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Formation of the lateral shear interferograms in diffusely
scattered light fields at double-exposure recording of Fourier
hologram with the allowance for high approximation orders
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A shear interferometer with coherent diffusely scattered light fields is analyzed in the third order
of approximation for the complex amplitude of light field. It is shown that the range of interferometer
sensitivity is restricted by the aberrations in the reference and object channels.

In Refs. 1-3 it was shown that double-exposure
recording of a Fourier hologram of a ground glass
screen with a positive lens leads to formation of a
lateral shear interferogram in the bands of infinite
width in coherent diffusely scattered light fields. At the
stage of the hologram reconstruction, the interferogram
caused by the phase distortions of the reference wave is
located in the hologram plane, and the interference
pattern characterizing wave aberrations of the lens lies
in the far diffraction zone. Spatial filtering of the
diffraction field in the hologram plane allows separation
of the lateral shear interferograms corresponding to
different angles of plane wave incidence on the lens
controlled, thus providing its areal control. The
mechanism of interferogram formation in coherent
diffusely scattered light fields consists in creation of
conditions, under which identical subjective speckles of
two exposures are matched in the plane of a photographic
plate at double-exposure recording of the Fourier
hologram of a ground glass screen. In Refs. 1-3,
hologram recording and reconstruction conditions were
analyzed in the Fresnel approximation, which ignores
possible change in the filtered interferogram, when the
hologram recording parameters do not fall in the
domain of applicability of the parabolic approximation.

In this paper, the double-exposure recording of the
Fourier hologram of a ground glass screen is analyzed
in the third order of approximation for the complex field
amplitude in order to assess possible errors in the control
of wave aberrations of a positive lens or objective.

As shown in Fig. 1, a ground glass screen 7 placed
in the plane (x4, y¢) is illuminated with a diverging
spherical wave of a coherent radiation having the radius
of curvature R. The Fourier hologram of the screen is
recorded on a photographic plate 2 in the plane (x3, y3)
for the first exposure with the controlled positive lens
Ly having the focal length f;, whose principal plane
(x9, yy) is at the distance /4. For this purpose, an off-
axis diverging spherical reference wave with the radius
of curvature 7 in the plane (x3, y3) is used. Before the
second exposure, the tilt angle of the wave front of the
radiation used for illumination of the screen is changed
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by o value in the plane (x, z), and the photographic
plate is displaced in its plane by the distance a along
the direction parallel to the x axis. At the stage of
hologram reconstruction, it is illuminated by a copied
reference wave corresponding, for example, to the first
exposure, and the interferogram is recorded in the plane
(x4, y4) with the lens L,. The use of an opaque screen
p with a round aperture in the hologram plane allows
spatial filtering of the diffraction field to be performed.
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Fig. 1. Optical layout of the recording and reconstruction of
the lens Fourier hologram: ground glass screen 7, photographic
plate 2, plane of interferogram recording 3, lenses L{ and L,
and spatial filter p.

In the third order of approximation, neglecting
constant factors, the distribution of the complex
amplitude of the object field corresponding to the first
exposure in the plane (x3, y3) can be presented as

uy(xz, y3) ~ J.O]J.If(xh%)x
X exp {ik [# (x% + y%) - $ (x% + y%)2:| } x
X exp {ik {2_111 [Cay = xz)z + (yy — yz)Z] -
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where k is the wavenumber; I is the separation between
the planes (xy, y2) and (x3, y3); t(xq, y1) is the complex
transmission amplitude of the ground glass screen that is
a random function of coordinates; p(xy, y2) exp [ip(xy, yo)]
is the generalized pupil function of the controlled lens
L4, which characterizes its wave aberrations.

At R+ 1y > f; and 0 <; <f; under the condition
that the spectrum of waves scattered by the ground glass
screen is bounded, on the spatial frequency scale, by
the pupil of the controlled lens, Eq. (1) takes the form

L[4 1
u1(x3,y3) ~ exp {zk [2—12 3+ 3 - 8_13 («3 + y%)ﬂ} X
X {t(— nag, —pys) A(—pag, —pys) x
2
e
o[£ L) -

w1 ikM
Y (? + E) (x% + y%)ﬂ} ® exp [— 2—15 (x% + y%):|®

® ©(x3,y3) ® Dylx3,y3) @ D3(x3,y3) ® P(xs,ys)}, (2)

where ® denotes convolution; p=1[;/l, is the scale
coefficient; M = filily/(fily + fily — l11y) > 0 is the
parameter determining the spatial extension of the
Fourier transform and the scale of the spectrum of
spatial frequencies;

A(=pag, —pyz) = J.O]J.J‘EXP liwy(xy, y1; %2, y2)] x

X exp _ik[(ﬂ+ﬁ) +(y1 yg) :| dxydy daydy,
) L I

is the complex function being the result of calculation
at any point of the pupil of the controlled lens;
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is the phase function due to wave aberrations; ®(x3, y3),
@y (x3, y3), D@3(x3, y3), Plxs, y3) are respectively
Fourier transforms of the functions

ik
exp |:— 8_1? (x% + y%)2:| s exp|: 812 (xg + yg) :|

expliyy(xy, y2; 13, y3) 1, paa, y2) expliolay, y2)] with
the spatial frequencies x3/Aly and y3/Aly; A is the
wavelength of the coherent radiation used for hologram
recording and reconstruction; yy(xy, yy; x3, y3) has the
same form as yy(xq, y1; X2, yp) with the corresponding
change of variables and /4 substituted by I,.

Let, as in Refs. 1 and 2, R= [f112/(12 - f1)] - 11.
Then, based on the integral representation of the operation
of convolution with the function exp[— ikM (x% + y%) /213],
the distribution of the complex field amplitude in the third
order of approximation in the plane of the photographic
plate within its diameter D « dly/M, where d is the
pupil diameter of the controlled lens, is described by the
equation

. 1
ui(a3,y3) ~ exp {1’@ [2_72 (5 + y3) - 813 (a5 + yg)z}} x
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® @y(x3,y3) ® Dy(x3,y3) ® O3(x3,y3) ® P(x;;,y;;)} , (3)

where r = l%/(lz
spherical wave;
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are Fourier transforms of the functions
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with the spatial frequencies Mx3,/Al{ly and Mys,/Alil5.

It follows from Eq. (3) that within this area of the
plane (x3, y3) the complex amplitude of the field
corresponds to the Fourier transform of the function
t(xq, y1) with every point being broadened up to the
size of a subjective speckle determined by the width of
the function

, |:kMJC3 kM]/g:| , |:kM.7C3 kMy3:|
Wil Ll il Ll
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'|:kMJC3 kMy3:|
® D3 L Tl ® O4(x3, y3) ®

® @2(][3, yg) ® @3(963, yg) ® P(X3, yg).

As compared to the diffraction limit, speckle broadening
is caused by the axial and off-axial aberrations in the
object channel and distortions introduced by the controlled
lens to the scattered wave. Besides, the phase distribution
of a diverging quasi-spherical wave with the radius of
curvature 7 is superimposed on the subjective speckle
field, and r = o for I; = f; (Ref. 1).

Assume that spatial filtering is conducted, as, e.g.,
in Ref. 5, both in the channel for illumination of the
ground glass screen and in the channel of the reference
wave in order to exclude phase distortions caused by
optical elements. Then in the approximation used, the
distribution of the complex amplitude in the plane of the
photographic plate corresponding to the first exposure
for the spatially bounded reference wave takes the form

upt(x3, y3) ~ exp {ik {% [z + o)+ y3] —
e [(x3+0)* + y%]z}} , (4)

where the designation ¢ = 7 sin® is introduced for brevity;
0 is the angle between the axis of the spatially bounded
reference beam and the normal to the plane of the
photographic plate.

The distribution of the complex amplitude of the
object field corresponding to the second exposure can
be written in the form

u2(X3, yg) ~ J. J.J-J.t(xb y1) X
X exp {ik {# [(x1 - R sina)? + y%] -
1
- @ [(xy - R sina)? + y%]z}} X

X exXp {21_2 [Cry — x2)2 +(yy — 92)2]} X

ik
X exp {— E:_l? [(xg —x)® + (g1 — yz)zlz} p(xa, y2) x

coxp i 5 (3 D) - 0t )|+
X exp {% [(xp — a3+ a)2 + (yy — yg)z]} X

ik
X exp §— 1—3 [(xg — x5+ a)® + (y2 — y3)2]2 X
813
x dxy dyy dxy dys. )

If the condition sino = aM /4l is fulfilled, then
Eq. (5) takes the form
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x D3(x3, y3) ® exp(—ikaMuxs/13) P(xs, y3)}. (6)

According to Eq. (6), the structure of the subjective
speckle field in the object channel in the plane (x3, y3)
is identical to the structure observed at the first
exposure. Only tilt angles for some components of the
subjective speckle change.

For the second exposure, the distribution of the
complex amplitude of the reference wave in the plane
of the photographic plate is determined by the equation

. 1
ugy(x3, y3) ~ exp {11@ {Z [(x3+c— a)? + y%] -

Lg [(x5+c—a)? + yé]z}} ) @)
87

Under condition that the double-exposure hologram
is recorded within the linearity range of the photographic
material blackening curve and that the diffracting waves
are spatially separated,® one can find the distribution of
the complex amplitude u(x3, y3) in its plane for the
component corresponding to the (—1)st diffraction order.
Based on Egs. (3), (4), (6), and (7), it takes the
following form:

ulxs, y3) ~ exp(— ikxs sind) x

1 1
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® exp[— tka (M — 1) x3/l%] Dy (x3, y3) ®
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k
vyslxs, y3; @) = F (623 a® + 243 @ — 4x3 a — 4xsa’® —
r

— 4y y} a + 12x5a% ¢ — 1223 ac — 12x5 ac® — 4y ac)

is the phase function due to aberrations in the reference
channel.

It follows from Eq. (8) that because the identical
subjective speckles in both of the exposures are
matched in the hologram plane, a lateral shear
interferogram in infinitely wide fringes is located in it.
As in Refs. 6 and 7, this interferogram largely
characterizes the aberration of coma type, and the
frequency of its interference fringes increases with the
increase of the angle 6 and photographic plane shift a,
as well as with the decrease of the radius of curvature
r. Therefore, at spatial filtering of the diffraction field
in the hologram plane, the diameter of the filtering
aperture of the spatial filter p located in this plane
should be decreased. The decrease of this diameter, in
its turn, leads to an increase in the size of the subjective
speckle in the image plane (x4, y4) of the ground glass
screen, where the interferogram characterizing the
controlled object is located. As the speckle size increases,
the visibility of the interference pattern decreases down
to zero, when the speckle size becomes comparable with
the period of interference fringes. Consequently,
aberrations in the reference channel restrict the
interferometer sensitivity range, and they are absent
when r =0 (4 = f1).

Assume, for brevity, that at the stage of hologram
reconstruction the lens Ly with the focal length f5 is in
its plane. Besides, the allowance for the third order of
approximation in determination of the complex field
amplitude in the plane (x4, y4) leads only to the
change in the distribution of the subjective speckle
structure in the recording plane 3, which is modulated by
the interference fringes. Then, restricting our
consideration to the parabolic approximation, we can
write the distribution of the complex field amplitude in
the plane (x4, y4) in the following form:

0

ulxeg, yg) ~ ”P(xs +X03, Y3 +Yo3) ulxz, y3) x

—0o0

ik
< xs, 13) x| =3 (B4 0B |

V.G. Gusev

X exp{;_i [(JC3 - X4)2 + (y3 - y4)2]} dxs dys, 9

where p(x3 + x¢3, y3 + yo3) is the transmission function
of the spatial filter8 centered at the point with the
coordinates xp3 and ygs3; /3 is the distance between the
planes (x3, y3), (x4, y4).

Let for brevity I3=1o and 1/fo=1/r+1/I.
Then, substituting Egs. (4) and (8) in Eq. (9) and
assuming that the diameter of the filtering aperture does
not exceed the width of an interference fringe for the
interferogram located in the hologram plane, and
neglecting an inessential factor characterizing the phase
distribution of a spherical wave, we have

ulxy, yg) ~ {t(— g~y ya) play, yg) x

X exp {i |:(p (—x4, —yp) +

+ (= g X, — g Y5 Ko X035 M2 Yo3)

+ (= x4, — ys5 %03, Yo3) —

4 4
B(rit 1wy 1) 9 22:|}
-< e + +
8( gtRty)wtew

+ (=g xg, g yg) prg + wo a, yg) x

X exp {1 {(P(— X4 M2 @ T Yg)

+ (= g Xy~ g Y Ko X3, Mo Yo3) +

+yol— x4 — (ny = Da, = yg %03, Yo3] —

ki
2 252
- = +
8[? (JC4 y4)}}x

ikui‘ apy )2 5 ]2
X ex —— | |lxs+ + X
p SR> 47T - I Y4

ik
x eXp{—gT?[(x4+uza)2+y§]2}x

X exp {—S%uu +(uy — Dal? + 3y }} ® Py(agyy), (10)

where pwy =10;/M and py, =M/l are the scaling
coefficients;

Po(xyg, yg) = IIP(?% +203,Y3 + Yo3) X

—00

ik
X exp |:— 8173 (x% + y§)2:| x

x exp|— ik (x3 24 + y3y4) /Ir] das dys

is the Fourier transform of the corresponding function.
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Based on Eq.(10) and some statements from
Refs. 1-3, we can determine the illumination distribution
I(xy4, y4) in the interferogram plane, where identical
subjective speckles of both exposures coincide. If the
diameter Dg of the illuminated area of the ground
glass screen obeys the condition Dy > dfily/ (fily + f1lo —
— lily), then within the overlap of two images of the
controlled lens pupil

I(xg, yg) ~ {1 + cos [@(—xg— paa, —y5) — o(=xy, —y4) +

+ (g, yg; moa) + ws(ag, ¥4 %03, Yo3; Maa) ]} x

t(= py g, = g Yg) X

x eXP{ [\IM( Wi X4, WY Y45 M2 X3, M2 Yo3) +

+ (=24, — Y5 X035 Y03) —
E(uitl ou ?
-3 ( e i lz) 3 +yD }} ® Pylay, yg)| , (11)
where

3
k 3 1 (“-2_1) 1y

waCoeg, yg; oa) = - g {4964 [_. tT 3 T, |
UL ws R

(uy — 1)?
< (o @) + (622 + 242 [% Qo7 w1 }(M) "

+
1w Rl

(- 1)3 N
+ 4xy |:_3 + 23 3 = } ()’ +
Iy Wyl 11

1 (u2—1) H1
+4W3[§+ PR R b

|=

Y5, Y45 X035 Yoz Mo@) = = X

o w

81

x [(12x4 x5z + 127 203 + 84 Y4 Yo3 + 424 Y03 +

p
+ 4yj x03 + 8y x03 ¥o3) (mp — 1) a +

+ (1234 203 + 4yq y03) (o — 17 @]

are the phase functions caused by the third-order
aberrations in the object channel.

It follows from Eq. (11) that a lateral shear
interferogram in infinitely wide bands is formed in the
image plane of the ground glass screen. This interferogram
characterizes wave aberrations of the controlled lens.
Interference fringes modulate the subjective speckle
structure with the speckle size determined by the width of
the function Py(xy, y4). The interferogram in this case
can be distorted, if the functions wy4(x4, y4; woa) and
\Us(JC4, Y45 X035 Y035 HZCZ) are nonzero.

It should be noted that when spatial filtering of
the diffraction field is conducted in the hologram plane
then to reconstruct the hologram by a small-aperture
laser beam and in order to increase the image brightness,
the intensity distribution in the Fourier plane of the
lens Ly for fy = [y takes the form similar to Eq. (11),
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but with different field distribution in the subjective
speckle structure modulated by the interference fringes.

Let spatial filtering of the diffraction field be
conducted in the hologram plane on the optical axis,
then ys(xy, y4; 0, 0; wa) = 0, and possible distortions
of the interferogram may be caused by the spherical
aberration of the hologram in the object channel.

Since [y < [y, for known d, fy, l;, and I, meeting
the condition of the used approximation

20/ (1 + )] NO.8ME < d < [20/ (1 + p) 1 \1.615

we can find the maximum value (pya) <d/2 of the
lateral shift, at which we can still believe that
w4(x4, y4; moa) = 0. For this purpose, we can use the
well-known (see, for example, Ref. 9) criterion of the
accuracy of determination of the phase equal to 0.1-27.
Since the phase change in differential interferometry is
maximum at the shear axis, based on the equation for
the function (x4, y4; poa), the maximum permissible
value of the lateral shear is the result of solution of the
cubic equation:

(- 1)°
4[13+—”23 = +”—§](d/2) (pa)® +
I Hy !

P Iy

1 (uy - 1) M :' 2,
+ 6|:l1 p% lg Rl1 (d/2) (Hza)

1 (u2—1) H1 ]
+4 —_— s d/2 - 0.8L=0.
‘:11 W 13 R Iy (@/2)” (uaa)

In the case that spatial filtering of the diffraction
field is conducted in an off-axis area then to control the
off-axis wave aberrations of a positive lens or
objective,!13 we can determine the field control range,
within which

Ws(xs, ¥4 %03, Yo3; moa) = 0.

From the form of the function
ws(x4, Y4 %03, Yo3; Mo@), it follows that neglecting the
terms of higher order of smallness, the maximum
permissible diameter Dy <d(1 + 1/l = 1/f) in the
hologram plane for the determined value of (usa) is a
solution to the square equation:

12 (d/2) (Dyue/2)* + 12 (d /2)? (D /2) —

—0.80 13 1y/(uy = 1) (up @) = 0,

and the restriction on the field control range is caused
by the off-axis hologram aberration of the coma type in
the object channel.

Some features of the considered method of recording
double-exposure hologram follow from analysis of Eq. (8).
Thus, the inclination angle is absent for the component

, |:kMX3 kMyg

Lily’ Il

:| of the subjective speckle of the
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second exposure in the object channel. As a result, the
control error due to spherical aberration of the

, kMX3 kMy3
hologram decreases. The components ®g L 1l

of the subjective speckle of both exposures also turn
out to coincide if the tilt angle between them is zero.
This circumstance provides the decrease of the effect of
off-axis hologram aberrations in the object channel on
the control error. Besides, at /i = f;, when the field
control range is determined by the pupil diameter of
the controlled lens, there is no control error caused by
the off-axis hologram aberrations, and the error due to
spherical hologram aberration decreases. In this case,
the tilt angle between the components ®5(x3, y3) and
®3(x3, y3) of the subjective speckle in the hologram
plane is zero.

Thus, analysis of formation of the lateral shear
interferogram in coherent diffusely scattered light fields
at double-exposure recording of the Fourier hologram of
a ground glass screen for control of a positive lens or
objective showed the following.

The increase of the pupil diameter of the controlled
object is indicative of the need to take into account
hologram aberrations in the object and reference
channels. The third-order hologram aberrations of the
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coma type in the reference channel lead to a decrease in
the interferometer sensitivity range. Axial and off-axis
wave aberrations of the hologram in the object channel
distort filtered interferograms, thus causing control
errors. To exclude them, the interferometer sensitivity
should be decreased. Within the preset boundaries of the
sensitivity range, which depend on the hologram recording
geometry in the object channel and the wavelength of
the coherent radiation used, the filtered interferograms
characterize the controlled object.
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