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The vector form of the optical transfer operator (VOTO) of the “atmosphere—
ocean” system (AOS) represented as a 1-D, 2-D, or a 3-D plane layer with the
reflecting and transmitting inner interface is built up taking into account multiple

scattering and polarization of radiation in both media.

The perturbation theory

series and influence functions of the general boundary problem, in a vector form, of
the transfer theory for polarized radiation are being used. The VOTO kernels are

tensors of influence functions of both media.

The basic models of the vector

influence functions are formulated. The structure of the radiation field in the AOS

is considered.

INTRODUCTION

In resent years there is observed an increased
interest in the numerical models of radiation transfer in
the “atmosphere-ocean” system (AOS) as well as in
mechanisms of forming the radiation field in AOS that
allow for the radiation exchange between the two
media.

A comparison among seven one-dimensional models
has been carried out under a support from the
international science foundations.! Five of those models
use the Monte Carlo method, one model is based on the
imbedding method, and the seventh one on the method
of discrete ordinates, or more correctly, the method of
spherical harmonics (DISORT program).2 It is
important that the latter two models use a preliminary
Fourier expansion over the azimuth angle.

One-dimensional models of the radiation transfer
in AOS have been developed using two approaches.
According to one of the approaches the calculations are
being done by iteration method of characteristics,3>
while following the other one the radiation in AOS is
described using optical transfer operators (OTO) in
terms of the influence functions of the atmosphere and
ocean.58  The three-dimensional models of radiation
transfer in the AOS with the horizontally
inhomogeneous water-air interface also use the OTO-
based approach.9 10

We have formulated an optical transfer operator
(VOTO), in a vector form, for the case of polarized
radiation transfer in a system with anisotropically!!.12
and isotropically!3 reflecting underlying surface. In
such a model the ocean is considered as the horizontally
homogeneous or inhomogeneous base. A sea, lake, or
any other water basin can be assumed instead of ocean.

In this paper we develop a VOTO of the AOS
using rigorous methods of the perturbation theory and
theory of basic solutions. The approach proposed allows
for polarization properties of radiation in the AOS, as
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well as for the multiple scattering effects and radiation
exchange between the two media through the water-air
interface.14  Using same methodological basis  the
VOTOs of the AOS are being constructed for four
types of the water-air interface. Those involve isotropic
and  anisotropic  horizontally = homogeneous and
inhomogeneous reflection and transmission.

STATEMENT OF THE PROBLEM

We shall consider a plane, horizontally infinite
—o < x, y <o, while being inhomogeneous and
vertically finite (r, = (x, y), (0 <z<H)), layer
composed of two media that scatter, absorb, and
polarize the incoming radiation. Here r, = (x, y) is the
radius-vector of a point inside the layer. The boundary
between the two media that transmits and reflects
radiation is at the level z =/ inside the layer. It is
assumed that the transfer system does not produce
multiplication. The set of all directions of radiation
propagation, s = (u, @), where p=cos 9, 9 €[0, n] is
the zenith angle counted off from the axis z, and
¢ €[0, 2n] is the azimuth angle counted off from the
axis x, forms a unit sphere Q = Q*u Q™ with QF and
Q- being the hemispheres of directions with p e [0, 1]
and p e [—1, 0], respectively. The projection of the
vector s on a horizontal plane is
s; = (sin 8 cos @, sin 9 sin ¢). To write the boundary
conditions, we introduce the sets labeled with “¢”
(top), “b” (bottom), and “d” (dividing):
t={z,r,s:2=0,s € Qt};
b={z,r,s:z=H,s e Q7};
dl={z,r,s:z=h,se Q};
d2={z,r,s:z=h,s e Qf}.

Assuming the macroscopically isotropic medium to
be in a steady state as well as the constancy of the
radiation sources F(z,s), FO(sO;7r,s), FAGH;r,s),
Fi(s';7.,8), F2(s%;7.,s), that may depend on the
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parameters s°, sH, s1, 52 a field of quasi-monochromatic
polarized radiation is most completely described by the
vector @ (7, s) whose components are the Stokes
parameters.4 The vector of Stokes parameters @ (SVP)
is found as a solution of general vector boundary
problem (GVBP)

Kko=F, @©l|,=F, o|,=Rao+FH,

@[y =¢ (Ri®+Ty®) +F,

@ |4y =& (Ry® + T1,®) + F2 (1)

with the linear operators being as follows:
the transfer operator

D= (s, grad) + o(2) = Dz + (sl, a_@)

7. ’
~ 0
D, =pn5 +o(2);
the collision integral

S® = 6,(2) ff’(z, s, 8) ®(z, 7y, s) ds';
Q
ds' = dy do’ ;
the integro-differential operator K=D- 3§,
the one-dimensional operator kz = ﬁz -3

P is the scattering phase matrix4; o(z) and c,(2) are
the vertical profiles of the extinction and scattering
coefficients.

Passage of radiation through the boundary is
described by the uniformly finite operators of reflection

IA31 and ]AQQ and transmission f’12 and T21, where the
subscript 1 relates to the atmospheric layer (z € [0, &])
and 2 to the ocean layer (z € [, H])

[Ry @] (b, 7., 5) =

= f Gy (ri, s, s ®(h, r, s) dst, s e Q;
Q+

[Ry @] (h, 7., 5) =

= f Gy (ri, s, s) ®(h, r,s)ds™, seQf
o

[Ty @] (h, 7., s) =

= f 212 (r., s, sY) ®(h, r, st) dst, seQF;
Q+

[Ty @] (h, 7., ) =

= f 221 (r,s,s)®h, r,s)ds, se Q.
o

The parameter € (0 <e < 1) defines the act of
interaction between the radiation and the interface at

z=h; q; and @, are the reflection phase matrixes; 212

and ¢y; are the transmission phase matrixes of the
interface.
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The wuniformly finite operator describing the
reflection of radiation from the system bottom contains

the reflection phase matrix E]
[R®) (H, r,s)=

= f{} (r., s, s ®H, r, st) dst, seQ,
Q+
The boundary problem (1) is linear, and its
solution can be obtained as the superposition
® = @, + ®,. The background radiation @ is found as
a solution to the first vector boundary problem

(FVBP) of the transfer theory assuming the “vacuum”
conditions

K@) = F, q)0|t:F0:(D0|b:FH: (D0|d1:F1:
CI3‘0|dz:F2 (2)

in the layer with ideally black (not reflecting and
opaque) boundaries, that is having R=0, ]AQ1EO,

Ry =0, 7A'12 =0, and YA”21 =0 for the given sources of
irradiation. It is sufficient that at least one of the
functions in the right-hand sides of the system (2) is
nonzero. The problem (2), for the layer z € [0, H], is
split into two independent FVBPs: one for the layer
z € [0, h]

Rof=F; o), =F, ofl,=F
and the other one for the layer z € [0, H]
Rof=Fy, of|,=F1, &f|;,=F,

where F; = F in the first medium; Fy = F in the second
medium. Solution of such problems by the method of
vector influence functions (VIF) is thoroughly
described in Refs. 11 and 12.

The contribution ®; due to the radiation exchange
between the two media and the effect of reflecting
bottom is determined as solution to the GVBP

K@, =0, @, = 0, @, = R, + EH,
q)b|d1 =& (R® + Ty @, + EV),
q)b| d2 = € (IAQZCI)I) + j;12 (Db + E2) (3)

at a given illumination (irradiance, luminance) of the
boundaries

EH(TJ_, S) = kq)o, E1(1’J_, S) = k1¢'0 + YA‘21 CD(),
E2(ry, $) = Ry®y + Ty @,

when irradiated by the background radiation.
Without any loss of generality of the results
obtained, one may limit the consideration to the GVBP

k@d:(), ch t:()r ‘I’d b:()r
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q)d|d1 =g (éﬁbd + f‘21 D, + E1),
q)d| a2 =€ (éz‘bd + TQ @, + E2), (4)

that follows from the GVBP (3) for non-reflecting and

non-emitting AOS bottom (R=0, FH=0), and
describes the effect of the radiation exchange between
the two media through the inner boundary on the
formation of the total radiation field of the system
D = q)o + (Dd-

Solution of the GVBP (4) is sought as a
perturbation series for two SVPs

0
o)=Yk, o=
k=1 k

ek @F )

Ms

Il
—_

where CI>‘11 corresponds to the radiation field in the layer

z € [0, k], and CI>‘21 to that in the layer z e [h, H].
Components of the series (5) satisfy a recursion system
that is split into the problems for one medium at
z € [0, h]

k=1 Kol =0, ol|,=0, @i, =E; (6)
k2 Kol=0, off,=0,

1 A1 5 2
Dp| g1 = Ry Pp—1 + Toq Pp—y )
and for the other one at z € [, H]

k=1 Rt =0, @,=0, ®,=E (8)
k22 Kol =0, @f,=0,

2 - 2 5 1
q)k a2 = R2 q’k*l + T12 q)k*1- (9)

Each of the problems (6) and (7) is a FVBP of the
form

kot=0, @ |, =0, @ |4 =fis; r, 5), (10)

and the problems (8) and (9) are the FVBPs of the
form

R®2 =0, @2 |b=0, 2 |d2=f2(32; ri, ). (11)
The parameters s' € Q™ and s?2 € Q* may be absent.

INFLUENCE FUNCTIONS OF THE
“ATMOSPHERE—-OCEANB SYSTEM

Various possible states of polarization of a plane
electromagnetic wave case are, in the general case,
represented by the vector @ composed of four real
values ®,, m=1,.., M, M =4, which have the
dimensionality of radiation intensity being the
expansion coefficients of the vector @ over the unit
vectors i, of some coordinate system, ® =1, ®; +
+ iy @y + i3 O3 + iy Oy, that depends on the way in
which a polarized radiation is described.4 Polarization
states of radiation coming from a source, f={f,},
n=1,.., N, N<4, and of radiation ® in the system
may be different. Depending on optical properties of a
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medium that can scatter, absorb, and polarize the
incoming radiation, the radiation in the layer may
become polarized, as a result of the transfer process,
even if the source emits unpolarized radiation. The state
and (or) the degree of polarization of a polarized
incident radiation may also be modified when
propagated in the layer. Starting from some order of
scattering the number of nonzero components of the
radiation SVP may change and the situations are
possible where N < M as well as N > M.

In the general case when components of the source
radiation SVP, f!= {f,11}, n=1,.,N{ N{<4 are
noncoinciding anisotropic horizontally inhomogeneous
parameters f,11(s1; 7., s), a solution to the linear FVBP
(10) may be represented as a superposition

Ny
DI(s; 7, 5) = Y @t r,s)

n=1

whose terms are solutions of a set of FVBPs

Rol=0, @lf,=0, o, =t,f, (12)

with  the  vectors  t,={3,,), m =1, ..., My,
n=1, ..., Ny. Here 3,,, is the Kronecker symbol. By
analogy with a scalar problem of the transfer
theory,15:16 a solution of the FVBP (12), at a fixed n,
is obtained as a linear vector functional

1
©,= (@, 1) =5 [ dsx
o

0
x f O(s™;z, 7, — 71, 5) fn1(31; r, s7)dr] .

—o0

The vector influence functions of the atmosphere
el={e,l}, n=1,., Ny, with the components being
the Stokes parameters ©,},(s™; z, 7|, s), m=1,..., My,
are sought as a solution to the set of FVBP for the
layer z € [0, /]

Rel=0; ol,=0, O =t,fd (13)

with the function of source fa(s™; 7., $)=8(r)) x8(s — s7)
and parameter s~ e Q7. Components of the SVP,
@) = {®,1,}, are calculated as scalar functionals

1
CD117m(31; Z,7,8) = (®,1,m, fn1 = ﬂ f ds™ x
o

0
x f ®,1,m(s‘; 2,7 =7, 8) f,}(s1; 71, sHdr). (14)

0

Following our previous papers,!!12 where we have
proposed to do this for the first time, let us introduce
the tensor of influence functions (IFT) of the
atmosphere determined in terms of Ny of SVPs, ®},
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— ~ 1 1 1 =
@11 ®1n ®1N1

1 1
.- ®mn G)mN1 . (15)

1 1 1
Oyt - Opyn - Opgy Ny

The first index, m =1, ..., My, M <4, of the
element ©,!1, of the tensor IT' corresponds to an ordinal
number of the Stokes parameter of VIF ®}, and the
second one, n =1, ..., N, Ny <4, to the index of the
source vector t, in the set of problems (13) describing
the model used to calculate VIF @}

Let us introduce a linear vector functional of the
vector f!

@ = (T, f1) = (D)}, m=1,... .M, M <4, (16)

where the Stokes parameters are solutions of the FVBP
(10);

Ny Ny
1 1 1 1
q)ﬂl = z (®mnr fﬂ ) = Z (Dmn

n=1 n=1

are linear combinations of the linear scalar functionals
(14).

If a source is isotropic and horizontally
inhomogeneous, then a solution to the FVBP (10) is
determined by the vector linear functionals

¢)711(Zr ry, S) = (G);nr fn1) =

0
= f@in(z, ro=rl, 8) fa D drl

—o0

with the kernels that are VIF of the atmosphere

1
® (z,r,s) = P f O\ sz, 7, 5) ds™ a7n
o
which satisfy the FVBP

kel =0, o], =0 |, =t, ). (18)
In the case of an anisotropic and horizontally

homogeneous source a solution to the problem (10) is
sought as a linear functional

D, (s1; 2, 5) = (@), f,) =
1
= f@);n(s’; z,8) f,}(s1; s') ds'

Q

with the kernel that is VIF of the atmosphere

0
0 (s 2z 5) = f O(s; z, 7, s) dr, (19)

—0
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which is a solution of a one-dimensional FVBP

A~

1 1
K,0;,=0, ®zn|t =0,
0Ly =t, 8 —s); 5 e (20)

In the case of an isotropic and horizontally
homogeneous source a solution of the problem (10)

@)z, ) =1 Wiz 9, f)=const,

is calculated in terms the VIF of the atmosphere

0

1

W:l(z, s) = P f ds™ f @:l(s‘; z, 1, s)dr =
Q_ —0o0

y {
= f G);n(z, r, s)dr = P f @;n(s*;z,s) ds™1, (21)
o o
It is also called a vector transmission function that

allows for multiple scattering and is determined as a
solution of a one-dimensional FVBP4:13

]%ZW;ZO, W711|t:()r W711|d1:tn- (22)

The relations (17), (19), and (21) can be used as
criteria for estimating the accuracy of the VIF e, e,

, and ®Z1n calculation in terms of solutions of less
complicated problems (18), (20), and (22). Actually
the influence function tensor I1' (15) determined by
VIF @,11(3‘; z, 71, s) describes the field of polarized
radiation in a layer with non-reflecting boundaries.
This field is caused by the processes of multiple
scattering of a stationary, elliptically polarized
radiation in a narrow beam along the direction s~ e Q,
whose source is at the boundary z = % at the center of a
horizontal coordinate system x, y. The parameter of
VIF, @,1,1(2, r., s), corresponding to the radiation
intensity coincides with the point spread function and
its Fourier image over 7, in the nadir direction when
s=(u=-1,9=0), coincides with the modulation

transfer function. The T1' tensor determined by the

VIF @, (s7; 2, s) describes the field of a polarized
radiation formed in the layer when a parallel beam of
elliptically polarized radiation is incident from outside
the layer boundary, at z=/h, along the direction

s~ e Q7. The vector influence functions @:l, @fn, G)Zln,

and W:l compose a complete set of basic models of
influence functions of FVBP (10).

In the general case, when the components of the
Stokes vector parameter of a source f: = {f 31},
n=1, .., Ny, Ny<4, are anisotropic horizontally

inhomogeneous parameters f ,21(32; r., s), a solution to
the linear FVBP (11) can be represented as a
superposition

No
X, ) = Y d2(sh o s)

n=1



848 Atmos. Oceanic Opt. /September 1998,/ Vol. 11,

whose terms are a solution of a set of the FVBPs
I%q)i:()’ cpib:()r ¢)£|d2:tnfnz' (23)

A solution of FVBP (23) at a fixed n is obtained
as a vector linear functional

1
®, = (@], ) =5 [ ds*x
Q+

0
x f @%(ﬁ; z, 7, — 1., ) fnZ(sz; 7, stdrl .
—0o0

The vector influence functions of the ocean
@,21 = {@,3”}, n=1,..., Ny, whose components are the
Stokes parameters @,3n(s+; z,7r,s), m=1,.., M, are
sought as a solution to the set of FVBPs for the layer
z e |h, H]

kei=0, @),=0, ©ln=t, fs (24)

with the source fg(s*; ri, s) =08(r) 8(s —s7) and the

parameter s* € Q. The components of SVP (I)% = {@,,%n}
are calculated as scalar functionals

2 2 _ 2 2y _
(Dmn(s v 25 11, S) - (®mnr fn) -
1 0
=5 f ds* f @2, (s*; 2, r — 1L, s) x
ot —0

x F2(s% ), st)dr] (25)
Let us introduce the IFT of the ocean determined
by Ny of SVPs, ©>

— 9 9 j—

o1 ... 07, O1N,
~ 2 2 2
H2 =l Out - Opy - ®mN2 (26)

2 2 2
_®M21 ®M2n ®M2N2 —
and linear vector functional of the vector f> in the
form

@2 = (12, f2) = {®2), m=1, ... My, My<4, (27)

where the Stokes parameters are solutions of the FVBP
(11) and

, 2, o N2
®77l = Z (®mn’ fﬂ) = Z (Dmn

n=1 n=1

are the linear combinations of the linear scalar
functionals (25).

If the radiation source is isotropic and horizontally
inhomogeneous, then a solution to the FVBP (11) is
determined by the vector linear functionals
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Dz, 71, 8) = (07, f) =

= [ @hG, =l [,

—o0

whose kernels are the VIF of the ocean

1
@3,1(2, r,s) = P f @i(ﬁ; z, 1., s) dst (28)
Q+
that satisfy the conditions of the FVBP
k@2, =0, @4],=0, @|n=t,5(r). (29)

For an anisotropic horizontally homogeneous
source a solution to the problem (11) is sought by the
vector linear functional
(% 2, 5) = (€2, f,) =

1
= f 02,(s'; 2, 5) [2(s2; s) ds’

Q+

with the kernel that is a VIF of the ocean

an(sﬁ z,8) = f@i(s*; z, 1y, s) dry, (30)

0

which is a solution of the one-dimensional FVBP

7 2 2

K, ©;, =0, ®zn|b =0,

®§n|d2 =t, 8(s —sh); ste Q. (31)

For isotropic horizontally homogeneous source a
solution of the problem (11)

@2z, 5) = fE Wz, 5), f2 = const,

is calculated using the VIF of the ocean

0
1
Wfl(z, s) = P f ds* f @fl(ﬁ; z, 1, s)dr =

ot —o

y 1
= f (:')fn(z, ry, s) dr, = P f ®§n(s+; z, s) dsT, (32)

0 Q+

which is determined as a solution of a one-dimensional
FVBP in the layer z € [/, H]

RW2=0, Wl,=0, W2, =t, (33)

The vector influence functions of the ocean @2, G)fn

, @3,1, and Wfl which are the solutions of the FVBPs
(24), (29), (31), and (33) related by the expressions
(28), (30), and (32) compose a complete set of basic
models of influence functions of the FVBP (11).
VECTOR OPTICAL TRANSFER OPERATOR OF
THE AOS

Let us use the models of VIF formulated above
and representations of solutions to the FVBPs (10) and
(11) in the form of vector linear functionals (16) and
(27) whose kernels are the IFT (15) and (26) to
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construct a solution of the GVBP (4). If a source in
the GVBP (4) is determined by a single interaction of
the background radiation with the boundary, then a
power of the parameter € corresponds to the power in
the dependence of the solution of the problem (4) on

the characteristics of the operators of reflection ¢; and

G- and transmission ¢y and tyy.
Let us introduce algebraic vectors as columns

1 1 1
o] o2 -]
@, = @, = E =
d [cbfz R Lot EX]’
L)z
f= Z=|%
[f2 ’ Z,.1’

@1} . [fﬂ} . [(ﬁﬁ m}
0= Im=| . I, f) =| .
|:®2 ’ H2 ’ ( ’ ) (H, f2)

and define the matrix operation describing the radiation
passage through the boundary by IFT taking into
account multiple scattering and polarization of
radiation in the two media

R (T 1) + f21(ﬁ2,f2)} 30

[éf]sﬁ(ﬁ,f){A . RN
Ro(T12,£2) + T,(T11 f1)

where P is the matrix composed of the reflection and
transmission operators:

. |:R1 Ty :|
p=| .
Ty Ry

The boundary problems (6) and (8) for a linear
approximation are solved using the vector linear
functionals (16) and (27):

of| |1, ED|_ -
¢1=[§}=[A2 =1L, E) .
D (I1*, E2)
It can be shown, by the induction method, that

two successive k-approximations are connected by the
recursion relation

D = (ﬂr p(bk—l)

and for k> 1 (assume Fy = E) an algebraic vector of a
source is

Fk:P¢k:éFk,1:ékE,

and the algebraic vector of the k-approximation of the
solution to FVBP (7) and (9) is

(I)k = (ﬂ, Fk—l) = (ﬂ, ék_1 E).
As a result we obtain an asymptotically accurate
solution of the GVBP (4)

o, = (11, Z), (35)

where the two-component vector of “scenario” at the
boundary

Vol. 11, No. 9 /September 1998,/ Atmos. Oceanic Opt. 849

0
Z=7E=Y GKE (36)
k=0
is the sum of Neumann series over the orders of
radiation passage through the boundary taking into
account the contribution from multiple scattering as
well as the polarization of radiation in two media with
IFT of the view (15) and (26).

The representation of a solution to the GVBP (4)
as a linear vector functional (35) establishing an
explicit relation of the radiation recorded to the
“scenario” (36) at two sides of the boundary we call
the optical vector transfer operator of the transfer
system in two media. In its turn, the “scenario” is
described explicitly by the characteristics of reflection
and transmission of the boundary for given its
illumination. The Neumann series (36) determines the
“scenario” of optical image formed as a result of
multiple scattering of radiation in the two media and
passage of the boundary taking into account
mechanisms of polarization and depolarization both in
the layer and at the boundary. Naturally, the universal
representation of VOTO (35) is extended to all cases of
the spatial and angular dependence of characteristics of
the boundary and the sources considered above.

STRUCTURE OF RADIATION FIELD

Proposed approach allows one to study
mechanisms of formation of field of optical and
millimeter-wave polarized radiation in AOS in detail
and to obtain different approximations of the VOTO.

Let us consider in a more detail solution of the
problem (4) when sources are the singular direct flux
®° incident from the atmosphere along the direction
so = (g, ) € @ and the down going diffuse
background radiation @, multiply scattered in the
atmosphere. We shall do this for directions
st=(ut, pNe Q™ &y =®d0 + ®d,.  For the sake of
clarity the label “1” used for the atmospheric layer we
replace by the label “a” and the label “2” for the ocean

layer for the label “oc”, and also the symbols z=z—#,

p, and ¢ are introduced for coordinates in the ocean.
In this case the functions of sources located from the
side of the atmosphere and ocean, with respect to the
interface, at the height z =%, between them are as
follows:

E'=E,=E +E! E’=E,=E, +EZ
and can contain the singular components:

E; (1o, 00; b, 17, 07) = Ry @0 =

= Eouo, 005 7, —Ho, 09) 3(u™ + 1) 8(9™ — @)

which is the direct flux reflected into the atmosphere
from the interface along the direction
sp = (—Ho, ) € Q,

EZC(HO’ Po; h, ﬁ+, (P+) = YA‘Q @0 =



850 Atmos. Oceanic Opt. /September 1998,/ Vol. 11, No. 9

= Eoc(ho, @03 B, o, 09) (1™ — 1o) 8(o* — @9)
being the direct flux refracted into the ocean through
the interface along the direction so = (1gy, 99) € Qi

Ho = Heprir > 0, and smooth diffusion components:

d _ N _ B +
Ea(HO’ Po; hr n, e )= Rl cDa
that is the background radiation of the atmosphere
reflected from the interface into the atmosphere along
the directions s =(u,¢)eQ; p =-p* and
¢ =¢", and

d S T o ot) = T +
EOC(H’O’ Po; hr u, o ) - T12 (Da
or the background radiation of the atmosphere refracted
into the ocean through the boundary along the

directions s = (u*, 0™) € Q. fis; 1 € [Wepis, 11, where p
crit corresponds to the direction of the interface shadow
in the ocean.

Components of the algebraic source vector Fj for
the problems (6)—(9) are pairs of Stokes vector-
parameters

“ 4 “ _
Fa,k = Rl q’a,k + T21 cDoc,kr Fa,O = Ea’

~ - S +
Foc,k =R (Doc,k + Ty (Da,k: Foc,O =E,.

Solutions of the problems (6) and (7) are defined
in terms of IFT of the atmosphere (15), that is,

l:Ia = f[g + I:IZ with the mn-elements being
- - d
G)a(“hr Pps 2, Ky (D) = G); + 0,

that are solutions of the problems (13) with the
parameter s; = (uz, 03) € Q. In these solutions the
singular components are being separated out

Oy, 91 2, 1, @) =

= £, exp [— W} 5 — 1) 50 — op)

and the diffusion components are smooth functions
@4(uz, ©7; z, 1, @) with the parameters pj € [—1, 0)
and ¢ = 0. In this case the linear functionals (16) are
calculated as sums of four linear functionals
@, = (11, E,) = (IT}, E}) + (1T, E)) +
+(IT;, Q) + (115, EY) .

Actually, the latter expression is a superposition

0 d

q’a,l = cDa,l + ¢a,1 ,

where the direct radiation from the interface is being
determined only for the directions s~ € Q~

0 _ x0s 0,d
q)(1,1 - q)(1,1 + q)(1,1

and contains the singular part along the directions
50 = (<Ho, 9g) € Q only

@) (o, 90; 2, 1w, 97) = (1T, E3) # 0
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and the smooth part

0,d . — o\ — (T d
q)(1,1(u'0r Po; 2, L, P ) - (H:H E(l) ’

that are calculated explicitly; while the contribution
due to diffusion, being determined for all directions
seQ

d _ xd,s d,d
q’a,l - q’a,l + q’a,l

contains the component caused by multiple scattering
in the atmosphere of the direct flux reflected from the
interface which is calculated explicitly in terms of the
diffusion component of the atmospheric IFT

@ (o, 93 2, 1, ) = (11, EY)

and the component caused by multiple scattering in the
atmosphere of the diffuse background radiation
reflected from the interface and calculated for every

mn-component through the functional with the IFT of
the atmosphere by the quadrature method

d,d d -d
@1 (o, 90; 2, 1, ) = (OF, Ey) =
n 0
! , d :
=gfd<o f[®a(u,0; Z @)t
0 -1
d ’ 2 d ’ 2 2
+ 0, (W, 0,2, 1, 0+ 0] Eqlpo, @o; 2, 1, 0) dp'.
Solutions of the problems (8) and (9) are
determined by the IFT of the ocean (26), l:IOC = l:I(f6 +

+ f[i, with the mn-elements

~ o~~~ o~ R d
®OC(”ZV (P;;; Z, 09 = G)(S)c + Oy
that are solutions of the problems (24) with the

parameter 3, = (i), $) € Q7. In these solutions the
singular components are separated out

05y, 313 2, B, 8D =
©(2)

= foc exXp |:_ —t :| S(IT— - ﬁ-/t) 8((7)+ - (T)-/;)
Hn

and the diffusion components, are smooth functions ®Z.

(U, ®5; 2, 1, ) with the parameters fij, € [0, 1) and §,
=0. The linear functionals (27) are calculated
assuming four terms

CI)()0,1 = (ﬁocr Eoc) = (ﬁf)c: Ez)a) +
+ (TG, Boo) + (Mo, Ego) + (M5, EG).

The latter expression can be represented as a
superposition

0 (4

q’oc,l = cDoc,l + q)oc,1 ’
where the direct radiation from the interface being
determined only for the directions 5+ e QF

0 _ =05 0,d
q’oc,l - q)oc,1 + q)oc,1
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contains the singular part along the directions s§ =

= (g, 99) € Q¢ only

@0 (1o, 00; 2, BF, §) = (1T}, ES.) # 0

and the smooth one

0,d o o~ ~ i
@, (o, 90; Z, B, 1) = (UL, E5) |
which are calculated explicitly; while the diffusion

contribution determined for all directions 5 € Q

74 _ xd,s
cDoc,l - cDoc 1 + cDocl

contains the component due to multiple scattering in
the ocean of direct radiation from the atmosphere
refracted through the interface and explicitly calculated
using the IFT of the ocean

ds — o~ sy d g
(Docf1(|"'0: ®; Z, I, ) = (Hom Ez)a)

The component caused by multiple scattering in
ocean of the background radiation of the atmosphere
refracted through the interface and calculated for every
mn-component using the IFT of the ocean by the
quadrature method

J.d e~ o~y md pd N
cDoc,l(HO’ 00 Z, 1, ) = (O, Eye) =

1 m 0

—_ ’ d ’ .S N R ’
zznfd(p f[®oc(l’l)0:2:u:(p_(p)+

0 -1

d ’ i diad ’ ’ ’ ’
+O0.(W, 02, 1, + o)1 Edelug, 903 1y ', 0 du'.

In each approximation at n>2 in the iteration
cycle over the orders of radiation interaction with the
interface only the diffusion sources enter the problems

(7) and (9). Along the direction from the atmosphere
it is
Fa,k = F‘al,k(hr o, (P7) = d;: + F‘al ;e)ér

where the first term corresponds to the influence of
radiation coming from the atmosphere

(1le(h w0 )_R1 ak:
and the second term corresponds to the influence of

radiation coming from the ocean

d
(153)((,7 u, (P)_T21 ock

Along the direction from the ocean it is

_ da d,oc
+ +)_ ock+Fockr

where the first term describes the influence of radiation
coming from the atmosphere

Foc,k 0( k(h

Fo(h, wt, oh) = Ty @4,
and the second one describes the influence of radiation
coming from the ocean

Zcolg (h, i+, ¢%) = 1A32¢Z;k~
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Note that in order to calculate sources, only two
angular distributions of the diffuse radiation are
needed. The one for radiation incident along the

direction from the atmosphere @Z;(h, ut, o) and the
other for that incident on the interface along the

~

direction from ocean (I)g;k(h, w90,

Solution of the problem (7) in every iteration is
determined as a functional with the IFT of the
atmosphere (15)

q)d,k(Z: U, ¢ ) - (Ha: Fak 1)

in which two types of radiation are separated out: the
direct diffuse radiation from the boundary for the
directions of ascending radiation s~ = (u=, ™) € Q
calculated explicitly by the singular component of IFT
of the atmosphere

(1k+(bak:

O = @G, 1w, 97) = (T, Fo )

and diffusion radiation multiple scattered in the
atmosphere for all directions s € Q calculated by the
method of quadrature

7] d,d ~d d
q’a,k = cDa:k(Zr K, (P) = (Ha’ Fa,k*l) -

Solution of the problem (9) at each iteration is
determined as a functional with the IFT characteristic
of the ocean (26)

(Hou Foc k= 1)

q)oc,k(Z: K, (P) oa kT (Doc ko

in which two types of radiation are separated out: the
direct diffuse radiation reflected from the interface
along the directions of down going radiation

St=(0t, 9") € Q" calculated explicitly using the
singular component of the IFT of ocean

0

CI)oc,k oc k(z ot ~+) - (Hm rFoa k— 1)

and diffuse radiation multiply scattered in the ocean

along all directions 5 € Q calculated by the quadrature
method

d d ~ ~ o~ ~d d
CI)oc,k = q)oc,k(zr K, (P) = (Hoc: Foc,k—1) .

The asymptotically accurate solution of the
problem (4) for the atmospheric layer z e [0, %] that
completely allows for the contribution due to the
influence of the ocean in the calculation structuring
model considered can be represented as a superposition
of following functionals:

0
q)d(Z, M, (P) = Z cDa,k = CD(11 = (HZ7 E;) +
k=1
+ (114, EY) + (115, Z,) + (114, Z,). (37)
The diffusion “scenario” at the interface from the

side of the atmosphere being caused by the radiation
exchange between the ocean and the atmosphere is

L N wd “
Za(hr p, )= Z Fa,k—1 =R Y, *
k=1
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+ T21 Yoc = Rl CDZ + R1 Ya + T21 Yoc’

where the total diffuse irradiance of the interface by
radiation coming form the atmosphere is

d+
q)a,k ’

M

Ya(hr ”’+7 (P+) = q); + Qa: {Za =
k

Il
—_

and by the radiation from the ocean

d,
q)oc,k-

M

Yo (h, 57, 97) =
k

1

The asymptotically exact and complete solution of
the problem (4) for the ocean layer z € [0, H] taking
into account the radiation exchange between the ocean
and the atmosphere is presented as the following
superposition of functionals:

0
D(Z, |, §) = Y Byepp = Dy = (1T, E)) +
k=1

+ (1, ES) + (M5, Zyo) +(1%, Zye). (38)

The diffusion “scenario” at the interface from the
ocean side caused due to the radiation exchange
between the ocean and the atmosphere is

o0
~ o~ d T
ZOC(/’I, [T (P+) = Z Foc,k—l =TipY, +
k=1

+Ry Y, =Tia®, + T1a Yy + Ry Y.

Let us write the representation (37) by separating
the linear approximation

(I)d = q)a,l + (ﬁ;, 2a) + (ﬁi, 24)

Here the diffusion “scenario” from the side of the
atmosphere at the interface, being at the height z = 4,
due to the nonlinear orders of radiation exchange
between the ocean and the atmosphere,

0

~ o y "~ N

Z(h, w0 = X For=Ri Y, + Ty Yy,
k=1

is determined by the total irradiance of the interface by
radiation coming from the atmosphere Y, and by the
complete irradiance by radiation coming from the
ocean Y.

Let us now separate out the linear approximation
in the representation (38)

q)oc(gr rl'r (T)) = (Doc,1 + (l:[?)cr 2O(,‘) + (ﬁgcr 206)'

Here the diffusion “scenario” at the interface z = £ for
radiation coming from the ocean that is caused by
nonlinear orders of radiation exchange between the
ocean and the atmosphere

~ ~ ~ e d ~ ~ A
Zoc(h: [T (P+) = Z Foc,k =T1Y,t Ry Yy
k=1
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is determined by the partial irradiance of the interface
with radiation coming from the atmosphere Y, and total
irradiance by the radiation coming from the ocean Y.

CONCLUSION

The vector optical transfer operator (35)
constructed using rigorous mathematical methods is a
new model for the transfer of polarized radiation in a
two-media system that is adequate to GVBP (4). New
results obtained using the approach proposed are the
reduction of the initial GVBP (4) with a complex
nonlinear dependence on the interface properties to the
solution of a FVBP with “vacuum” boundary
conditions for each of two media separately and
formulation of the VOTO (35) in a matrix form with
the kernel being a two-component algebraic vector IFT,
I1. The universal functions of the horizontal variations,
and angular dependences of the boundary conditions
and sources of GVBP (1) and (4) are separated out,
that are invariant relative to the polarization
characteristics of radiation.

Having a set of such invariant VIFs that are
solutions to one in the pairs of FVBPs (13) and (24),
or (17) and (28), or (19) and (31), or (22) and (33),
one can obtain, using the Neumann series (35),
solutions of the problems with different spatial and
angular structures of sources and kernels of reflection
and transmission operators in any order approximation
of the radiation exchange between the media taking
into account multiple scattering and polarization in
both media by the IFT for every passage of radiation
through the interface.

The operator recursion relation obtained for the
Neumann series (35) terms increases the efficiency of
calculations by nonlinear approximations. The method
of splitting the GVBP (4) for a two-media system into
the FVBPs for each medium separately allows one,
using the VOTO (35), to obtain full fields of polarized
radiation in the transfer systems combined from media
represented by different optical and physical models
and (or) having different properties of the interface.

The basic mathematical models of VIF constructed
((13), (18), (20), (22), (24), (29), (31), (33)), IFT
(15), (26), and VOTO (35) allows one to develop new
algorithms for numerical simulations of the transfer of
polarized optical and millimeter-wave (in quasi-optical
approximation) radiation in two-media systems like
“atmosphere—ocean”, “atmosphere—hydrometeors”,
“atmosphere—vegetation”, and also to calculate the
radiation corrections in the methods of remote sensing,
vision theory, and theory of image transfer through
turbid polarizing media.
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