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New moment relationships between the function of wave front aberrations of an optical
system and numerical characteristics (moments) of intensity distribution in the image are obtained.
These are used as a basis for the method of wave front reconstruction from images of a source

in several parallel planes.

Introduction

Among the methods of wave front (WF)
reconstruction in an optical system (OS), the method
based on analysis of images of a point source in
several planes, parallel to the focal plane, is the
simplest-to-realize and, at the same time, most poorly
studied.

If WF distortions are presented in the form of
the expansion into a series over some system of basis
functions with unknown coefficients, then the
problem of WF reconstruction reduces to the
estimation of these coefficients from images or image
functionals.

Let G = A(Enexp[kd(E,n)] be the OS pupil
function, describing the amplitude A(&, n) and phase
®(¢, n) distortions of the wave field at any point
(¢, 1) of the area of the exit pupil Q; k = 2n/% is the
wave number. Denote the intensity distribution in the
image plane z = const (z=0 corresponds to the focal
plane) as I(x, y, 2).

There are  several
reconstruction from images:

1. To find the wave function G from the known
distributions I(x, y, z,), s=1.S, in a limited area.

2. To find the function of aberrations @® from
the known distributions I(x, y, z,), s=1S, in a
limited area and the amplitude A.

3. If the function of aberrations is specified by
the partial sum of the series

®= zckq)k (Em);

to estimate the coefficients ¢, (modes) in the form of

approaches to WF

image functionals ¢,(I) at the known or unknown

amplitude.

The most flexible method for the solution of
problems 1 and 2 is the method, reducing their
solution to the geometrical problem of finding the
common point of the given sets. Problem 1 can be
solved in the geometrical treatment by the numerical
Fienup algorithm! or the algorithm of increased
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dimensionality,> problem 2 can be solved by the
Gerchberg—Saxton algorithm® and the algorithm of
increased dimensionality. The solution of problem 3
can be retrieved from the solution of problems 1 and
2, or it can be solved independently by the iteration
method.*"® Problem 3, however, allows the solution
to be sought in the explicit form. One of such
approaches is based on the calculation or
measurement of image functionals of the form

% 1k
IJ.%(IE))xpy"dxdy. 1)

This method, called the moment method,”?
employs the linear relationships, connecting grad®
with the values (1).

In this study, new relationships have Dbeen
obtained. They have more general form than Eq. (1)
and relate the function of WF aberrations to the
numerical characteristics (moments) of the intensity
distribution in the image. A mathematical apparatus
based on the functions of a complex variable is
proposed. For this reason, it has become simpler to
find the explicit dependence of the estimates ¢, on

the image functionals.

1. Generalized moment relationship

Let a remote point source be on the optical axis
of an optical system and R be the radius of the ideal
wave front (Gaussian sphere). The transverse
aberrations 7 of the rays in the focal plane are
related to the wave aberrations through the equality:

7 = Rgrad® .

The point 7 = (x,y) in the focal plane conforms to a
set of points in the pupil

QF) = {(¢,n) € Q: Rgrad®(En) = 7).

The set Q(r) determines the elements of the

distorted wave front, whose radiant energy is
transported by the rays, passing through the point 7.
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The energy I(x,y)dxdy, transported by the rays from
the set Q(r), passes through the element dxdy,

including the point 7. In geometrical optics, we have
the energy equality

ICx, y)dady = Z A*(g,n)dedn.
(EneQ(r)

Let ¢(#) be a function of (x, y). This function may

be complex-valued. The energy element I(x, y)dxdy
has a moment

o(x,PI(x,y)dxdy = p(Rgradd) z A?(gm)dedn =
(En)e(r)

- Z o[ Rgrad®(g,n)] A*(€,n)dedn.
(EmeQ(r)

The total moment of all energy elements is

_[ o(x, ) I(x,y)dxdy =

—0

- j jq)[Rgmdcp(a,n)]A2<a,n>dgdn. )
Q

It is just this expression we call the generalized
moment relationship. For the power-law function

¢ = x"y?, equality (2) was proved within the frames

of the wave theory of light in Refs. 7 and 8 for a
sufficiently smooth pupil function and in Ref. 8 using
geometrical optics without the requirement of the
smooth amplitude A.

Moment relationship in the complex form

The points of the pupil plane (£, ) and the
focal plane (x, y) determine the complex variables

C=E+m)/a=pexp@i®) and w =(a/AR)x +iy),

where a is the characteristic size of the exit pupil.
The function of aberrations can be represented in the
form

@ = ARe¥(5,8), (3

where the function ¥ has the derivative with respect
to its arguments. Then
o0/ =/ a)Re(d¥ /3¢ + O¥ / 80),
od/on =0/ a)Rei(d¥ /6, - ¥/ 8C) =
= O/ a)Im(-0¥ / 8L + 0¥ / 6C).

The vector grad® specifies a complex-valued
function

R/ (0¥ /3C)+ 0¥/ )=
= R(6® /8 +id0D/6n) = x + iy
of the wvariable . Hence, it follows that WF

distortions, deflecting light rays, define the function
of a complex variable
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w=w®) =¥/ +¥/,

which maps the points of the exit pupil into the
points of the focal plane. The moment
relationship (2) in the complex form is as follows

I o(@)I(x,y)drdy =

—0

=a’ Ij(p[l@(@)]AZ(p,e)pdpde. (4)
o

Representation of the primary aberrations
in a complex form

The general WF tilt introduces the following
component into the function ®:

®; /) = Apcos(0) + Bpsin(0) = ReC¢,
where C = A — iB, and defines the transformation
wl =@}/ =C.

Astigmatism introduces the component

@3 /) = Ap® cos(20) + Bp?sin(20) = ReCL?
and defines the transformation

w3 = 2CC.

Coma introduces the component

@)/ = p [Apcos(0) + Bpsin(0)] = ReCL*C
and defines the transformation

w! = 2CCC + CE2.

Defocusing and spherical aberration introduce the
components

@) /h = AQp* —1) = AQC - 1),
@Y /% = A(6p" - 6p® +1) = A[6(LL)? — 66C +1]
and define the transformations

) = 4AZ and w) = 12A422¢C - 1).

Complex representation of transformations,
corresponding to Zernike polynomials

In the case of a circular pupil of the radius a,
the function of aberrations is often expanded into a
series over the Zernike polynomials. Every
component of the expansion in the real form looks
like”:
Vi (p,0) = RI'(p)[ A} cos(mb) + B)'sin(0)],

where
(n-m)/2 n-m
RI=p" > DI 2 =),
s=0
n — m > 0 is an even number and
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N (| ™ ),(n—m_ jy
Dy =(-1)’(n s)./[s.[ ST s

Assuming C)' = A —iB)’, we obtain the complex
form of the terms of the expansion over the Zernike
polynomials:

V' = ReC'¢"n" (C0),
defined by the functions
Y0 = " (0.

The terms of the series define the transformations

w)'(¢), whose form depends on m and n. At
n>m=0

wy = 240(n)),

where (r’) is the derivative with respect to the

variable ¢C.
Atn=m>0
m o ~mzm—1
w,, =mC".
Atn>m>0
m —~mzm—1 m (MY mem+1 ¢ my
w, = Cn C.> I:mr,, +Qg(rn ):I+Cn C (V,, )
The transformations w)', corresponding to the
primary aberrations, were obtained in Ref. 9. The
transformations w)’, presented in a complex form are

more obvious and general. The circles p = const are
converted with the aid of the transformations into
the curves, referred to as aberration ones. The
transformation @ gives the identical extension to the

radius vectors of the points on the circle p = const.
Therefore, the aberration curves are circles. The

transformation @), performs the mentioned extension,

rotation by an angle argC,, +(n-2)0, and symmetry
about the real axis.

The transformation zw,l,, n>1, reduces to the
following: uniform extension, rotation by an angle
argCl, +0, and shift by the value of the I/th term in
the equation for w!,. Therefore, the aberration curves

of the transformation w/, are shifted circles.
m

The transformation @)’, n>m>1, can be written
in the form

Zé)ilt" — (1/Clﬂ—l){é]l[l(cz)ﬁl—l[iilriiﬂ 4 CE(?}Z”)’]JF C]Itllc2"l(r71)l)l}
and it is a composition of two transformations:

Wl =/ DO,

where the transformation (w)'); is analogous to the

transformation @), in which the rotation is

performed by an angle argC,' +(2m-1)6.
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Determination of the Zernike modes from
the intensity distribution in the image space

The moment relationship (4) is written for the
focal plane. If a measurement is carried out in a non-
focal plane z # 0, then at small z this measurement
corresponds to the intensity in the focal plane if the
pupil function is modified by the phase factor®:

expl—ik(a/2R)*z(2p* = D].

This change reduces to the change of the Zernike
defocusing coefficient A, which should be replaced by

AJ(2) = A —(a/2R)*z/n = AY - (1/8n)Z,
z = k(a/ R)*z.

Having the intensity I(x, y, z), we have to find
the Zernike modes C,'. One of the ways to solve this
problem consists in the following. For different ¢, we
have to compose the system of equations from the
relationships (4) with the known left-hand side for
the determination of the modes. The right-hand side
of Eq. (4) includes the amplitude A, which should be
measured or determined from the intensity I(x, y, z)
by using the corresponding moment relationships.®

In the ideal case, to solve the problem on
determination of the modes, we have to select such
functions ¢, at which the left-hand sides of the
relationships (4) immediately give the estimates of
the mode C. No solution of this form is known yet.
However, for the case that the amplitude is
independent of the angular coordinate A = A(p), it
will be shown that for any m = my it is possible to
construct  such  linear  combinations of  the
moments (1), which depend only on the modes C;".
This means that the modes corresponding to different
m can be determined separately.

Let the function of aberrations taking into
account the controlled defocusing z be determined by
the partial sum of the series

@ = LRe[W((,0) - (1/8m)z(2CE - 1],

where

M NGn)
YED =) Y D).

m=0 n=m
The WF distortion corresponds to the transformation

M N(m)
©0=w(2) =Y > w© -1/ 207 =
m=0 n=m

=w(Q)-1/2m)z¢

Take the function ¢ equal to ¢(w) = @, 0<k<M.

It corresponds to the moment relationship (4) of the
form
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M. (z ijk” @'I(x,y,z)dxdy =

- @* ([ c2)@ (.2) 4% ) pdpd.
Q

Since w((,z) linearly depends on 7z, the moment

MF,,(Z) is a polynomial of degree k + 2[ in terms
of z.

With the aid of the Leibniz formula for the
higher derivative of a product, we find that

/-1

kel / (ke 21-1)
[ (¢, )@ (€, 2) 155 (k+2l—1

J(wk+l)(k+l)(wl)(l—1)+
l Rl Nk+1-D ( =1\ _
+(k+2l—1](w ) (@) =

l 1 k+21-1 _
(k o J(k l)m(—gj () +

l (k l)’l, 1 ka2l k+l-171 ()_
MV T N (_ﬂj - cwel)=

= (k+ 20— DI(=1/2n)2" «

X[lclc+lil—1i)(c) + (k + l)C'”l’flw(Q)].
Therefore
[Mll:+21(0)](k+2l_1) =(k+2l- 1)!(—1/21t)k+21_1ﬂ2 %

2n 1

x J.I[ICIHIEIAZD(Q) + (k + l)C'”l’flw(C)]Az(p)pdpde. (5)
00
Consider the integral over 0 in the equality (5):

2n
j[...]de=
0

M_NGm)2n
— z z J.[ICIHICZ 1(0’"(@) + (k + Z)Ck+l 1Cl@)m(c)]de _

m=0 n=m ()

M N(m) 2m

_ z Z [l J.Ck+lzl—1 {Ciiln[cm 177”.11)1 + Cma(r]in)/] +
m=0 n=m
+ éyllnimﬂ(ry:n)f} do +

k-‘rl J.Ck+l 1 C]Itn[cm 177”.11" +zm€(riin)v]+

+ C]ilnc,m-ﬂ (ri;” )r} de] _
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M N(m) 2m

z Z [l J. C;Ifz[cirz+k+l—1il 17717’75" + Q"Hk”gl(?};")/] i

m=0 n=m
+é::l€k+lgi)l+l(7}i'l)/} i
21

+(k+ l) I{é]]{z[ck+l—12m+l 1"”,7111 +ck+lZm+l(r7:n)v]+

0
+ C:znc.,"HkHEl (77:" )l} de] )

A nonzero contribution comes from the

integrals, which depend only on the product £Z.

Atk =0
N(0)
J'[ 1d0 = 87> 143D (Y.
n=0
Atk #0
2m N(k)
j [.]d0 = 22 CHICD Gty +
h =0

+(k + DIRCD ' + OM G T =

= 2nzc [k + 2DXCD" Y + (ke + DRED H k).

n=0

Taking into account the integrals over 0, we obtain
the following form of the derivatives at k = 0:

(M5O =

NO) 1

2l - 1)' 2 2,0y A2
- Yy A) @)Y A% (p)pdp,  (6)
(_21_[)2] 2 ; '[
at k=0
k+20-1)!
[Mf (01421 = —((_;t)ﬁﬂ? x
NE) !
ZC _ﬂ:(k i 21)02(7}?) 4 k(k " l)nfc] p2(k+l—1)A2(p) pdp.
n=0

)]

The relationships (6) and (7), written at
different [, serve for separate determination of the

coefficients C¥ at a given k. The relationship (6)
results from Eq. (7) after multiplication by two.

Determination of the primary aberrations
from the moment relationships

Let the wave front be determined only by the
primary aberrations

® = kRe{AS(ZCE — 1)+ A[6(L0)* - 62 +1]+
+Clg+ CYBLL - ¢ + G}
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Then at £ =0 and [ =1, 2 we have a system for the
determination of A) and A}:

[MIO)] =
1 1
= 84> [Ag IpzAz(p) pdp +34Y Ip2(2p2 -1 A%(p) pdp},
0 0

MO = - 3! 164> x
[ 4( )] (211)2 a

X

1 1
A Ip4A2(p) pdp + 347 _|'p4(2p2 -1 A%(p) pdp].
0 0

At k=1 and [ =1, 2 we have a system for the
determination of C{ and Ci:

MN0) = 2na?

1 1
C! IAQ(p)pdp +Ci J.(6p2 - 2)A2(p)pdp],
0 0
[M3(0)] =
1 1
= aQ/nIZC} Ip2A2(p)pdp +C} Ip2(1 5p% — 4)A2(p)pdp].
0 0

At k=2 and [ =0 we have equations for the
determination of C3:

1
[M2(0)] = —4a*C? IpzAz(p) odp.
0

2. Application of the complex
representation of WF to the problem
on the reconstruction of modes
from the data acquired with
a Hartmann sensor

In the Hartmann sensor, the WF local tilts are
measured at a discrete set of points of the exit pupil
o. The problem is to estimate the function of
aberration from its gradient at a discrete set ®. There
are several methods to solve this problem. One is to
represent the function ® as a section of a series over
some system of basis functions with unknown
coefficients, which are found by the least-squares
method. Selecting the system of basis functions
essentially effects the calculation of the serial
coefficients. In this section, we propose such a series
expansion of the function ®, which, in our opinion,
significantly simplifies the calculation of the sought
coefficients.

Let the function ® be specified by Eq. (3), in
which the complex function ¥ is represented by the
partial sum of the series of the following form:
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M
¥ = ZCM(QC)gm’ (8)

m=0
To be determined are the real C° and complex C™
coefficients, depending on the argument ¢Z = p?. The

representation of ® by the equalities (3) and (8)
includes the expansion over the Zernike polynomials.
The Hartmann data define the values of the

transformation @(¢) on o©. Taking into account
Eq. (8),

M
w(g) - 2C(CO)I + 257)1—1[77261)1 + Ca(éln)r] + CMH(CI")'.

m=1

It is assumed that from the values of w(%) on o it is
possible to estimate @({) at the points
Cr=pexp(i2nk/N), 0<k<N—1, where the natural
number N =2M + 1 is determined by the sampling
theorem. Then at the point £

Cw)y, = (€)= 2AC)p* +
M

+z exp(~i2nkm/ Na,,(p) +

m=1

+exp[-i2nk(N —m)/ Nlay_,,(p),
where we used the designation
am(p) — pm[ﬁ'lém + 02(67)1)11’ aN—m(p) — pm+2(cm):’

Assume that a, = 2(C°)p?, then

M
w)y, = ay(p) + Zexp(—i}rtkm/ Na, () +

m=1

M
+Zexp(—i2nk(N -m)/ N)ay_,(p) =
m=1
N-1
= Y exp(-i2nkm/N)a,(p), k=0,N -1.
m=0
It follows from this equality that the values of
(¢w), are the coordinates of the vector of the
vector

discrete  Fourier  transform  of the

(af(p), ..., ay_1(p)), and therefore
N-1

a,(p)=U/N )Zexp(ianm/ N)Cw),, m=0,N —1.
k=0

Thus, from the values of w(&) it is possible to
find the values of a,(p) and from them to obtain

2p2(C0)/ =day (©))
and
n,lpmcm(pZ) = am(p) - aN—m(p)r m= m . (10)

The equalities (10) directly determine the values
of p"C™(p?), entering into the expansions (3) and (8).
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The equality (9) determines only the derivative of the
coefficient C°(p?), which should be used to estimate

the coefficient itself, characterizing the rotation-
symmetric component of the wave front.

Conclusions

The method of derivation of the moment
relationships (2) and their applications form the
theoretical basis for the development and justification
of algorithms for reconstruction of WF modes from
images of a source. The expansions (3) and (8) are
rational in the sense that the Hartmann data and the
coefficients of the expansion are related by a simple
dependence, viz., by discrete Fourier transform. In
this case, the integration is needed only to find the
coefficient, corresponding to the zero frequency.
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