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An equation for the spectral line profile derived within the framework of the far-wing line shape
theory is used to retrieve a single set of parameters using the nonlinear least-square method. The
corresponding line shape describes experimental data pertaining to the pure CO; gas at different
temperatures in various spectral ranges. The HITRAN-86 database of spectral line characteristics serves a
source of initial spectroscopic information. The obtained sets of parameters referred to the quantum and
classical intermolecular interaction potentials describe experimental data on the spectral and temperature
dependence of the absorption coefficients in wings of the CO, 1.4, 2.7, 4.3, and 15-pm bands with the

experimental accuracy.

1. Theoretical approaches to description
of absorption in far wings

The shape of spectral line in its central part is
now studied rather thoroughly. At ordinary
temperatures and pressures, it is described by the
Lorentz profile:
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where S is the line strength; o is the line halfwidth; o is
the central frequency of the line, and © is the current
frequency. It is also known that the line shape in a
wing differs from the Lorentz one. In the near wing it
can exceed the Lorentz profile, passing on to the
exponential decrease in the far wing. In spite of much
attention paid by investigators to the problem of line
shape in the far wings, by now there is no some unified
idea concerning this problem in the literature and
different authors continue to use different theoretical
models.

A physical system to be considered in the problem
of light absorption is a macroscopic body of a matter
consisting of N molecules. It includes the molecule—
radiation and intermolecular interactions, so quantum
equations for it, although being rather simple in form,
cannot be solved directly. Traditionally, the following
simplifications are made. First of all, the active
molecule absorbing the radiation is distinguished from
other buffer molecules determining the statistical
situation, that is, the resulting correlation function of
the dipole moment ®(¢) includes the statistical part
and the part corresponding to interaction between two
molecules. One of the possible approaches is a
construction of model correlation functions (see, for
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example, Refs. 1 and 2). Within calculation of the
correlation function, there exist two theoretically
equivalent approaches to calculation of the absorption
coefficient — the use of kinetic equations for the
correlation function of the dipole moment and the
method of resolvent.3—5

The next natural simplification is a transition to
small or large frequency detunings. In the first case,
the assumption that the collision is instantaneous just
leads to the Lorentz (dispersion) line shape. For large
frequency detunings, certain assumptions on interaction
with buffer molecules are needed. In the statistical
approximation, the molecular environment is considered
as a source of stationary perturbation of energy levels
of the active (absorbing) molecule, while other
molecules are assumed fixed at some separation R from
the active one. In this case, the line shape equation at
asymptotic transition to large frequency shifts includes
an exponential factor

k(o) ~lo — oyl % )

characterizing the so-called statistical profile. The idea
of statistical description (quasistatic approximation)
within the resolvent method at classical coordinates of
nuclei was successfully used by Rosenkranz67 to
describe absorption in line wings as applied to the 8-
12-um  water vapor window. It received further
development in the papers by Ma and Tipping (see, for
example, Refs. 8, 9, and references therein). However,
the transition from the fully quantum problem to the
semiclassical version in the quasistatic approximation in
these papers is actually made through declaration of
intermolecular separation as a parameter in the
complete Hamiltonian, that is not satisfactory from the
viewpoint of consistent theoretical description.
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More rigorous version of transition to the
semiclassical description, when the motion of molecular
centers of gravity is considered classically, while the
binary problem remains quantum, is realized in the line
wing theory!0-13 using the method of semiclassical
representation!4 in the formalism of kinetic equations.
The Kkinetic equation was derived for the correlation
function of the dipole moment such that asymptotic
cases for the large and small frequency detunings were
separated in the equation itself.13:15 A single analytical
equation for the absorption line profile cannot be
obtained ab initio for all frequency detunings Ao.
Therefore, two asymptotic cases: line center (small Aw)
and line wing (large Aw) are considered separately.

In the theory of line wings, the general kinetic
equation is written for large Ao and the quantum
problem appearing in it for the interacting active and
buffer molecules is considered at classical motion of the
centers of gravity. The spectral absorption coefficient is
expressed through the Kkinetic equation solution
accurate to a factor as

k(0)=ReTr,MQ = Z M, ReQ,,y , (3)

nn'

where M is the dipole moment of the active (interacting
with the field) molecule; Tr, is the spur operation with
respect to intramolecular variables x; the matrix
elements (...),,» ={n|...|n") include eigenfunctions |n)

of the Hamiltonian H{(x) of the active molecule. The
kinetic equation for Q,,, in the asymptotic case of large
frequency detunings has the form

i(o — wnn') Opw + My pg) = (o — wnn) (Y Q)nn (4

with the superoperator Y describing the interaction of
the active molecule with the environment. In Eq. (4)

Oy = (W(D (1))/h W“) are eigenvalues of Hy;

(1) (n|p(1)|n> for the Gibbs density matrix p(1) of
the active molecule:

(1

My, p
ReQ,y = (0 =y, )Z (ReY,,,, gy — (3)
g,y O = Wy
0
ReY,, niny = Re J.dtei”’tx

Z ((no| S| nyo' p(z) (nyat! |57 noYg;  (6)

ih % = {Hy(x) + Hy(y) + Ulx, ye@)} S, (D)

Equation (7) is the temporal binary Schrédinger
equation for quantum states of the active and buffer
molecules (y are intramolecular degrees of freedom of
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the latter) at the classical motion of the centers of
gravity (r(¢) is the vector connecting the centers of
gravity); Hy(y) is the Hamiltonian of the buffer

molecule; p<2) is its Gibbs density matrix; S is the
evolution operator; ‘(x) are eigenfunctions of Ho;
U(x, y|r(¢)) is the Coulomb energy of intermolecular
interaction. Then the temporal binary problem (7) is
solved through eigenfunctions and eigenvalues of the
stationary problem, which includes time as a parameter

(Hy+ Hy+ U) %o () = Wy () %o (). (8)

The solution includes the energy difference
between the interacting molecules. When the solution
is substituted into the equation for the absorption
coefficient, the integral arises, which is estimated
asymptotically at large frequency detunings, giving the
3-function because of this difference:

t* t
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As a result, the classical problem should be
considered only in the vicinity of just this point. The
operation of statistical averaging gives an exponent
with the potential of the classical problem. The
calculation is exact until this point. Then the following
approximations are introduced.

In the vicinity of the point, where absorption
occurs, the actual trajectory is approximated by a
straight-line part

r(t) = r2 + 02|t —to)* . (10)

The quantum problem for W, is not solved, but

parameterized, and the constants C;

vitvie and a arise:
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The constant D denotes combinations of matrix
elements of the quantum problem of intermolecular
interactions:
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In Eq. (12) n — jv, j numbers energy levels, v is the
degeneration index; Q,, Q% are the Moller operators
connecting the initial and the final states in the process
of molecular interaction; V is the classical potential of
mV% mv'2

2 2
vy, V' are the initial velocity of the center of gravity

intermolecular  interaction; =V(rmin ),

and the velocity at the point ry;, — the point of
maximum approach of the molecules at the classical
trajectory; my and my are masses of the active and buffer
molecules.

Thus, the final equation for the absorption
coefficient includes the known physical parameters: the
quantum potential of intermolecular interaction, which
is approximated as ~ C,/R® at different parts of the
potential curve, and the so-called classical potential of
intermolecular interaction V(R), which follows from
the former through a certain averaging procedure.

2. Equation for line shape
in the far-wing theory

The absorption coefficient at frequency o
conditioned by the absorption in an individual jth line,
centered at o; with the separation between the
molecules corresponding to the C,/R% approximation
of the quantum potential of intermolecular interaction,
has the form

K (0) ~ SjGW(oa, o, T, P) =

) /kT

[
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where
C
= 7o Daj = Davjs (14)
o - o
;i V(LT)
kT
Fop=L j rdr , (15)

—

J numbers individual lines; S; is the line strength. The
equation for line shape calculation is a piecewise
continuous function according to the approximation of
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the quantum potential, every part of which corresponds
to a certain value of a:

k(w) =

KLor ((D)i Ao < A(’Omirﬂ

KLor (0), KiLor (0) > Kq, (o)

Ka, (0), Ko (0) < Kq, (0) AO pin1 < A® < A® pin 2
=1 K4 (0), K4 (0) > Kk, (0)

A® i o < A < A®

Ka2 ((l)), Ka1 (CO) < Ka2 ((l)) min 2 min 3

Ka, (0), Ka, (0) > Ka, (0) A® > A®

Kay (w), Kg, (0) < Kg, (o) min 3

(16)

The parameters of such a combined shape can be
determined from comparison of experimental and
calculated data. As a rule, certain terms of C,/R¢ are
associated with experimental data in certain frequency
intervals, so the corresponding parameters can be
found, in some cases, independently for different
spectral intervals. A typical profile of a spectral line
with allowance for its behavior in the line wing is
shown in Fig. 1.

n 1 n
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Fig. 1. Combined profile for the COy 4.3-um band at self-
broadening.

As can be seen, different parts of the wing alternate
each other as one of them begins to exceed another.

The classical potential of intermolecular interaction
V(R, T) depends on temperature, and calculations
usually deal with the Lennard—Jones potential. It
enters into the function F(R), which serves a factor in
the absorption coefficient and determines, to a large
degree, the spectral and temperature dependence of the
absorption coefficient.

The theory of line wings has been developed by us
and used for interpretation of spectral data on
absorption in line and band wings for more than 25
years. It should be emphasized that the line shape
parameters in the equation are connected only with the
intermolecular interaction potential and can be found
through minimization of the discrepancy between the
calculated and experimental values of the absorption
coefficient. Using this theory, we have interpreted the
experimental data (as they appeared) on wing absorption
by various gases in different spectral ranges and at
different temperatures. A particular attention was paid
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to CO, absorption, especially, in the 4.3-um band,
because the wing of this band is thoroughly studied
experimentally. Earlier the line shape (i.e., potential)
parameters were determined by manual fitting with
allowance for the limited number of lines in the band.
The current situation in the spectroscopy implies the
use of spectroscopic databases. Therefore, recently we
attempted to wuse the available absorption data to
determine by the least-square method a single set of
parameters describing the whole variety of experimental
data for a certain gas mixture in the absorption band
under consideration. The HITRAN database was used as a
source of initial information. 18

The absorption coefficient at frequency o
conditioned by absorption in all lines lying within
+ Aoy, from the center of each line can be written as

_ o—ho /kRT
K(0,T,P)= Y 2 (et ¥)
0 (-

x Si(T) Glo,0,,T,P). a7

- X
e*hw]' / kT)

Databases contain spectral line characteristics for a
certain temperature Ty. In the HITRAN database!8
To =296 K. Then the strength of the jth line at an
arbitrary temperature T is
()= 51 A=
Si(T)=5;(Ty) (1_M0j /FTo %

Q,(TH) Or(To)  (18)
Qz)(T) QR(T)

X exp {— CyE; (T(}_TT)}
0

where Q, and Qg are the vibrational and rotational
statistical sums, respectively; E; (cm™) is the energy of the
lower energy level in a transition; [S]=cm™!/(cm™2-mol);
Cy = he/k = 1.439 cm-deg. For COy Qp(T() /Qp(T) ~
~(Ty/T) and the absorption coefficient x (¢cm?2 - mol™1)
has the form

3 ® (1 _ e—hw /kT)
K(O)yT1P) = Zm— m S](To) X
TR (19)

_ ,(TO _T) Qv(TO) T_O .
xexp[ CyE; T }QU(T) (T)G(co,m],T,P).

At rather small o;, when the line central frequency
becomes comparable with the frequency detuning, the
line shape equation should include the term with the
sum frequency, that is,

G(o, 0;, T, P) = G (0, 0;, T, P) +

+e "M GX o, of, T, R). (20)

This should be taken into account, for example, for the
CO; 15-um band. Otherwise, it is assumed in Eq. (19)
that

G(o, 0, T, P) = G (0, oj, T, P).
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Below we present the CO, absorption coefficients
calculated in the case of self-broadening with the use of
Egs. (13)—(20) in minimization of parameters a, C,, and
D, for the 1.4, 2.7, 4.3, and 15-pm bands.

3. CO, absorption at self-broadening in
wings of the 4.3-um band at different
temperatures

The spectral interval in the wing of the COy 4.3-
um band plays a special role in studies of wings of the
molecular IR spectra. The exponential behavior of x(w)
in the far wing was found for the first time just in that
interval. The spectral behavior of x(w) and the
dependence of x(®) on the type of the buffer gas are
well studied, and the temperature dependence k(w, T)
is now a subject of investigations (see, for example,
Refs. 19-22). To be noted are also some of numerous
calculations of absorption in this spectral range.922 A
detailed review of experimental and theoretical papers
dealing with the COj 4.3-um band wing can be found
in Ref. 23.

The wing theory was first applied to the study of
absorption by water vapor in the region 8—12 pm and
by carbon dioxide in the 4.3-pm band wing in Ref. 10,
which, in essence, laid the groundwork for
understanding physics of the process under study and
did not lose its importance by now. Then, in some
papers (see Refs. 13, 16, 17, 23 and references therein),
the theory, terminology, and parameters were refined.
The important part in the development of the theory
play the concepts of the key role of the repulsive
branch of the quantum intermolecular interaction
potential in the absorption and the possibility of its
approximation by a set of terms with the inverse
dependence on the separation, as well as the idea on the
temperature dependence of the classical potential.
Earlier, the parameters were found by us by manual
fitting for the COy 4.3-um band in different spectral
intervals at different temperatures. Within the above
scheme, we always succeeded in fitting such shape
parameters that agreed with the experimental data
within the experimental uncertainty. However, it was
difficult to fit simultaneously the wing and
microwindow parameters at different temperatures. In
this paper, an attempt is made to use the available data
on absorption for to find, using the least square
method, a single set of parameters describing the whole
variety of available measurements for a certain gas
mixture.

To be noted first of all is the role of the function
F(R) in description of absorption in the wing of the
COy 4.3-um band. Figure 2 depicts the ratio of the
experimental coefficients for different mixtures?2:26 and
the ratios of the corresponding functions F(R). Their
qualitative similarity allows us to state that just these
functions reflect the most significant features inherent
in absorption for different gas mixtures. Also note that,
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besides the temperature dependence of the line strength,
the temperature dependence of the absorption coefficient
is mostly determined by the classical intermolecular
interaction potential V(R) taken in calculations in the
form of the Lennard—Jones potential entering into the
function F(R), whose parameters are just temperature-
dependent (Fig. 3).

15+ k(CO; = COy) /k(COy — x)

80

60

20 -7

x= Ar
1JC :‘NQ

1 n 1 n 1 n 1 n 1
2400 2410 2420 2430 2440
b

Fig. 2. Ratios of experimental CO, absorption coefficients in
the wing of the 4.3-um band for different buffer gases. Self-
broadening experimental data are borrowed from Ref. 26,
other data are taken from Refs. 22 and 26 (a); the ratios of
the function F in the wing of the COy 4.3-um band for
different buffer gases as estimated at @ = 10 (b).

o, cm!

Parameters of the quantum potential are
determined stage-by-stage. Description of the data in
the wing of the 2400-2500-cm~! band at the normal
temperature requires mostly the far-wing parameters
(a = 8 and 16) to be known, and just these parameters
are determined from minimization at some given Cs and
Ds, as well as € and o in the Lennard—Jones potential
taken from thermodynamic measurements. The next
stage is the determination of Cs and Ds from the

0O.B. Rodimova

absorption data in microwindows within the 2350-
2400-cm~! band at predetermined Cg, Dg, Cig, and
Dyg. The constants Aoy, and Aoy, are introduced to
avoid unnecessary comparisons, the constant Aoy
determines the transition from the Lorentz center to a
near wing and may depend on pressure. The absorption
data in the far wing at different temperatures serve for
determining the classical potential parameters ¢ and o,
which thus turn out to be temperature-dependent.

The first row of Table 1 gives the values of the
shape parameters for lines in the CO, 4.3-um band.
These parameters were obtained from manual fitting24
(see also Refs. 13 and 25) and then through the above
procedure using the nonlinear least-square method for
the bands considered.

2001 V. K

100 -

=100 [

_200 1 n 1 L |

I
w
=
>

F(R)

'S
(92}

R, A
b

Fig. 3. Classical intermolecular interaction potential taken for
CO; in the form of the Lennard—Jones potential,
4e/k =760 K, 6 =4.0 A (a); function F(R) determining the
line shape in a wing ().

Table 1. Parameters of quantum potential for different CO, bands

Band, pm C;s Ds | Cs ‘ Dg | Cig ‘ Dy ‘ Cyo | Dy
4.3 6.5 0.2 6.73  0.015 5.0601 0.0053 - -
4.3 6.5906 0.18468  6.722  0.011222  5.0368 0.005509  — -
1.4 - - 6.722  0.022 5.0369 0.005486 - -
2.7 - - 6.722  0.014 5.0369  0.009 4.88 0.005
15 6.5 0.0005 7.6 0.00000665 - - - -
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Fig. 4. Deviations of calculated absorption coefficients from experimental ones in the CO, 4.3-um band: in microwindows (to the
left) and in the wing (to the right); calculation by the least-square method (curves 7) and manual fitting (curves 2).
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Fig. 5. Deviations of calculated absorption coefficients from experimental ones in the wing of the COj; 4.3-um band at high
temperature; calculation by the least-square method (curves 7) and manual fitting (curves 2).
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Figure 4 shows the deviations of the calculated
absorption coefficients from experimental ones for
microwindows2?’ and the wing of the CO; 4.3-um
band26 at the normal and low temperatures. Figure 5
depicts the deviations of the calculated absorption
coefficients from experimental ones28:29 for the wing of
the COy 4.3-um band at a high temperature. The
quantum interaction potential, approximated as
AE, ~ Ao, = (C,/R)?, with the parameters used in
calculations is shown in Fig. 6.

2001\ Aw, K

a=16

150

100

a=>5

n 1 1L 1 n 1 n 1 1 1
3.5 4.0 4.5 5.0 5.5 R, A

Fig. 6. Quantum interaction potential approximated as

AE ~ Ao = (C/R)? in calculations.

On the scale of the figure, it almost coincides
with that obtained earlier by manual fitting. The
temperature behavior of the classical potential parameters
¢ and o is depicted in Fig. 7.

g, K
900 Q.,.‘
800
700
600
i
500 o

100 200 300 400 500 600 700 800 900 T, I
4.4 g A 2

4.21

o
I IR NN S I S E S RS | 1

100 200 300 400 500 600 700 800 900 T, K

Fig. 7. Parameters € and o of the classical intermolecular
interaction potential as functions of temperature: calculation
by the least-square method (curves 7) and manual fitting
(curves 2).
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The relatively smooth curves in the case of manual
fitting show spikes at some temperature values at
minimization by the nonlinear least-square method. This
is due to the fact that the surface of the sum of the
square errors in the coordinates of € and o, which is
minimized to determine the sought parameters, is
almost constant in a wide range of parameters (Fig. 8).

Fig. 8. Surface of the sum of square errors in coordinates of ¢
and o for T = 540 K.

In other words, we determine in fact only some
range of parameters, in which we can again choose a
smooth curve. In this case, for arbitrary temperatures
from the studied interval of their values, the
corresponding potential parameters can be selected, as
it was done for the temperature T =920 K (see
Ref. 30), when the corresponding experimental data2d
were still unknown.

4. CO4 absorption at self-broadening
in wings of the 1.4 and 2.7-um bands

The absorption coefficients in comparison with
experimental ones20 at the ordinary temperature are
shown in Figs. 9 and 10 for the wings of the CO, 1.4
and 2.7-um bands. The corresponding parameters of the
quantum potential are given in Table 1. Note that in
the case of the 2.7-um band we have to extend the
approximation of the potential to larger separations
(Cyp, Dyp). Tt can be seen that the parameters
corresponding to line wings (Cg, Cyg) are the same for
the 4.3, 2.7, and 1.4-um bands. These three bands have
the same initial state — the ground state (0, 00, 0) —
and different final states (Table 2).

The shape constant C, in the equation © ., =

= Cpnp/ 7 corresponds to the energy difference between

the interacting molecules [see Eq. (9), where the energy
of interaction of the active molecule in the state n; with

the buffer molecule in the state a is an] .
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Table 2. Characteristics of CO4 absorption bands

Spectral range, .
Band, pm em-t Transition
15 800 (1, 00, 0) —2 (0, 11, 0)
4.3 2400 (0, 00, 0) —25 (0, 0°, 1)
+y-
27 3800 (0, 00, 0) 35 (1, 00, 1)
3
14 7000 (0, 0°, 0) —25 (0, 0°, 3)
—1 ~1
r K, cmsrp - atm
o -
107 |
1076 F
6990 6995 7000 7005 o, cm™!
a
Keale/ Kexp O
0.051
0 00,
0.00 -, 0O, "o
o. . o
~0.05F ©
=0.10[
o)
015 6990 6995 7000 7005 o, cm!
b

Fig. 9. Absorption in the wing of the CO, 1.4-um band at
T =296 K: absorption  coefficient (a):  experimental
data?0 (circles), absorption coefficient calculated with the
shape for the 4.3-um band (dashed curve), calculation with
the shape for the 1.4-um band (solid line); deviations of the
calculated absorption coefficients from experimental ones (b).

The equality of constants C, for different bands means
that the corresponding energy differences are such that
a radiation quantum is absorbed at roughly the same
separation between the interacting molecules. The
constant D, is a complex combination of matrix
elements (12), which in the absence of interference can
be reduced to the following equation

2

D, x (32n2/a Wmimy (my +my) ' C3/a M)

D (M)

for a structureless buffer molecule. The relation between
matrix elements of the dipole moment just can result in
different D, constants. The behavior of D, from one band
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to another (see Table 1) has a tendency to growth as the
transition energy increases.

-1 -1
K, cmsTp - atm
1074 F

10—6 1 1 1 1 1
3780 3800 3820 3840 o, cm™!
_ -1 -1
1074 K, cmsTp - atm
107>

1076

1077

1078

1

3800 3900 4000 1

o, cm~

Fig. 10. Absorption in a wing of the CO; 2.7-um band at
T=296 K for different spectral intervals: experimental
data?0 (circles), absorption coefficient calculated with the
shape for the 4.3-um band (dashed curve), calculation with
the shape for the 2.7 um band (solid line).

5. CO, absorption at self-broadening
under different temperatures in wing of
the 15-um band

The calculated and experimental3! absorption

coefficients in the wing of the CO; 15-um band are
compared in Fig. 11.

-1 -2
Kk, mol - cm

o o
107241 °>(.\’
i o T =240 K

"~ No. T
\\ \g\

T =296 K

1072

1 1 1 1 1 1 n ]
780 800 820 840 860 880 ®, cm™!
Fig. 11. Absorption coefficient in the wing of the COy 15-um
band: calculation  (open  circles) and  experimental
data3! (closed circles).
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Parameters of the corresponding quantum
potential are given in Table 1. The 15-pum band
corresponds to the vibrational state different from those
considered above. Therefore, the constants D; are
expected to be small because of the low transition
energy, and this comes true in practice.

Conclusion

The available sets of parameters provide
description of experimental data on the absorption
coefficient in wings of the COy 1.4, 2.7, 4.3, and 15-
pm bands depending on the frequency, temperature,
and the type of the buffer gas accurate to the
experimental uncertainty with the use of the HITRAN
database.18

The Benedict profile! obtained from analysis of
experimental data on the absorption coefficient in the
4.3-um band is still often used in calculations of
radiation characteristics when studying absorption in
line wings. It should be emphasized here that the shape
of a spectral line changes significantly from one band to
another. As an example, Fig. 12 depicts the shapes of
lines belonging to the 4.3 and 15-um bands.
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Fig. 12. Comparison of line shapes for the CO, 4.3 and 15-pm
absorption bands and the empiric profile26 for the 4.3-um
band: profile calculated by the line wing theory for the 4.3
and 15-um bands (thick lines); empiric profile for the 4.3-um

band (thin line).

It should be also kept in mind that the use of
some other databank in place of HITRAN!8 can
somewhat change the potential parameters. However,
this change can hardly be significant, as can be judged
from Table 1 that presents the data on the change of
the parameters at transition from the use of 100 basic
lines of the 4.3 pm band to the use of the HITRAN
database. 18

The analytical equation for the line shape in the
asymptotic case of large frequency detunings is a little
bit more complicated than the Lorentz profile for small
frequency detunings. This allows it to be used in the
studies of radiation conditions on different planets. The

O.B. Rodimova

wing range of the 15-um band is very important for
conditions of the Earth’s and Mars’s atmospheres, and
the range of the 4.3-um band is of significance for
calculations of the Venus’s radiation conditions.
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