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Formation of interference patterns in diffusely scattered fields
by use of spatial filtering of the diffraction field of double-
exposure quasi-Fourier and Fourier holograms. Part II
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In this paper I analyze the sensitivity of an interferometer based on the double-exposure
recording by means of a positive lens of the quasi-Fourier and Fourier holograms, to the cross
or longitudinal motions of a flat diffuse surface. It is shown that interference patterns are localized
in the hologram plane and in the Fourier-transform plane. For their recording, a spatial filtering
of the diffraction field is necessary. The experimental results agree with the theoretical preconditions.

As shown in Ref. 1 the double-exposure recording
of the quasi-Fourier hologram by means of a negative
lens aimed at monitoring of the cross and longitudinal
motions of a flat light diffuse surface is accompanied
by the formation of interference patterns, localized
in the hologram plane and in the Fourier plane at
the stage of the record reconstruction. Spatial
filtering of the diffraction field in the corresponding
planes provides an opportunity for determining the
interferometer sensitivity. Thus, it depends on both
sign and magnitude of the radius of curvature of a
spherical wave front of a coherent radiation used for
illumination of the diffuser and for the interference
pattern localized in the Fourier plane when the cross
motion monitoring of the diffuser is carried out. In its
turn, in the case of the longitudinal motion monitoring
of the diffuser, the interferometer sensitivity does not
depend on sign of the radius of curvature. Besides,
the dynamics of interference patterns behavior during
spatial filtering of the diffraction field off the optical
axis is as follows: a shift of the interference patterns
takes place due to the uniform or non-uniform
displacement of the subjective speckles corresponding
to the second exposure in the plane of the quasi-
Fourier hologram.

For the double-exposure Fourier hologram, when
diffuse surface is moved across the optical axis before
the photographic plate re-exposure, the absence of
the wuniform displacement of subjective speckles
corresponding to the second exposure in the hologram
plane is typical as well as the localization of the
interference pattern in it. In its turn, in the case of
monitoring the longitudinal motion of the diffuser, a
spatial filtering of the diffraction field is necessary
for recording the interference pattern localized in the
hologram plane owing to the non-uniform displacement
of subjective speckles corresponding to the second
exposure.

In the present paper, I analyze conditions and
features of the interference patterns formation at the
double-exposure recording by means of a positive lens
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of the quasi-Fourier and Fourier holograms in order
to determine the interferometer sensitivity to the
cross and longitudinal motions of a flat diffuse
surface.

According to Fig. 1, a matte screen 7/ in the
plane (x4, yy), is illuminated by a coherent radiation
of a diverging spherical wave with the radius of
curvature R. Diffusely scattered radiation after the
passage of a thin positive lens L with a focal length
[ is recorded with an off-axis reference wave on a
photographic plate 2. This photographic plate is
placed in the plane (x3, y3) during the first exposure.
The axis of an angular narrow beam makes an angle 0
with the normal to a plane of the photographic plate.
Both the radius of curvature, », and sign of the
spherical reference wave will be set below by the
parameters f, [y, I, where [; is the distance between
the matte screen and the principal plane (x,,y,) of
the lens L; [, is the distance between the planes
(29, y2), (&3, y3). Before the re-exposure, in case of the
longitudinal displacement monitoring, the matte screen
is moved by the distance a in the plane of its location,
for example, along the direction of the x-axis.
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Fig. 1. Diagram of the double-exposure recording of the quasi-
Fourier hologram: 7 is the matte screen; 2 is the photographic
plate; L is the positive lens; p is the aperture diaphragm.
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Let us use the Fresnel approximation omitting
the constant factors in determining the distribution
function of the complex field amplitude wu(xs, y3),
in the subjective channel, over the plane of the
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photographic plate corresponding to the first exposure.
Then, with regard for the angular limitedness of the
diffraction field we have

w (x5, y3) ~ J-JAJA]-t(xb%)exp[ziZ(xf + yf)} x
><exp{211 I:(Jq — ) +(y — y2)2:|} x
Xp(nyyz)eXP{—Zi(x% + y%)} x

xexp{ [("2 - x%) + (%2~ y3) }}dﬁd%dﬂ‘zd%y (D

where k is the wave number; t(x{, y1) is the complex
amplitude of the matte screen transmission, being a
random function of coordinates; p(xs, y,) is the
pupil’s function? of a positive lens L.

Expression (1) due to the Fourier transform takes
the following form:

w(x3,y3) ~ expBZ(x% + y‘%)]{exp{ kL, (x5 + yg)}

2

x{F(xS,yg) ® exp{— lkllf (m + yj)]} ® P(xS,yS)}, 2)
2

where ® is the symbol of convolution operator; L, is
the geometrical parameter of an optical system in the
subjective channel satisfying the condition 1/L,=
=1/L—1/f+1/1,>0, that is [> L,/ + [)).
Thus, L, < », as the condition L, = » corresponds to
the real image formation of the diffuser in a plane of
the photographic plate.® Also 1/I=1/R+ 1/l —
- L,/ I7 is the symbol introduced for the sake of
abbreviating the notation; F(xs, y3) is the Fourier-
image of the function #(x{,y;) with the spatial
frequencies Lyxs/Mlily, Lyys/Mils, L is the wavelength
of a coherent radiation used for the hologram recording
and reconstruction; P(x3, y3) is the Fourier mage of
the function p(xy, y») with the spatial frequencies
3(73/)\,12, yj/klz

If in the limits of the domain of the function
P(x3,y3) existence, Ref. 4, the phase change of the
dlvergmg spherical wave with the radius of curvature
15/ L, does not exceed =, this condition will hold for
the photographic plate area with the diameter’

D< d]lj = d(l + li - lzj, where d is the diameter
P

hor
of a positive lens L (see Fig.1). Therefore, the
distribution of the complex field amplitude in the
above-stated plane (x3, y3) is determined by the
expression

w (x5, 93) ~ exp[%(x% + yﬁ)] x
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ikIL
{F(xg,yq) ® exp| - 0B ( a3+ y%)

® P(Xg,]/g)}y 3)

where r = [, + fl;/(f — I} is the radius of curvature
of the phase distribution of a spherical wave. Thus,
7’>0 if l2>fl/(l1—f); T<0, if 12>fl1/(f—l1)
If [y = f, then r = .°

As follows from Eq. (3)

ikIL

where 8(x3, y3) is the Dirac delta function. The quasi-
Fourier image of the function #(xy, y;) is formed in
the plane (x3,y3), within the area of diameter D;
every point is widened to the size of a subjective
speckle, determined by the width of the function
P(x3,y3), if the diameter Dy of the illuminated area
of the matte screen 7/ (see Fig. 1) satisfies the

condition® D, > d [1 + 11—1 - ?] . It is necessary for the
2

angular limitedness of the diffuse field confined
within the pupil of the positive lens L. Besides, the
phase distribution of a spherical wave with the radius
of curvature r and r= o at [; =f is superposed
on the subjective speckle-field.

Since the general expression (3) includes a
particular case (I, = f), which bears specific features in
the formation of the interference patterns, characterizing
the cross or longitudinal motions of a flat diffuse
surface, then below in parallel with the general case,
I shall carry out analysis of the formation of the
interference patterns corresponding to this particular
case. For this case, distribution of the complex field
amplitude, corresponding to the first exposure in the
plane of the photographic plate within the diameter

D<df/l, at D, >d, takesthe following form

i (xs,y3) ~ exp[zlk(rg + yg)]

{meo ® eXP{ R+ %)i| ® f’(x.a,yg)}, @

fz

is the radius of curvature of

where 7= f2/(f -1)
the phase distribution of a spherical wave; F(x3,75),

P(x3,y3) are the Fourier images of the functions

t(xy,y1) and p(xsy, yy) with the spatial frequencies
Xg/)hlg, y'g/XIQ

According to the expression (4), at R # o, the
quasi-Fourier image of the function t(xy, ) is formed
in the plane of the photographic plate, within the
area of diameter D . Thus, the phase distribution of
the diverging spherical wave is superposed on the
subjective  speckle-field, if [f>1[;, or of the
converging spherical wave, if f</l;, and 7=

(= f)~7
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The distribution of the complex field amplitude,
corresponding to the second exposure in the subjective
channel, in a plane of the photographic plate, is
written as follows

1y (X5, 75) ~ ﬂj It(aq +dj1)eXp|: R(aq + )}
xexp{ik[(m -0+ (y - yz)Z]} x
21
o] -]

xexp{ |:(‘”2 - x3) + (Yo - %) ]}dx1dy1dx2dy2, )

which takes the following form:

ik ikL,axs
1y (23, )~exp[ x5+ ]exp[ P ]x
23, Y3 o ( 3 Ja) I
x{F(xS,yS)(@exp[—lkL}ﬂstx
Ll

iRL
x{exp|— 2L (rS +y3) ® P(x3,y3) ¢t (6)

Since
ikIL ikl
exp{—zlfz;’(x‘% + y%)] ® exp{zlfz}’(x% + y%)] = 33,43,

due to the integral representation of the convolution
operation, one obtains the proof of the following
identity, as in Ref. 1:

. ikl (r . )  ox ~ikL,ax; .
PR BT P,
ile2
X4 €eXp 211212 (Yg +J3) ®P(.7C'3,y'3)

—ika? —ikL,ax: Ll
ool o el )

Therefore, taking into account this condition, the
distribution of the complex field amplitude,
corresponding to the second exposure, in the subjective
channel in the plane of the photographic plate is
determined by the expression

. . 2 -k
1wy (x3,y3) ~ exp[%(x% + y%)]exp(_l};[l Jexp(l ll,PlaYsj y
i

2

RIL . ;
x{F(xS,yS) ® exp{— Z2l2l2p (rﬁ + yﬁ)] ®
il

®exp(— ikl?axSJP(rj + —a jjJ} (7

I, L,
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As follows from Eq.(7), in contrast to the
distribution of the complex field amplitude that
corresponds to the first exposure, here the subjective
speckles are displaced by alil,/(IL,), and tilted by
the angle aL,/(L;1,).

If [, = [, then

lkﬂ]@gj y

ity (X3, y5) ~ exp[;’(rg + yg)}exp( 7

xexp[—iZkRJ{F(xg,yg) ® exp{ ZI;R (xq + 3 J?)} ®

®exp(—im;x3Jf’[x3 + ;a,ygj} (8)

and for the subjective speckles, corresponding to the
second exposure, the displacement by af/R and tilt
by the angle a/f occurs.

Under conditions of double-exposure recording
of the quasi-Fourier hologram, within the linear
section of the photographic material blackening
curve, using a spherical reference wave with the
radius of curvature 7, the distribution of the complex
amplitude of its transmission, corresponding to the
(—1)st diffraction order, takes the form

t(x3,y3) ~ exp(—ikxssin 6){F (x3,y3) ®

2

iRIL;
®exp{ 11212 (

. 172
Xexp(lkllzpdan{F(xS,ys) ® exp{—lzkléfzp(x% + y§)} ®
l

ika®
X3 +J‘3) ®P(1’3,yq)+exp 5l X

1l2 2

®exp(—lkLpax3]P[x3 + b a, ySJ}}, 9
P

L, 1L

and when [, =f and the radius of curvature of a
spherical reference wave equals 7, one obtains

x3,y3) ~ exp(—ikxs sine){ﬁ (x3,43) ®

®exp| - (r3 +jj) ® P(xs,15) + exp —M X
f2 2R

xexp(ikf ]{F(’Q,ﬁ)@exp{ f2 (?(3 + Jg)} ®

®exp[—“€a]f3]f’[x3 + ;d%j}} (10)

As in Ref. 1, assume that at the stage of the
hologram reconstruction in its plane on the optical
axis, there is applied a spatial filtering of the
diffraction field by means of a round aperture in an
opaque screen py (Ref. 1, Fig. 2). Thus, within the
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limits of the filtering aperture diameter, the phase
change RL,axs/lil, does not exceed m. Therefore,
distribution of illumination over the focal plane
(x4, y4) (Ref. 1, Fig. 2) is described by the expression

2
I(xs,y,) ~ {1 + cos{ kil ax; + ka H x

IL 2

P

l l
X P(xm%)t[—ipxm—ipmj X

2

iRlE 5,
Xexp (x4 +y4) ®P0(ﬁ\’,‘4,y4) , (11)

211

where Py(x4,y4) is the Fourier image of the
transmission function py(xs, y3) of a spatial filter®
with the spatial frequencies x4/Aly, y4/\ly. Moreover,
here and further when deriving the expressions, for the
sake of brevity notation, I shall use the assumptions,
formulated in Ref. 1.

It follows from expression (11) that in the plane
of the diffuser image formation, limited by size of the
positive lens L pupil (see Fig. 1), the subjective
speckle-structure with the size of speckle, determined
by the function width Py(x4, y4), is modulated by the
interference fringes that periodically change along the
x-axis. Measurement of the period of the interference
fringes at known values of %, /4, [, and L, provides a
possibility of determining the transverse motion of a
flat diffuse surface.

If [, = f, in carrying out a spatial filtering of the
diffraction field on the optical axis in the hologram
plane within the limits of the filtering aperture
diameter, the phase change kax;/f does not exceed «,
the distribution of illumination over the focal plane
(x4, y0) (Ref. 1, Fig. 2) takes the following form

- kax, ka*
I(xy, ~ 1 —_—
(x4,44) { +cos( R + 2R]:|X

ik
2R

2
(i +y§)]® B, up) ,(12)

x| (g, Ys )t(—m,—%)exp[

where  Py(x4,y,) is the Fourier image of the

transmission function po(xs, y3) of a spatial filter
with the spatial frequencies x5/Af and y4/Af.
According to Eq. (12), in the considered particular
case, a period of the interference fringes modulating
the subjective speckle-structure with the size of speckle

determined by the function width By (xy,,), depends

only on the values of %, a, and R.

Let, as in Ref. 1, at the stage of the double-
exposure quasi-Fourier hologram reconstruction,
spatial filtering of the diffraction field is being carried
out on the optical axis in the frequency plane (xy, y4)
of the optical system such as the Kepler telescope
(Ref. 1, Fig.3), by means of which the hologram
image is formed. Thus, assume that in the limits of
the filtering aperture diameter, the phase change
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kliax,/IL, does not exceed n. Hence, distribution of
illumination over the plane (xs,ys) of the hologram
image formation is determined by the expression

_ i 2
ICxs,y5) ~ {1 + cos[lej:% + k;l]] x

ikIL? ’

®P Y5
T 2 (x5, 5)

, (13)

X

F(-x5,—y5) ® exp [— (XE + 1 )

where Py(xs,y5) is the Fourier image of the
transmission function po(xy4, y4) of a spatial filter with
the spatial frequencies x5/l and ys/A\l>.

As follows from Eq. (13), in the plane (x3,ys),
the interference pattern is formed as the periodically
alternating interference fringes along the x-axis,
modulating the subjective speckle-structure with the
size of speckle determined by the function width
Py(xs,y5). Thus, as in Ref. 1, the frequency of
interference fringes in the limits of the quasi-Fourier
image does not depend on the radius of curvature of
a spherical wave of a coherent radiation used for
illumination of the diffuser at the stage of the
hologram recording. Besides, unlike Ref. 1, at [; = [,
when Dy >df/l,, D < d, the period of the interference
fringes equidistantly located in the plane (xs,ys) is
determined only by the values of A, a, and f.

If [, =f, in carrying out the spatial filtering of
the diffraction field in the plane (x4, y4) with the
filtering aperture diameter, being within the limits
where the phase change kax;/R does not exceed m,
the distribution of illumination over the plane of the
hologram image formation, takes the following form

ka?
+

1(xs5,y5) ~ {1 + cos(_k;lx‘-’ 2RJ] x

. 2
F(-x5,-95)® exp{—?}f(xg + 1/3)} ® B(x5,45)

, (14)

X

where By(xs5,75) is the Fourier image of the

transmission function po(xy4, y4) of a spatial filter with
the spatial frequencies x5/Af and ys/Af.

According to Eq. (14), in the considered particular
case, the frequency of interference fringes, modulating
the subjective speckle-structure with the size of speckle
determined by the function width By(xs,#5), depends
only on the values of %, @, and f.

Comparison of the expressions(11) and (13)
shows that for the interference pattern, localized in
the plane of the diffuser image formation, the
interferometer sensitivity to its cross motion

changes by G =[L{ - L)/ L]+, /(L;R) times.
Moreover, if I; < L, (I, > f), then for R decreasing
in the limits of 7 /(L, = 1}) < R <o, the value of G,

reduces due to the reduction of the displacement
in the hologram plane of subjective speckles,
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corresponding to the second exposure, compared to
the speckles of the first exposure. Thus, G{ =10

[R=1/ (L, - 1))] corresponds to the condition of the

Fourier-image formation of the function t(x{,y;) in
the hologram plane and to the absence of the speckle
displacement.5 In this case, the “frozen” interference
pattern is localized in the hologram plane and its
view does not change when changing the observation
angle. The further reduction of R leads to an increase
in the displacement of speckles of the second exposure
and, consequently, to the increase in the interferometer
sensitivity to the cross motion of the diffuser. As an
example, the dependence of Gy on R of a diverging
spherical wave is presented in Fig. 2 for the fixed
values of /; =220 mm, /= 220 mm, [, =300 mm, which
have been used in the experiment.

e

0.5

0 0.5 11L/R
Fig. 2. Dependences of the interferometer sensitivity factors

at the fixed values of f= 220 mm, /; = 220 mm, [, = 300 mm:
G (1), G2 (2), G5 (3).

At illumination of the matte screen 7 (see Fig. 1)
with a coherent radiation of a diverging spherical
wave, for the case of interference pattern localized
in a plane of the diffuser image formation, the
interferometer sensitivity to its cross motion changes

by Gy =I[b(-L,)/L]1—1{L/(I2R) times. Thus, it

increases when reducing R (see Fig. 2) due to the
motion increase in the plane of subjective speckles’
hologram, corresponding to the second exposure.

When ;> L, (I, < f) and the matte screen 7 (see
Fig. 1) is illuminated with a coherent radiation of
diverging spherical wave, for the case of interference
pattern, localized in the plane of the diffuser image
formation, the interferometer sensitivity to its cross

motion changes by Gj =[L( - L,)/ Lf)] — 12, /(Lf)R)

times. Thus, it increases with the reduction of the R
due to the motion increase in the plane of subjective
speckles’ hologram, corresponding to the second
exposure. As an example, the dependence of G| on R
of the divergent spherical wave, is presented in Fig. 3
for the fixed values of [y =220 mm, f= 220 mm,
I, = 180 mm, which were used in the experiment.

At illumination of the matte screen 7 (see
Fig. 1) with a coherent radiation of a converging
spherical wave, the interferometer sensitivity to
the cross motion of the diffuser changes by

G5 =L - L)/ L1— 1L /(LLR) times. Thus, with
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the reduction of R in the limits of [L(}-L,)]/
/Lf) < R <o, the value of G, reduces due to the

reduction of displacement of the subjective speckles
corresponding to the second exposure in the hologram
plane, compared to the speckles of the first exposure.

In addition, G4=0 [R=1#/(, - L,)] corresponds to

the condition of the Fourier-image hologram formation
in the hologram plane of the function #(x{, y,) and to
the absence of speckle displacement.” This case is
similar to that presented in Ref. 1, where the Fourier
hologram recording is possible only at illumination of
the diffuser with a coherent radiation of a converging
spherical wave. The further reduction of R leads to
an increase in the displacement of the subjective
speckles, corresponding to the second exposure in the
hologram plane, and, consequently, to the increase in
the interferometer sensitivity (see Fig. 3) to the cross
motion of the diffuser.

If [, =/f, then at R = o in the hologram plane,
the Fourier image is formed of t(xy, ;) and we can
observe the “frozen” interference fringes in it. The
recurrence period of the interference fringes is
determined by the values of A, @, and f.

2+ G

0 0.5

1 1i//R

Fig. 3. Dependences of the interferometer sensitivity
coefficients at the fixed values of f = 220 mm, /; = 220 mm,
I, =180 mm: G| (1), G5 (2), G5 (3).

As follows from the above-stated analysis of the
interference pattern formation, with a positive lens,
characterizing the cross motion of a flat diffuse surface
the double-exposure recording of the quasi-Fourier
hologram is carried out, they are localized in two
planes, as shown in Ref. 1: in the hologram plane and
in the far-field diffraction region, where the diffuser
image is formed. Similar explanation consists in that,
on the one hand, there is a uniform displacement of
subjective speckles, corresponding to the second
exposure in the hologram plane, with respect to the
speckles of the first exposure. Then, at the stage of
the double-exposure hologram reconstruction when
carrying out a spatial filtering of the diffraction
field, full overlap of identical speckles of the two
exposures is provided in the far-field diffraction region.
On the other hand, the tilt angle of subjective speckles
corresponding to the second exposure in the hologram
plane, relative to the speckles of the first exposure,
causes the interference pattern localization in it when
carrying out a spatial filtering of the diffraction field
in the Fourier plane.
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Let us now, before the photographic plate 2 re-
exposure (see Fig. 1), a matte screen / be displaced
along the z-axis by the distance Al <</, R. Then in
the approximation used, the complex amplitude
distribution of the double-exposure hologram
transmission, corresponding to the (—1)st diffraction
order, takes the following form

v(x3,y3) ~ exp(—ikxg,sine){F (x3,43) ®

2

12
®ex (a3 +y§)}®P(x3,y3)+

_ 1
201y

ATT2
+exp(zkAl)exp{ %( 3+ Jj):|{F’(f'C3ay3) ®
il

iRILy (o o
® exp| ——— 2 —(x35 + v
p{ 2(11+A1)21§( $+4d)

® P(xg,yg)H, (15)

where

T R-al "

LAY 1 1 1 L
= 1+2—| — P
b l?( It J hi+Al (1 + Al)2

are the introduced symbols for the abbreviated
notation; F'(x3,y3) is the Fourier image of the
function #(xy,y;) with the spatial frequencies
_ Lo g s
)\,(11 + Al)lg )\,(Z1+Al)lz .

As follows from Eq. (15), the subjective speckles,
corresponding to the second exposure, are displaced
in the hologram plane along the radius from the
optical axis, relative to the speckles of the first
exposure due to the difference in scales of the Fourier
images of the function #(xy, y;). Moreover, the change
along the radius from the optical axis of their tilt
angle causes break of the correlation of the subjective
speckle—structures of the two exposures. Besides, the

factor exp[—ikL Al(rg +y3)/(21413)] points to the tilt

angle of the subjective speckles corresponding to the
second exposure relative to the speckles of the first
exposure in the hologram plane, independent of the
radius of curvature of a spherical wave front of a
coherent radiation, used for illumination of the
diffuser, and, changing along the radius from the
optical axis.

If [, = f, the distribution of the complex amplitude
of the double-exposure hologram transmission,
corresponding to the (—1)st diffraction order, is
determined by the expression

(x3,y3) ~ exp(—ika,sine){F (x3,53) ®

®exp[ b (vc3 +jj)]®f’(x3,y3)+
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+exp(ikRAD exp [—;kazl(r% + y%)} {F(X37y3) ®

k(if;l)(r? + J?)} ® p(xg,yg)}}, (16)

According to Eq. (16), in the considered particular
case, there is a typical feature, which consists in the
fact that the Fourier images of the function #(xy, ;)
appear to be the same in the first and second exposures.

As in Ref. 1, we assume that at the stage of
double-exposure hologram reconstruction, in its plane
on the optical axis, spatial filtering of the diffraction
field is performed by means of a round aperture in
an opaque screen py (Ref. 1, Fig. 2). Thus, within
the  aperture  diameter, the phase change

RIZAICxS + y3) /QU15) does not exceed m. Besides,
assume that the filtering aperture diameter satisfies
the conditiond; < 2x:i2l, / d(l,—=L,)Al.  Then, as in

Ref. 1, we can obtain distribution of illumination
over the Fourier plane (x4, y4) (Ref. 1, Fig. 2), which

takes the form
RMAL
LN yg)]} y
i

X p(x4yy4)t(_lljx4y_ll;y4] X
P

® exp[

I'(x4,y5) ~ {1 + cos{kAl +

2

® Py (g, 4)| 17

X eXp|:2fllq) (X4 + J4)

where M =[lf - R*(L, - )*1/(R’L}) is the symbol

introduced for brevity.

As follows from Eq. (17), the subjective speckle-
structure, in the plane of the diffuser image
formation, is modulated by the fringes of equal tilt
restricted by the lens L pupil (see Fig. 1), i.e., by a
system of concentric interference fringes. Moreover,
measurement of their radii in the adjacent orders of
interference provides an opportunity of determining
the longitudinal motion of the flat diffuser having
known the values of &, R, [4, and L,,.

In the particular case of [, =f and a spatial
filtering of the diffraction field being carried out on
the optical axis in the hologram plane, in the limits
of the filtering aperture diameter, where the phase

change RAI(x3 + y3)/2f* does not exceed m, the

distribution of illumination over the plane of the
diffuser image formation, is determined by the
expression

- kAl ;
I'(x,y5) ~ {1 + cos|:kAl + W(Tg + yf)]} X

2
, (18)

2;(7@% +y'42)]® P (xq,y0)

x|, y (=24, %)exp[
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As follows from this expression, the radii of interference
fringes depend only on the values of A, Al, and R.

If spatial filtering of the diffraction field is
carried out on the optical axis in the plane of the
diffuser image formation, then, as in Ref. 1, we can
obtain the distribution of illumination over the plane
(x5, y5) of the hologram image formation, by means
of the collimating optical system, such as the Kepler
telescope, which at [, = f takes the form

. RIZAl
I'Cxs,y5) ~ {1 + cos[kAl - 21%15 (r% + yf)}} «

2
k1T
F(—25,-15)® eXP{—ZIv(Jfg + yg)

X

According to Eq. (19), in the plane of the
hologram image formation, the subjective speckle-
structure with the speckle size determined by the
function width Py(xs, y5), is modulated by the fringes
of equal tilts, i.e., by the system of concentric fringes.
Thus, their radii do not depend on the radius of
curvature of a spherical wave of a coherent radiation
used for the matte screen 7 illumination (see Fig. 1)
at stage of the hologram recording. Besides, it should
be noted that in comparison with the cross motion
monitoring of the diffuser, in the case of the
interference pattern recording, localized in the
hologram plane, a spatial filtering of the diffraction
field is also necessary for the Fourier-image formation
of the function #(xy, y{) in the hologram plane too. It
takes place due to the displacement of subjective
speckles in it, corresponding to the second exposure,
along the radius from the optical axis. If [, = f and
within the limits of the filtering aperture diameter
in the plane of the diffuser image formation, the

phase change kAI(x} + yi)/(2R) does not exceed T,

therefore, distribution of the illumination over the
plane of the hologram image formation, is determined
by the expression

T kAl
I'(xs,y5) ~ {1 + cos[kAl - ?(rg + yg)}} x
2

2f*

As follows from this expression, the radii of
interference fringes depend only on the values of X, Al,
and f. Moreover, at the Fourier-image formation of
the function #(x, () in the hologram plane, which
takes place in case of the matte screen 7 illumination
(see Fig. 1) by a collimated beam, there is no need in
spatial filtering of the diffraction field. It takes place
since the “frozen” interference pattern is formed in
the hologram plane as in the case of cross motion
monitoring of the diffuser.

As follows from the comparison of expressions (17)
and (19), for the interference pattern, localized
in the plane of the diffuser image formation, the

. (20)

X

F(-x5,-y5) ® exp{ (v3+ y%)} ® PRy (xs,y5)

Vol. 19, No. 7 /July 2006/ Atmos. Oceanic Opt. 581

interferometer sensitivity to its longitudinal motion
changes by G; = M3/ Lf) times. In addition, it does

not depend on the sign of the radius of curvature R.
It follows from the fact that at the matte screen 7
illumination (see Fig. 1) with a coherent radiation of
a converging spherical wave in the above-stated
analysis of the interference pattern formation, it is
necessary to substitute / for the quantity, satisfying

the condition _1 + 1 ]%’
[ R L I
satisfying the condition

, and [’ for the quantity,

1 1 1 L,

f__R+Al+l1+Al_(l1+Al)2’

that leads to the above-mentioned value of the Gs
coefficient. Thus, G3 = 0, when the Fourier image of
the function #(x,y;) is formed in the hologram
plane, at illumination of the diffuser with a coherent
radiation of a diverging spherical wave, if I, > f, or
of a converging spherical wave, if [, </f. The
calculated dependence of the Gs coefficient on the
radius of curvature R for the above-mentioned fixed
values of [y, [, and [ is presented in Figs. 2 and 3.

It follows from analysis of the interference
patterns formation, characterizing the longitudinal
motion of a flat diffuser, when a positive lens is used
for the double-exposure quasi-Fourier hologram
recording, these interference patterns are localized in
two planes: in the hologram plane and in the far-field
region of the diffraction, where the diffuser image is
formed. It is explained by the fact that, on the one
hand, there is a tilt angle of the subjective speckles,
corresponding to the second exposure, relative to the
speckles of the first exposure, changing along the
radius from the optical axis in the hologram plane.
As a result, the interference pattern is localized in
the hologram plane if a spatial filtering of the
diffraction field is carried out in the Fourier plane,
which provides obtaining identical speckles of two
exposures in the plane of the interference pattern
recording. On the other hand, the orientation of
subjective speckles in the hologram plane is such that
an additional variation of the tilt angle of the
subjective speckles, corresponding to the second
exposure, relative to the speckles of the first exposure
takes place along the radius from the optical axis.
Moreover, in this case, obtaining of identical speckles
of two exposures is possible in the far-field region of
diffraction by use of a spatial filtering of the diffraction
field in the hologram plane.

In the experiment, the double-exposure quasi-
Fourier and Fourier holograms were recorded on the
photographic plates of a Micrat-VRL type by means
of radiation of the He—Ne laser at the wavelength of
0.63 pm. Technique of the experimental investigations
consisted in comparing the hologram recorded at the
fixed values of both cross (@ = (0.04 + 0.002) mm),
and longitudinal (Al = (1 £ 0.002) mm) shifts. Thus,
a positive lens with the focal length of f= 220 mm
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and the pupil’s diameter of d =35 mm was used.
Distance [; (see Fig. 1) made 220 mm, but [,
corresponded to 300, 180, and 220 mm. For a plane-
wave reference beam of 50-mm diameter, 6 = 10°.
Different radii of curvature of the diverging or
converging spherical waves of coherent radiation for
illumination of the matte screen were chosen in the
limits from R = « to |R| = 200 mm. The diameter of
the illuminated spot on the matte screen was 60 mm.
The interference patterns, localized in the plane of
the diffuser image formation restricted by the pupil
of the positive lens are presented in Fig. 4 as an
example, when [, = 300 mm, and characterizing its
cross motion.

Fig. 4. Interference patterns, localized in the plane of the
diffuser image formation and characterizing its cross motion:
the illumination of the diffuser with the radiation of a
diverging spherical wave (a); of a converging spherical
wave (b).

A mark in the form of the letter “T” was
preliminary drawn on the matte screen, and the
Russian letter “JI” — on the lateral surface of a
positive lens L (see Fig. 1). Interference patterns
were recorded while carrying out spatial filtering of
the diffraction field in the hologram plane by means
of its reconstruction using small-aperture (~ 2-mm
diameter) laser beam. The matte screen was illuminated
with a coherent radiation of a diverging (Fig. 4a) and
converging (Fig. 4b) spherical waves with R =200 mm.

In these two cases, as well as in the subsequent
ones, connected with the magnitude and sign
variation of R, the interference patterns, localized in
the hologram plane, had identical frequency of the
interference fringes, corresponding to the fringe
frequency presented in Fig. 5a.

Fig. 5. Interference patterns, localized in the hologram
plane and characterizing: the cross motion of the diffuser
(a); the longitudinal motion of the diffuser (b).
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Recording of the interference patterns in Fig. 5
was carried out as in Refs. 1 and 7, at the hologram
illumination using a collimated beam with a spatial
filtering of the diffraction field in the frequency
plane of the optical system like a Kepler telescope.
Moreover, a spatial size of the interference pattern,
localized in the hologram plane, made 35 mm that
corresponds to the calculated value.

By measuring the interference fringe periods, the
G, and G, coefficients were determined (in addition
to that those can Dbe determined by measuring
f, li, I, and R). The values of G; and G, derived in
that way correspond to Fig. 2 within the experimental
error of 10%.

At I, =180 mm, the interference patterns (Fig. 6)
are localized in the plane of the diffuser image
formation.

Fig. 6. Interference patterns, localized in the plane of the
diffuser image formation and characterizing its cross motion:
for the illumination of the diffuser with radiation of a
diverging spherical wave (a); for the case of illumination
with a converging spherical wave (b).

Matte screen was illuminated with a coherent
radiation of a diverging (Fig. 6a) or a converging
(Fig. 6b) spherical wave with the radius of curvature
R =200 mm. Recording of the interference patterns
in Fig. 6 was carried out, as in Fig. 4, while spatially
filtering the diffraction field in the hologram plane,
where the interference patterns with the frequency
of interference fringes corresponding to that in
Fig. 5a were localized. In addition, the values of the
G and G5 coefficients derived from measured periods
of interference fringes, correspond to those in Fig. 3.

The interference patterns presented in Fig. 7 are
localized in the plane of the diffuser image formation
within the limits of the positive lens’ L pupil (see
Fig. 1) and characterizing its longitudinal motion,
when at the stage of the hologram recording, the
matte screen 7/ was illuminated with a coherent
radiation of a diverging spherical wave with the
radius of curvature of the wave front R = 200 mm.

Recording of the interference patterns (see
Fig. 7) was carried out while spatially filtering the
diffraction field in the hologram plane, where the
interference patterns, corresponding to Fig. 5b, were
localized. In these two cases, as well as in others,
connected with the variation of both the magnitude
of the radius of curvature of a spherical wave front,

and its sign, the values of the G3 and G35 coefficients,
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Fig. 7. Interference patterns, localized in the plane of the
diffuser image formation and characterizing its longitudinal
motion: for the distance /> = 300 mm (a); for [, = 180 mm (b).

determined from measured radii of the interference
fringes in the adjacent orders of interference (in addition
to the fact that these can be determined from measured
values of f, Iy, I, and R), correspond to Figs. 2 and 3
within 10% error of experimental measurements.

For the double-exposure quasi-Fourier hologram
at [y # [, as in Ref. 1, the similar behavior of the
interference patterns recorded in the far zone of
diffraction takes place when shifting the center of the
filtering aperture in the hologram plane. Therefore, if
the hologram characterizes the cross motion along the
x-axis of a flat diffuser, the behavior dynamics of
the recorded interference fringes is as follows. At a
displacement of the filtering aperture along the x-
axis, the interference pattern moves relative to a fixed
image of the diffuser. Besides, the phase of interference
pattern varies from 0 to m, when the center of the
filtering aperture moves from the minimum of the
interference pattern, localized in the hologram plane,
to its maximum (“living” interference fringes). If the
hologram characterizes the longitudinal motion of a
flat diffuser, then the displacement of the filtering
aperture center relative to the optical axis is
accompanied by a non-uniform displacement of the
interference fringes relative to the fixed image of
the diffuser. This takes place due to the non-uniform
displacement, across the optical axis, of subjective
speckles, corresponding to the second exposure
compared to the speckles of the first exposure, in
the hologram plane. Besides, as in case of the cross
motion monitoring of the diffuser, the phase of
interference pattern varies from 0 to n, when the
center of a filtering aperture moves from the minimum
of the interference pattern, localized in the hologram
plane to its maximum.

Let in the case of [, =f, the double-exposure
quasi-Fourier hologram characterizes the cross motion
of a flat diffuser and the center of a filtering aperture
in the hologram plane has the coordinates of xg3, 0.
Then, the distribution of the complex amplitude at
the output of the spatial filter at the stage of the
hologram reconstruction, takes the form

(a3, y3) ~ p(x3,y3){f7(x3 + X3, Y3) ®

® exp{ 2’; [(X3 + X3 ) +y3:|}®ex [Zk ;3x3]P(x3,y3)+
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~ kR .
+F (x5 + x93,43) ® exp{—;?[(xg + xos)z + yé}} x

xexp[—ikaTxS] ® exp[—w]p(%v%)} 21

Upon the transformation, the Fourier distribution
of the complex field amplitude in the Fourier plane
(x4, y4) is determined by the expression

2l'kxO3.7C3J %
!

aCxg,ys) ~ {P(xci - xog,y4)t(—x4,—y4)exp(

xexp[%(xf + yf)] + pQag — o3 + @, Y) X

xt(—x4,— y4)exp(2lk“;°3x3 Jexp(lkj;ma] x

><exp{2 [(9(4 +a)?+ yd}} ® By(xpy).  (22)

Because of smallness of the diffuser cross motion
and of the function Py(xy,7,) width,'’ as compared
with the period of the function

2
{+expik| &4 4 & @os
R 2R/

the distribution of illumination over the Fourier
plane takes the following form

2
ICesnyn) ~ {1 + cosﬁg(u + ?rogJ + k%]} x

i2k3(7()31'4 ) <
f

x|p(acs = Xo3, Y4 )t(—x4,—y4)exp[

2

xexp[%(xf . yg)] ® By . (23)

From the comparison of expressions (12) and (23), it
follows that, as in the general case, when [ = [,
displacement of the interference patterns relative to
the fixed image of a flat diffuse, takes place.

Let in the case of [, =f, the double-exposure
quasi-Fourier hologram characterizes longitudinal
motion of the diffuser and the center of a filtering
aperture in the hologram plane, within the limits of

RAICKE + 43)
2f?
n, has the coordinates of %3, 0. Then, the

distribution of the complex field amplitude at output
of a spatial filter, is determined by the expression

which the phase change does not exceed

i'(x3,y3) ~ p(xsy%){ﬁ(% + X03,Y3) ®

®exp| - [(x3+x03) +y;;]}®exp(lkx;3x3}P(x3,y3)+

2f2
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+exp(ikAl){F (a3 + X3,93) ®

®exp{—ﬂd§—f;Al)[(x3+xo3)2 + yg]} ®

®exp [ikx%%jf)(x& yg)}}. (24)

Upon the transformations, the Fourier distribution
of the complex field amplitude in the Fourier plane,
takes the form

i2k.X'03X4 ] y
!

wW'(xg, y0) ~ {P(xci - xog,y4)t(—x4,—y4)exp[

xexp [2% (xf + yf)] +exp(GRAD pac; — Xog, yi E(=24,—14) x

xexp (ZZkJICCOSx/; j exp |:2 (Rllj Al) (xg + y42):|} ® R) (X4 yYs ), (25)

based on which, with the allowance made for the
above-mentioned condition, the distribution of
illumination over the Fourier plane, is determined by
the expression

z kAl
ICxq,y4) ~ {1 + cos[kAl + W(xf + yf)]} X

x|y = Koz, Y (=4, —y4 ) exp [—ZZkQ;%Mj x
ik ?
2, 9
xexp[ﬁ(ﬁq + y4):| (26)

As follows from the comparison of expressions (18)
and (26), in the considered particular case (I, = [)
when performing the spatial filtering outside the
optical axis in the plane of the double-exposure
quasi-Fourier hologram characterizing longitudinal
motion of a flat diffuser, the position of center of the
interference fringes relative to the fixed image of the
diffuser, remains invariable. This is explained by the
fact that there is no displacement of subjective
speckles, corresponding to the second exposure, with
respect to the speckles of the first exposure in the
hologram plane. Thus, Fig. 8a corresponds to the
spatial filtering of the diffraction field on the optical
axis, while Fig. 80 to that at a distance of
x93 = 5 mm off from the axis. The double-exposure
quasi-Fourier hologram recording was carried out at
the following geometric parameters of the scheme:
Iy =1,=f=220 mm, R = 220 mm.

It should be noted that in this case, the behavior
dynamics of “living” interference fringes consists
only in that the phase of interference pattern will
vary from O up to w, when the center of the filtering
aperture moves from the minimum of the interference
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pattern, localized in the hologram plane, to its
maximum value.

Fig. 8. Interference patterns, localized in the plane of the
diffuser image formation, characterizing its longitudinal
motion and recorded while performing spatial filtering
of the diffraction field in the hologram plane: the filtering
on the optical axis (a); for that outside the optical axis (b).

As is obvious from the above-stated analysis of
the interference patterns formation, characterizing
the cross or longitudinal motions of a flat diffuser in
the diffuse light fields, in case of the double-exposure
Fourier hologram recording (I, = f), the “frozen”
interference fringes are localized in its plane.
Consequently, if combining the cross and
longitudinal motions of the diffuser in the plane of
Fourier hologram, the “frozen” interference pattern is
formed in this case, since only the combination of
uniform and non-uniform tilts of the subjective
speckles, corresponding to the second exposure, with
respect to the speckles of the first exposure, takes
place in it.

As an example Fig.9 shows the interference
pattern, localized in the plane of Fourier hologram
obtained at [y = /[, = f =220 mm and characterizing
cross shift of the diffuser by the distance
a=1(0.04 +£0.002) mm and longitudinal motion
Al = (1 £ 0.002) mm.

Fig. 9. Interference pattern, localized in the plane of
the Fourier hologram and characterizing the cross and
longitudinal motions of a flat diffuser.

It is worth noting that in this case, the hologram
was recorded using a photographic objective without
any spatial filtering of the diffraction field. In the
course of this recording, the spatial extent of the
interference pattern in the hologram plane was
limited by the diameter of the reference beam, which
was equal to 40 mm at the stage of the hologram
recording.
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Thus, the results of investigation have shown the
following. As in the case with the double-exposure
recording of the quasi-Fourier hologram by means of
a negative lens, the interferometer sensitivity to the
cross or longitudinal motion of a flat diffuser does
not depend, for the interference pattern localized in
the hologram plane, on the radius of curvature of a
spherical wave of a coherent radiation used for the
diffuser illumination. At the same time, it depends
both on the magnitude and sign of the radius of
curvature, in the case of the interference pattern
localized in the Fourier plane and characterizing cross
motion of the diffuser at I, # f (for I, = [ there is no
dependence of the interferometer sensitivity on the
sign of the curvature radius).

In its turn, for the interference pattern characterizing
longitudinal motion of a flat diffuser and localized in
the Fourier plane, there is no sensitivity dependence on
the sign of the curvature radius.

Besides, for the interferogram recording, spatial
filtering of the diffraction field in the corresponding
planes is needed for the theoretical estimation of
sensitivity to the motions of the diffuser.

Specific features of the recording by means of a
positive lens of the double-exposure quasi-Fourier
hologram for the cross or longitudinal motion
monitoring of a flat diffuser are, in fact, caused by
that for the fixed values of d, f, [, the magnitude
and sign of R, the interferometer sensitivity is always
higher if recording of the interference pattern localized
in the Fourier plane is being done at [, <[, as
compared with the case of I, > [, owing to the smaller
size of the subjective speckle in the hologram plane.

As in the case of the double-exposure recording
by means of a negative lens of the Fourier hologram,
characterizing the cross motion of a flat diffuser, the
interference pattern is localized only in the hologram
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plane, where there is no any displacement of the
subjective speckles, corresponding to the second
exposure with respect the speckles of the first exposure.

In its turn, for the Fourier hologram,
characterizing longitudinal motion of the diffuser, a
spatial filtering of the diffraction field is needed at
recording the interference pattern localized in its
plane due to the non-uniform displacement of the
subjective speckles of the second exposure at I, = f.

In the particular case of [, = f, the interference
pattern is localized only in the hologram plane and
there is no need in a spatial filtering of the diffraction
field for its recording because of the absence of any
displacement of the subjective speckles of the second
exposure in the plane of the Fourier hologram, both
at the cross and longitudinal motions of the diffuser.
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