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We present algorithms for calculating the transformation matrixes that relate
the coefficients of the optimal Karhunen-Loeve-Obukhov basis to those of the
Walsh and Haar bases in the series expansions of the optical wave phase. In so
doing, we have made numerical simulations for Kolmogorov spectrum of turbulence

and round receiving aperture.

Analysis of the numerical results shows that the

algorithms developed allow the transformation matrixes to be calculated with the
accuracy that could suit the control of the wave fronts.

In the turbulent atmosphere we normally observe
distortions of optical radiation propagated through it
because of the random optical properties of the
medium. To study such random wave fields the series
expansion of a wave phase is often used over basis
functions.!2

The orthogonal normalized system of functions
that obeys the Karhunen-Loeve-Obukhov (KLO)
theorem is considered to be optimal for representing the
waves propagated through a random medium.34 The
KLO basis is a solution to the variation problem by
minimizing the norm of error in the series expansion of
the random phase, within a receiving aperture with the
a priori information in the form of the phase
correlation function. In our earlier papers?> we have
solved the problem on obtaining the KLO functions for
the medium with Kolmogorov turbulence.

But, the KLO basis, while being optimal has no
properties of a fast transform that allows the wave
dynamics to be observed in real time. Therefore we have
derived analytical relations® enabling one to pass, in the
expansions of the optical wave phase, from the bases of
Walsh functions and Haar wavelets, whose series
expansions are of the fast type, to the statistically

optimal KLO basis.

It is more suitable for the round aperture to
present the KLO functions in factored form by
separating the radial and azimuth components

vr(p) = Ri(p) ©'(6) , (1)

where p = {x, y} = (p, 8). Walsh functions Wal(p) and
Haar functions H(p) are presented in a similar way

Wal,,,(p) = Wal,(p) Wal,(0),
Hnm(p) = Hn(p)Hm(G).

The azimuth component of the KLO function
©%0) has the following form:
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©40) =exp (il0), [ € Z . (2)

Expansion of the functions ©/(0) into a series over
Walsh functions yields the azimuth transformation

matrix b’ = (bf, bé, e b;f,)

N
00) = 3 b, Wal, (). 3)
n=0

The relation of the exponential functions to Walsh

functions determined by the matrix b is widely used in
the fast transforms and may be readily found in the
literature.”.8

Transformation matrixes for azimuth components
of the KLO functions in terms of the Haar functions
H,,(0) are calculated similarly.

The radial component of the KLO functions may
be presented, in terms of the Walsh functions, in the
following form:

I N
Ri(p) = 3 dj, Wal,(p), (4)
n=0

l

where the coefficients d; =(djy, djlz, e dﬂl\,) are the

eigenvectors of the Gram matrix with the elements
ot
A =ﬁfpr,(p, p) x Wal,(p) Wal,(p') dp dp’. (5)
00

Here M(p, p’) is the kernel of the homogeneous
Fredholm integral equation of the second kind (the
formula (10) in Ref. 6), the coordinate p is normalized
by the receiving aperture radius.

We have made use of the Jacobi method¥ to obtain
the eigenvalues and eigenvectors of the Gram matrix
when making numerical simulations.

Numerical simulation of the KLO functions
through the Walsh and Haar functions was performed
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for the Kolmogorov turbulence spectrum. Assuming
this model the structure function has the following
form!:
D(p) =288 53
r o

where 7 is the Fried radius. The form of the kernel
M(p, p') for the model of Kolmogorov turbulence may
be found in Ref. 6.

Figure 1 shows the view of the radial components
for the first KLO functions expanded over 8 (Fig. 1a)
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the figure that for N = 32 the radial components of the

KLO functions R]l-(p) practically coincide with the
radial components of the KLO functions calculated
with high accuracy in Refs. 5 and 10, and much exceed
the accuracy of the optimal function calculated in
Ref. 11.

Below we present an explicit form of the
transformation matrixes for radial components of the

KLO functions lev(p) in terms of the Walsh functions

and 32 (Fig. 1b) Walsh functions.
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FIG. 1. The view of radial components of the KLO
functions in the expansion over N Walsh functions:
N=8(a), N=32(b).

It should be noted that the sum of squares of the
elements in every line and column is the norm of the

function R;(p). This value is constant and in this case
it equals to unit because the basis is orthonormal
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expansion coefficients of R;(p) in the Haar basis can be
obtained in different way using a close relation between
the Walsh and Haar functions written by the
transformation matrix. 12

Figure 2 presents a 3-D view of the first KLO
functions y(p) represented using a limited number of
the Haar functions. One can see from this figure that
these KLO functions practically coincide with the
KLO functions calculated highly accurate using Zernike
polynomials in Ref. 5.

In the papers devoted to the choice optimal basis
for the wave phase series expansion the KLO functions
are obtained from the numerical solution of the integral
equation!® or using approximations, for their
calculation.!1,13 We have developed an effective
method to calculate the functions of an optimal basis.
Using this method we have calculated, in the numerical
experiment, the KLO functions through the Walsh
functions and Haar wavelets for the Kolmogorov
atmospheric turbulence within a round receiving
aperture to a high degree of accuracy.
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FIG. 2. Spatial form of the KLO functions yi(p) represented in the basis of Haar functions H,,(p), N =32, k

equals to 2, 4, 8, and 13 for a, b, ¢, and d, respectively.
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