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This paper presents an analytical technique for reconstructing the coefficients
of phase expansion in its gradient. The geometry of a receiving aperture and the

expansion basis may be arbitrary.

The adaptive optics methods are used to increase

the efficiency of laser systems operating under
conditions of atmospheric distortions. Measurements of
the wavefront distortions and their subsequent

correction make it possible to decrease essentially jitter,
scintillation, and spreading of optical beams and
images. To describe the phase distortions of light fields
on atmospheric paths, their expansion in a system of
basis functions defined as Fourier series

N
SN(x’ Z/) = z ap, \Pk(xr ]/)
k=1

€))

is commonly used, where the expansion functions are
the orthonormalized polynomials whose form is
determined by the geometry of a receiving aperture. In
particular, they are Zernike polynomials for round
aperture, ei(xtym) or Hermite—Chebyshev polynomials
for square aperture, etc.

The vector of the coefficients A=(ay, as,as, ..., a;)T
of Eq. (1) is calculated from the condition of minimum
of the functional

min p(S, Sy) = f (S-S dp, 2)
D
where D is the area of a receiving aperture.

Minimization of functional (2) is equivalent to solving
the matrix equation

PA=B, 3
where

={<S, ¥>, <S, ¥y, .37, (4)
¥; is the expansion basis, ® =eé<¥;, Wp>é is the

quadratic matrix, and <f, g> = ffg d?p is the scalar

product.

Due to specific character of square—law detection,
sensors of interference and Hartmann types are usually
used as wavefront sensors in phase—conjugated
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adaptive optical systems. They measure wavefront tilts
(gradients) in a discrete set of points. Therefore, we
know the phase gradient

N
VS(x, y) = Z ap V ¥ilx, y) . ()
k=1
In this case, the following matrix equation'~* is
applied:
FA=C, (6)

where F = é<V¥;, V¥;>¢ is the quadratic matrix, and
C = é<Vs, V¥p>¢é is the row matrix. We note that the
matrix F contains experimentally measured phase
gradients, and the system may be ill—conditioned, i.e.,
its determinant may be close to zero. In this case, it is
difficult to reconstruct the phase expansion coefficients.
I offer an analytical approach to the determination of
the phase expansion coefficients when the phase
gradient is known.

First of all, let us find the relation between the
phase and its gradient. The Borel—Pompey formula® is

valid for the complex function A(z)=S(x,y)+
+iV(x, y):

1 rf(2)dz 1 {0, ze Dy,
2m'f t—z ff@z* t—-z (f(2),zeD, ™
where x, y € D, D, = R2/D, and R? is a two—

dimensional real Euclidean space.

Let D be the area of an aperture, and T be its
boundary. Assuming that the phase is equal to zero at
the boundary, we may rewrite Eq. (7) as

S

where 8,/0z* = (1,/2) [0/0x] + i [8/0y] . By virtue of
linear independence between real and imaginary parts,
we may rewrite Eq. (8) retaining only its real part:

=f2), (8
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__ 1 of dgdn _
S(x,y)——nReJ 0z* t—z

oS oS
{ a_g(x_é)Jr%(y_")

:_%JJ G-02+(y-mp & dn =

D
=<VS,1/2>, 9)

where 1/z is the fundamental solution of the Cauchy—
Riemann operator. Since the elements of the vector A
are defined as

ap = <\Pk, S>, (10)
substituting Eq. (9) into Eq. (10), we obtain

ap=<Yp, <VS, 1/2>>=<VS, <¥p, 1/2>>=<VS, Gp>,
“n

where Gy, are the vector polynomials defined by the

relation:
Gk:<LIJk, 1/Z>, (12)

or in expanded form
G = {Gp, ka}:

ka(JCO, yo) = f qjk(xy Z/)(x — xo)

D
Yile, Py~ yo)
Grylxg, yo) = ff(x ixj)c);/Jr E/y _Uyﬂo)z dedy . (14)
D

We note that all polynomials are orthogonal:
<G,, G,> = 3,,,, which makes the determination of the
phase expansion coefficients much simpler.

Therefore, in order to determine the coefficients of
phase expansion (1) on the basis W}, in its gradient, it
is necessary to expand the phase gradient VS into a
series in vector polynomials Gj, being the convolution
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of the basis functions with the Cauchy—Riemann
fundamental solution. The domain of integration of the
convolution should be determined by the aperture
geometry.

The polynomials Gj, obtained in the Cartesian

coordinate system are presented in Refs. 6 and 7 for
round aperture, when the phase was expanded in a
system of the Zernike polynomials. The same
polynomials were obtained in Ref. 8 for a particular
case in the polar coordinate system by solving the
boundary—value problem for round aperture.

Thus, the analytical technique for determining the
phase expansion coefficients from phase gradients on

arbitrary expansion basis for arbitrary aperture
geometry has been proposed.
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