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Atmospheric inhomogeneities significantly affect optical waves and restrict the efficiency of
present-day optoelectronic systems. It is well-known that one of the most radical methods to
diminish this effect is application of adaptive systems. A key element in the optical scheme of an
adaptive system is a reference source. This paper concerns some aspects of application of laser
reference sources connected with the coherence of their radiation.

Atmospheric inhomogeneities significantly affect
optical waves and restrict the efficiency of modern
optoelectronic systems. It is well-known that one of
the most radical methods to diminish this effect is
application of adaptive systems. A reference source is
a principal element of the optical scheme of any
adaptive system.

We can find a mention on the reference source
already in the first papers by V.P. Linnik' and
J. Hardy.? Tt was assumed that some reference source
might be presented by a natural source or by a
specially made artificial source, as well as radiation
backscattered from an object, and, finally, radiation
backscattered (or re-emitted) Dby atmospheric
inhomogeneities.®> The most urgent task now is the
development of reference sources employing an
optical  signal  backscattered by  atmospheric
inhomogeneities. Astronomers figuratively call such
sources as laser guide stars (LGS),® although in the
Russian literature they were called laser beacons or
artificial reference source.®”

Specialists in laser sensing also deal with a
signal reflected from atmospheric inhomogeneities.”
Terms commonly used in laser sensing are “scattering
volume” and “scattering cross section.” It should be
noted that signals from LGS and signals of laser
sensing of atmospheric inhomogeneities have the
identical, in some sense, structure.®'" Thus, the
signal describing a jitter of a scattering volume image
at atmospheric sensing and the signal characterizing
the global wave front tilt when measuring the LGS
position actually have the same form.®'

As is known, there are monostatic® and bistatic
schemes in laser sensing, as well as monostatic and
bistatic schemes in formation of laser guide stars.®!*~!3
Bistatic schemes assume no correlation Dbetween
fluctuations of radiation propagated along forward
and backward paths. The vector describing the jitter
of the image of a scattering volume (or the vector of
LGS angular position) in the objective’s focal plane
has two noncorrelated components, namely,

¢bi = ¢1.b, + qﬁj (1)
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Here ¢}~ is the vector characterizing the angular
position of the image of a “secondary source” (laser
guide star) observed in the aperture of the receiving
objective, ¢,, is the vector characterizing the
angular position of the centroid of the laser beam
forming the guide star (or scattering volume).

Using the results of Refs. 14—16, we can write
the following equation for the variance in the angular
jitter of the centroid of the laser beam emitted
vertically upward from the ground:

1
< (¢|Ab‘)z >= 418y ‘[dzﬂ —E)z X
0

XIdKKBQ,,(K,xE)exp(—szzqz/2), 2)
0

where
g@® =[EQ2+U-&x /N2 Q=ka*/x, (3)

where a is the initial size of the Gaussian laser beam,
[ is the curvature radius of the Gaussian beam phase
front. Calculating by Eq. (2), we use the turbulence
spectrum of the following form?

®,(k, x&) = 0.033C2(x&)k 31~ exp[-k? /k2]}, (4)

accounting for the deviation from the Kolmogorov
spectrum in the region of large scales of
inhomogeneities of the atmospheric refractive index,
Ky! is the outer scale of turbulence.

Calculate the internal integral in Eq. (2) using
the spectrum (4) and obtain

ri1,/6)

< a3 x
2« /0

<(¢,)* >=41x0.033

1
XJ.dE“ _E)Z[q—1; _ (qz +%)—1()]cﬁ(xz) (5)
B a“Ky

For the collimated beam, that is, for [ = o, we
have

q(® = 1+ a2,
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if the beam is focused at a point, that is, x/f =1,
then

q(z) - [(1 _ E)Z + 229—2]1,,/2;

if the beam is rather wide, that is, Q = ka®>/x > 1,
then we have

q(® = = 9.

As a result, for the focused beam we have

/00

<(¢,,)* >=41Cx0.033

1
x J’dz(1 _E)Z{(1 _ E)—i/li E)Z 2 2] -1/ ()}C (YE)
0

(6)

If the outer scale of turbulence is thought to be large
enough, i.e., Ka1 >> g then

F(1/6) PRV

< (9,,)? >=418x0.033 Id§(1 —5)5 3C2(x).

)

However, for the collimated beam under the
same conditions we have

r(1/6) a3

< (¢, )? >=478x0.033 jdz(1—a)zc,%(xz).

(8)

The next step is the calculation of the variance
in the jitter of a secondary source image, i.e., the
scattering volume illuminated from the ground (or
LGS) in the focal plane of the objective. Since light
scattering by atmospheric inhomogeneities (molecular
scattering, aerosol scattering, and stimulated emission
at free atoms) is the process of scatter by
independent scatterers, the resulting scattered wave
field is fully incoherent.

The illuminated zone size within the scattering
layer is calculated based on conclusions of the theory
of light propagation in a turbulent medium. The
distribution of the mean intensity of the Gaussian
beam having passed through the layer of a turbulent
medium was calculated in Refs. 14—16:

<IR, &) >= m(z)exp(—R /akp),

where
ak(®) = a{(1-&/)? + Q7 + Q12D )

is the effective size of the beam in the scattering
medium, Dg(2a) is the structural function for a
spherical wave phase.

Then let us use the conclusions of the theory of
coherence.”™ The van Cittert—Zernike theorem
deals with propagation of the mutual coherence
function of a field

V(X'n r2) = < [J*(phx)U(pz,x) >

VI(py, ) I(py, )
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and quantitatively expresses the effect of incoherent
radiation diffraction at light propagation from a LGS
to the ground. The modulus of the complex degree of
the coherence for some initially incoherent source
after the light passage through a homogeneous layer
is described by the following equation:

H d?s I(s)exp[-iks(r;, - 1y)/ r]
[d*s 1¢s)

v, 1, 15) ()

In other words, the van Cittert—Zernike
theorem states that modulus of the complex degree of
spatial coherence of the fully incoherent source with
small angular size is equal to modulus of the
normalized Fourier transform I(s) of the field
intensity distribution on the source. Thus, for a
circular incoherent homogeneously illuminated source
of the size d in the initial plane, the modulus of the
complex degree of coherence at the distance x is

| Ve, 1) | =27 (kar /2) [(kar / 2), (10)

where a = d/x is the angular size of the source as
seen from the distance x; » =|r; — ry|. As a result,
the spatial coherence radius of the radiation for this
case is p. = 1.22Ax/d. Naturally, these estimates are
obtained for the case of radiation propagation in a
homogeneous medium.

Consider the jitter of the secondary source
image, i.e., a laser guide star or a scattering volume.
The image position in the objective’s focal plane is
characterized by the vector of its centroid position':

pr = de%plp(p) / Hszplp(p)}, (11)

—00 —00 —00 —00

where Ip(p) is the intensity distribution in the
objective’s focal plane (x = F). Find this distribution
in the case that a wave with the amplitude
U(p) = Uyexp(x +iS) after passage through the
turbulent layer is incident on the objective; here X
are fluctuations of the log amplitude, S are
fluctuations of the optical wave phase. If the medium
behind the objective is thought homogeneous, then
the field here can Dbe determined from the
homogeneous wave equation

Ap + k26 =0, (12)
supplemented with the boundary condition at x = 0
0o(p) = Uy exp{x(p) + iS(p) - ikp* /2F}, (13)

that accounts for the phase shift introduced by the
objective (in the approximation of a thin lens) and
the condition of emission at infinity. As it is known,
problem (12) has the following solution'®:

o(x,p) = _U‘bo(Po)Go(xv P- po)dzp(), (14)
T
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where
1 0 |explikyx? +(p-py?]
G()(X,p - p()) = _211&\({ m , (15)

and integration in an infinite domain in Eq. (14) is
replaced by integration over the objective surface Z,
where the field is nonzero. In the approximation of
Fresnel diffraction for ¢(x, p) at the point (F, p) we
obtain the equation

kexp(ikF)

o(F,p) = uF gq)o(Po)eXP{ik(P - )’/ 2F)d%p,.

(16)
Hence, for I(..) = ¢ ¢~ we have

1) = e [] [0
DI

xexp{ik(p — pop)* / 2F —ik(p - py»)? / 2F)d*pyd*pgo,

where ¢(p,) is the field of the wave incident on the
objective. Substitute the boundary condition (13)
into Eq. (17):

k2

10 = g™

x _“‘dzpm ”dzpozUo(Pm)U(j(poz)exl){‘ikp([)m -Ppo2)/ F}.
T T

(18)

Now determine a random position of the intensity
distribution  centroid in the focal plane Dby
substituting Eq. (18) into Eq. (11). The integral in
the denominator can be easily calculated using a
well-known relationship of the theory of generalized
functions

+00 +00

[ [expt-ikp(poi=pi)/ F)d’p =

—00 —00

, 9 12
= 4“2{2(001 ‘Poz)] =4T[2TZF &por P, (19)

which gives the total light flux through the objective

T eore® = [[ao1:0) =03 [[apenpizxon
! )

(20)

Quite similarly, but using the derivative of the &
function, we can calculate the integral in the
numerator (11). As a result, for the random shift of
the centroid position pr we obtain'®!?

. j jdszT(p)D U
p

TR [ FONTPS

>

1)
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The shift pr is a real parameter, therefore,
calculating the half-sum of Eq. (21) and the complex
conjugate, we can write pr in the more convenient
form

[[a2pmU@0U @1
F >

pr = 4
"k .Udzpl P
Y
Having substituted U(p) = U, exp[x(p) + iS(p)],
we have
”dZDGXP[ZX(D)]DS(p)
o = L2 (22)

k ”dzpexp[ZX(p)]
b3

It is clearly seen from the last equation that phase
fluctuations play the main role in the phenomenon of
image jitter in the focal plane; if S = 0, then pr =0,
while amplitude fluctuations play the role of a
second-order addition. Therefore, in the first
approximation they can be neglected, if we take
X = 0. Then

-1
o= i [d*prs(e) . (23)
The mean square of the linear centroid shift is
2

xﬁdzm HszproD o Bs@a1 Po2)s (24)
SIS

Bs(poi = po2) =< S(po)S(pyy) > is  the

correlation function of phase fluctuations, which is
related to the phase structure function as

Ds(po1 = po2) =2[1 = Bs(poi —po2)];
Bg(pyr = py2) =[1 =1/2Ds(pos —pp)].  (25)

where

The problem of coherence disturbance turns out
to be closely related to phase fluctuations. For the
complex degree of coherence

r,(R,p)

—, (26
[rz(R + p/z’O)FZ(R _ p/z’o)rz ( )

V(R,p) =

where
r(R,p) =<UR,pUR,p) > R=( +p)/2
p=(pi —p2),
the following equation was derived'

2lk GFZ(R, p) lT[k;
ox

+ 20, »(R,@ TH(,«c,ls) R, 0
27)

with the boundary conditions for the deterministic
initial field
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(R, p) = UyR +p/2UR -p/2).
The function H(x, p) in Eq. (27) characterizes
statistical properties of permittivity fluctuations

+00 400

H(x,p) =8 j j @, (x, K[l —coskpld’k  (28)

—00 —00

If the initial field U, fluctuates, then we should
substitute the function

r(R,p) =<< Uy(R +p/2Uy(R -p/2) >>.

as a boundary condition. Double angle brackets here
denote averaging over the ensemble of source
realizations. As an example, we present here a
boundary condition in the case of a partly coherent
light beam, whose field has the form

To(p) = A(p)exp[ld)(p)]y

where ¢(p) is a random phase with zero mean that is

distributed, for instance, by the Gauss law.
Let the initial beam be Gaussian

A(p) = Uyexp{-p* / 2a* —ikp* / 2f} .
In this case
(R, p) = |Uy|*x
xexp{-R*/a* - o* / 4a* —ikpR /[ -E(p)/2}, (29)
where
E(pi-po) =<<[0(p) — ¢(p) T’ >>.

To facilitate the calculations, denote E(p)=
= p®/2ai. Then

r3(R,p) = Uo| *x
xexp{-R?/a* - ¢* /4a® —ikpR/f - @ /2a}}. (30)

Here a, is the initial spatial coherence radius of the
radiation source.
In a random medium
kz 2 1 290 r
e ”dR”d OrR-R,p-p)x

14—16

rz(xy R, p) =

|
xexp(ikR'p/ x = = fH[,«a, p-pU -2 /0)dt}). (31)
0

Consider the limiting case in Eq. (30), namely,
the transition to a fully incoherent initial (thermal)
source. At a; — 0, we obtain

(R, p) = 41(Uq| *aj exp{-R* / a*}&p) .

Note that this equation is a particular case of the
general equation for the coherence function of a
thermal source. In the general case, if @, - 0, then

r9(R,p) can be approximated by the following
expression:
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MR, p) = b’ I(R)&(p). (32)

In this case, it turns out thatd = A/2m, i.e., the
coherence radius of a thermal source is comparable
with the wavelength. Therefore, for a fully coherent
source

2
MR, p) = X I(R)5(p).
21

At the distance x in the turbulent medium

21,2 2 2
rz(% R, p) = L?dkx
2 22 2
xexp{ikRp,/ x - k4“f —"kT [re, o/ xide). 33)
x 0

For modulus of the complex degree of coherence

222 2%
K “Yp -T*T jH[x’, pr' / x]d'}. (34)
]

‘y(xr R, p)‘ = eXp{ 4 2

It is seen herefrom that there are two opposite
tendencies in variation of the spatial coherence radius
of the initially incoherent radiation. On the one

hand, it increases proportionally to d, = 2x/ka (due
to the decrease of the visible angular size y, =a/x

of the source) and, on the other hand, decreases due
to the loss of coherence in the turbulent medium.

We can estimate the modulus of the complex
degree of coherence through the phase structure
function as

‘y(x, R, p)‘ :exp{—%DS(x, p)}. (35)
Comparison of Eqs. (34) and (35) shows that

Ka’p®
2x?

2 X
Dy(x, p) = +””<7 [rr,pe/0de. G6)
0

As a result of transformations in Eq. (36) with
the spectrum (4), it follows that under the condition

—1
Ko >> P,

2 2.2 o .
Dg(x, p) = k;f +2.91k%p> 3 J.dﬂC'C;ZL(ﬂC')(ﬂC’ /2y 3,
¥ 0

(37)

Now let us return to the equation for the
variance in the jitter of the secondary source image —
LGS"™ 2! or scattering volume — based on Eqs. (24)
and (25)

<(0p) >=0p/F* =<(pz)* >/F* =
1

- _W Ifdzg deszDpop pozDS(pOT P02)~ (38)
z b3

After substitution of the equation for the structure
function in the form (37) into Eq. (38), we have two
terms. The first term in the integrand in Eq. (38) is
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: 0 0 0 0 |
0,00 2 (29 9 952 4
wh & (aym Yy 02y a2’02)

while the second one is

DPOD P02 p5/3 = [

Jd 0 d 6]
+ X

0Yo1 OYor 02y 0z
5 /6 25 4/
S ‘yoz)z +(2y4 ‘202)2]“ 6 = ‘3 p1’ %,

As a result, in the case that the size of the secondary
source is equal to @, we obtain the following
equation for the variance of its image jitter:

2 & " ‘ 2
<(p)? >/ F? =25 +485D™ 7 [de' CRa ) /) P,
X 0

(39)

For a wide (Q = ka®?/x >>1) collimated beam,
the variance of the centroid jitter can be written as

<(¢I,b)2 >=<(p|b)z >/ﬂC2 =

= 4120, 033r;1/6) -1/ 3_[dr(1 — /CA),  (40)
4120.033 m/,G) = 4.04.

Sum up the calculated results and obtain that for
the wide beam the variance of the image angular
jitter (1) is

2 , v -
<O >=5 485D fdr G /P ¢
X

+4.04a" 3 Javczaoa -2 /02 (41)
]

In this case the secondary source size is equal to a,
and for the focused beam the secondary source size is

a/Q, as a result, '#2!

2 /e ¥ - = /e
<9’ >= 55 +485D7 P fdvCH /Y +
Qx ;

40407 Javczera-x /oo (42)
0

Here D is the diameter of the receiving objective, a
is the size of the Gaussian laser beam forming the
scattering volume (LGS). Naturally, for a wide beam
the first term in Eq. (41) can be neglected. Besides,
it should be noted that the first terms in Eqs. (41)
and (42) should be small enough by definition.

We return once more to Eq. (36) for the phase
structural function

kap

Ds(x,R,p) = +2.91R%p> 3 _[dr’Cf(x’)(q’/rY 3

If we take here the square approximation in the
second term, then for the coherence radius of the
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initial incoherent source in the turbulent medium we
obtain'® the following equation:

dy(x)
(1 + do(T)/pl)

where dy(x) = 2x/(ka); p, is the coherence radius for
the spherical wave in the turbulent medium.' ¢

The use of laser guide stars for correction of
images of extraterrestrial objects faces®> 5!%~13 some
principal problems. Thus, when applying laser guide
stars, it is impossible to provide for efficient
correction for the total wave front tilt (TWFT).
Correction of TWFT fluctuations for a natural star
(NS) using only the LGS signal is known®®!1"= to
be inefficient. The traditional monostatic scheme
using only the aperture of the very telescope (main)
remains inefficient even with the use of the procedure
of LGS signal optimization.!!

In this connection, some papers declare the need
of the simultaneous use of both LGS and natural
stars for correction of the total wave front tilt. And
since the angle of spatial correlation for TWFT
fluctuations far exceeds the isoplanatism angle for
higher aberrations of phase fluctuations of the optical
wave having passed through the turbulent
atmospheric layer, a sufficiently remote star can be
used for TWFT correction. Another disadvantage of
the LGS application to image correction in the
ground-based telescopes is the cone effect or focal
nonisoplanatism. Some authors propose to apply more
than one guide stars to overcome this difficulty.*

It is shown in this paper that high coherence of
laser radiation in the guide star could be achieved
only if the visible star image is small enough.
Therefore, almost all laser guide stars were formed
using focused laser beams.

Recently, the use of wide collimated beams for
formation of laser guide stars was reported.”® It was
assumed that the resulting guide star has a plane
wave front, thus providing for elimination of the
focal nonisoplanatism. However, it was ignored that
the secondary source — guide star — has a
significantly low spatial coherence (43) because of
the lack of coherence in the process of light
scattering at atmospheric inhomogeneities (molecular
scattering, aerosol scattering, and re-emission of
radiation at free atoms in the upper atmosphere), and
the coherence radius of the scattered radiation pc
turns out to satisfy the following relationship:

ka1
ptz‘oh 4962 pl2
Therefore, the coherence of the received
radiation is always determined by two factors — the
size of the “visible” domain of LGS from the
measured telescope focus and the spherical wave
coherence, because of the practically incoherent
initial emission from LGS.
The coherence of the secondary radiation is

always lower in a wide collimated beam than in a
focused beam. For example, for a telescope with the

Peon (43)
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8-m aperture, if the star is formed by the collimated
beam at the altitude of 20 km, the coherence radius
of radiation from this star is about some fractions of
millimeter (for the wavelength of 0.5 pm). It is clear
that phase measuring at the aperture of several
meters with such a small coherence radius is rather
difficult.

However, if we take into account that the
angular resolution of the atmosphere—telescope
system (without adaptive correction) is expressed
through the ratio A/7y, where 7, is the coherence
radius of radiation for the plane wave having passed
through the entire atmosphere, within the telescope
field of view it is possible to separately observe parts
with the angular size equal to A/7y of the laser-
illuminated surface of the incoherently luminous
LGS. As a result, the first term characterizing the
LGS radiation coherence (calculated for vacuum)
turns out to be equal to

Peoh = )\/T[ev (44)

where 6 is the angular resolution of the telescope in
the atmosphere, that is, 8 = A/7,. So, we have

Peoh = T()/T[.

In the case of a wide focused beam (when the
LGS spot cannot be “resolved” by the telescope) we
can obtain the radiation from the secondary source
with the coherence radius of about the size of the
aperture focusing the laser radiation (naturally, this
estimate is for a homogeneous medium). Under
conditions of the turbulent atmosphere, the coherence
radius of the secondary source can be calculated by
Eq. (43). Nonetheless, in some cases, it should be
believed that we deal with incoherent guide stars.
Incoherent L.GS can also be used efficiently, for
example, for real-time measurements of the
atmospheric optical transfer function on the path
from the objective to the scattering volume (or
LGS). This function, in its turn, can be used in the
inverse convolution algorithm for post-detector image
correction.

Certainly, this approach allows us to obtain
more efficient correction as compared to “blind”
inverse convolution, which assumes calculation of the
atmospheric  transfer function based on some
atmospheric model. Besides, the guide star can be
formed in almost any needed direction, for example,
when forming the image of an extraterrestrial object
in the telescope. One of restrictions on efficient
application of such a star is the problem of focal
nonisoplanatism connected with the fact that the
LGS is always located at some finite distance in the
atmosphere, while the object is always far beyond the
atmosphere. Therefore, the object and the LGS are
always seen in different planes, because they have
wave fronts with different curvature. This, in its
turn, causes different fluctuations for the waves
coming to the objective from the object and from the
reference source.

As is known, any adaptive system has a finite
frequency band, which causes a lag between received
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and control signals. Therefore, there exist some
limitations on the quality of correction of a moving
object due to the time lag. At the same time, forming
the LGS in a given direction partly compensates for
the lag arising in any adaptive system and connected
both with the evolution of random inhomogeneities
in the channel and the fact that the object under
study rapidly changes its position. Then the LGS will
be formed in the position “predicting” the future
position of the object.
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