference (F, — g 5) in the standard designations (see
Table 6 for correspondence between the standard
designations and those used in this paper) remains
unchanged after unitary transformation (1). At the same
time, any of the rest nine parameters can be changed.

The data of Table 5 allow one:

a) to select six of the ten parameters X;(f,s, which
should be used as independent variables in analysis of the
experimental data. The rest of four parameters can be

. 1Ay F1Ay Fl1Ay
found by setting the parameters X0101’ X0110’ X1100’ and

)N(}i% zero in Eq. (4). At the same time, assuming that
the parameters X;)er in Eq. (14) are found from the
fundamental characteristics of the torsion—rotational—
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vibrational Hamiltonian (A.1) using the formulas from
the Appendices A and B, we can determine the unique
correct relations between the parameters obtained from
analysis and from the fundamental characteristics;

b) to determine the relations between the set of
parameters obtained in analysis of the same
experimental data. In the latter case, we can write the
following relations (using the relations between the
parameters from Table 6):

Fv_ézsz_Cz. (15)

That is, the difference (F, — ¢5) must be invariant at
any set of the parameters obtained from analysis of the
same experimental data:

2p iy 14 dap — dap
—_— 1 _— 1 e ———
F (X1001 X1001) * 2 *
Fy—F,+Cy—Cy
_ 2 -0
+ 1D, [B—A+p2/4F]1=0; (16)
2D g S1A4 14 = ~
_—a 1 — 1 _ _
7 (X1001 X1oo1) + p(F, = F, + Cy — Cy) /4F +

+(B=C)Q2F, - 2F,+ Cy— Cy+ ks — k3) /p +
+3(Dy, — Dp,) = 0; “un
[(2F /p) = (p/2F)I(F, = F, + k5 — ks) +

+2F(F, = Fy+ Cy = Cy) /p— 2kg— ke) =0 ; (18)

2(C-A) 144 144
F (X1001 X1001) *
C-A LF\/_FV+62_C2 ~
+(C57=+9) D y +3(Dye — Dye) —
_ Dab

. (2F, + Cy + ks — 2F, — Cy — k) =0 ; (19)

18F _p® \ & ~
(Dab - 2FDab) (FV - FV + C2 - C2) +

- x"1y=0.(0)

~ 4 ~
+24(X M- x4y — Fp (Xéf& 0101

0101 0101
A similar approach to the next approximation in
the Eq. (11) allows analysis of the centrifugal

distortions ngrs (p+q+r+s=4) In this case, as
seen from Tables 3 and 4, 20 parameters of ambiguity
W) (prq+r+s=3) (TWSHL and 13 D5)2)
can exclude 20 of 35 parameters X?;er (ptqg+r+s=4).

That is, only 15 parameters Xg(q’,s

independent and used in analysis of the experimental
data.

can be considered
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Table 5. Relations between the parameters )2,,‘,,% and Xp1qcrs

(p + g + r+ s=2) of the effective Hamiltonians ﬁz and H,.

O.L. Petrunina et al.

Table 7. Relations between the parameters ip’:ﬁs and Xp':,(,;s
(p + q + r + s = 4) of the effective Hamiltonians H; and H;.

Cpqrs %31 a2 ag Oy
4,0200 - - - -
A10020 - —4X 1010 —12X0011 -
4,0002 - - - ~24X 002
A11010[  —12Xg911  [8(Xo020~X2000)|  —12X1001 -
A1001]  —24X 002 4Xoo11 - —12X 1001
A40011 - —4X1001 —24Xo002  [~12X0011
A1100)  —4Xj010 12X1001  |8(X2000~Xo0200)|  —
A10110(8(Xo200=Xo020)|  12X0011 4X1010 -
A0101|  —4Xq014 24X 0002 4X 1001 -

044

[)qrs‘

Table 6. Relations between the parameters Xp';(;s used in the
literature and in this paper.

Note. For brevity X, =

AXoos = 0

AX 102 = 245111 X002

AXpp0 = ~6S111 X100

AX004 = 45012101

AX022 = g¢111002 _ g¢111101 4 195030 x101
AXO10 = 0

AX103 = —gg012002 4 4111x101 4 gG012x200

AX121 = —245030x002 4 1652105002 4 1650120207 X103 —
— 165210020 — 165012200 1 94 §030 200

AX202 = gG111( X200 X002) 4 4(—S012 + §210) X101
AX220 = 8g111( 002 — 200y — G030 X101 4 gg210101
AX301 = 8§210( 200 — X002) — 4§111x101

AX400 = — 45210101

NCpqrs Parameters used in the literature
04,0002 F/4
04,0011 p/4 AXoo; = 4Sgo1 X101 + 459120
2 .
o -
0A10200 c/4 = 8oy + 125%0X 00,
2 .
04,1010 Duy/2 AXoor = 4S001 X010 + 8S001(X200 — x002) — 45012x001 +
04,0004 K/ 4 4 45111;((')8?
14,0002 K7 /2 o ,
04,0013 Ks/4 AXon) = A4S0 X101 + 8So0; (X020 — x200) — 125030x001 —
001 100
14,0011 —Kg,/2 — 85210X 01 — 45111 X0
04,0022 (G, + Ky) /4 201 o011 110 ., 001
04,0202 G, - 2(:21)//4 Aot =~ 5ot X111+ B0 (X200 = X = 48T Kooy =
v 210

04,2002 (G, +2C)) /4 + 457 XKoot
041012 Aav/2 AXpg1 = —ASpp X101 — 45210X 001
14,0110 Dye/ 2 002 010 011,100
14,2000 —(Fy + Cy) /4 AXooy = 4S002X %! + 4001 X001

(F. — 020 110001 011 100
1A1g§gg EF” CZ;;; AXoo2 = 4S001 X001 ~ 4S001 X001
Ay —(F, + KS
14,1010 D)2 AX 0y = —4S001 X001 + BSo02(X200 — X002) + 4S9 Xoo(
04,0031 (Ky + L) /4 4 S11X 000
04,0211 (L, = 2Cy) /4 200 010 110 _ 001

- _ 101 _
04,2011 (L,+2Cy) /4 AXoo2 = —4S002X 4S001X 001
o102 " NCI
04,4000 (=27 =28 = 83;) /4 AxI0 _ _g0t0 001
0410400 (=A; + 28, — 8;) /4 003 = 200272001
04,0040 (A7 = A = Ajp) /4 002 010 001 _,001
04,2200 (=7 +8j3) /2 AX100 = 4S100X 01 + 12S710X 001
04,2020 (=Aj = 0.50), = & — ) /2 AX o0 =0
0410220 (=Aj = 0.5A;, + 8, + 8,) /2 200 010 100 . 100
- 101 4
04,1210 (Dayj = 2Dayyi) /2 AX100 = —4S100X 128110Xo01
04,3010 D + 2Dabf’;)//2 2 AX 101 = 248110X002 + 125111 X001 + 4S100X001
A4 Dapr + Dapj
100 100 010 _,001 100

14,1030 Dy /2 AX101 = 245110X002 — 4S100X001 T 125111 X001

Note. Dy denotes the parameters at [TTs+TT ), ]i -

- ]§]+ , and (=8;) is the parameter at (];2J - fﬁ)z, that is, the
contribution is [—Sjk(]i - fﬁ)z].

Table 7 gives the relations between the fourth-order

parameters of the transformed and initial torsion—rotational

Hamiltonians as functions of the parameters of ambiguity

@St (p+q+r+s=3).

011 ot1 100 001 010 __001
AXi10 = 128001 X 100 + 85110(X%2 = X020) — 410 — 12S 100X 001

110 110 001 100 010 _100
AXi10= 128001 X 100 + 85110(X20 — X200) + 4815 — 125100 X001

010 010 010 100 001 001 __100
AX111 = 2485002 X 100 — 24S100X002 + 4S 110X001 — 4S110X001

r i r nqr
Note. Here AXZZS = ngb - X;g\
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Appendix A

It can be shown that the main part of the torsion—
rotational Hamiltonian (dependent on the operators J,
Jy, J, and J,) for a molecule having a large-amplitude
motion can be written in the following form:

=13 P23 wilas, Ui~ GIU;— G +
3 if
+ Vg, p), (A1)

where i, j=x,y,2,p; G;=. Cisqkpg (subscripts
19

denote  different  small-amplitude

o= 2 Eupy MplMygr G5 = 86 =

NBy

o=x,y,2,A0

oscillations);

N,
=3 Man—M; parameters A, depend on the torsion
Na P
angle p;

0 A
i, p) = + 2 i (P)a + 2 W) gagy + .., (A2)
A A8

pij in (A.2) are parameters of different order of
smallness; u?j are independent of p and are of the order
of 22 in relative to the main part (harmonic vibrations)
of the Hamiltonian (A.1); u?j are parameters of the
order of 1% they can be divided into two parts: (a)
those that depend on sin3p and cos3p and
(b) independent of the torsion parameter p; ug}ﬂ(p) are
the parameters of the order of 2t dependent on sin’ 3p,
cos’ 3p, and sinp cosp (or, in other words, on sin 6p

and cos 6p), etc.
The potential function V(q, p) can be presented as

V(g,p) =% 0,05 + 2 by (P)q39,a, + (1= cos 3p) +
A Apv
+ 2 ke (P)0,9,9,95 + -
ApvE
The second term here is of the order of A' relative to
the main part, the next two terms are of the order of

7»2, etc.

Appendix B

If the operator theory of perturbations is presented
in the matrix form, then the effective torsion—rotational
Hamiltonian of the isolated vibrational state |v> can be
written in the general case as

f —
Ay =
1 . . .
=<v | ¥ m—‘[ZSk, [2Sy, ... [iS),, Ho + ZHq]...]]|v>.
mklpg=1" q=1
(B.1)

Here the subscript m is the number of the commutator
in the considered term; the subscripts k£ and ¢ in Sj, and
H, show the orders of smallness of the corresponding
operators; H, and |v> are the zero-order
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operator and its wave functions. It is important that
the effective operator H, evf can only be considered
determined if all the matrix elements <V|iSk |5> are
determined in Eq. (B.1). At the same time it can be
shown!0 that any effective operator, for which:

1) the matrix elements <v|iS;, |¥> and <¥|iS, [v>

(V # v) are calculated as
1

<N Hy o> — <v| Hy [v>

<v| iS,| V> =

x<v| > % [iSp, [iS, ... [iS,, Hy+ X Hyl ... 1] [v>
mkIpq q
(B.2)
(in Eq. (B.1) only the terms for which (m + k + M-
+p + g =n) are summed);

2) any other matrix elements <v liS, [v> and
< iS, |95 (¥ # 9) are not determined by Eq. (B.2) and
can be considered as random operators. This means that:

a) for the vibrational state considered we can
obtain an unlimited set of Hamiltonians, every of which
is correct;

b) the simplest method to obtain the effective
Hamiltonian is to set the matrix elements <v|i5 k|v>
and <v|iS,|V> (¥, V#v) equal to zero.

At the same time it can be shown!0 that the
ambiguity arising in the effective Hamiltonians of the
type of Eq.(B.1) is none other than the unitary
equivalence of different effective operators, that is,

Hef = prefp 7

where Hef and Hef are two different effective operators
for the same vibrational state; these operators are
constructed in accordance with Eq. (B.1); P is the
unitary operator depending on the torsion and
rotational parameters.

Analysis we have done above favors understanding
of some differences in the results of analysis of torsion—
rotational spectra.6=9

The Hamiltonian Hef, which has been analyzed in
this paper, differs by the term Xﬁiﬁ Il p from the

Hamiltonian used in Refs. 6=9.  Nevertheless, the

unitary transformation of the form
044
1001

exp (=2nCJ,, /W H* exp(=2nCJ, /h), where g = 04T
0011

can exclude the term X %41 JJo. In this case all the

1001
above results and conclusions are correct.

In particular, in Ref. 8 devoted to global analysis
of v;,=0,1,2 torsion states, 17 quartic centrifugal

distortion ~ parameters  corresponding  to ng,s
(p+q+r+s=4) were used as independent. At the
same time, from the above analysis it follows that only
15 parameters are really independent. Naturally, the use
of dependent parameters may give an unpredictable
result. In particular, the parameters may differ widely

as in Refs. 8 and 6, 7, and 9.
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