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Symmetry of the vibrational-rotational operator of the kinetic energy for pentatomic
molecules with three and more identical atoms in the internal nonorthogonal coordinates is
considered. The use of nonorthogonal coordinates can significantly simplify simultaneous description
of several isotopic modifications of the same molecule.

Introduction

In recent years, a considerable number of papers
have appeared on the problem of constructing the
kinetic energy quantum-mechanical operator for the
polyatomic molecules in the internal coordinates.'™
In the Refs. 2 and 3, the kinetic energy quantum-
mechanical operator has been constructed based on
classical kinetic energy operator for the n-atomic
molecules by replacing classical momentums and
angular momentums by the corresponding quantum-
mechanical operators, in addition, the formulas for
calculation of the matrix elements are presented. In
Ref. 4, the quantum-mechanical kinetic energy
operator has been constructed by changing the
variables (passing from laboratory coordinates to the
internal polar coordinates and to the variables that
describe rotational and translational motions of the
molecule as a whole). In Ref. 5, the nonorthogonal
terms of the kinetic energy operator have been
considered in the general form for an arbitrary
molecule.

In this paper, a symmetric form of the kinetic
energy operator is presented in the internal
nonorthogonal coordinates for the case of three and
more atoms. Thus obtained form of the operator can
make the calculation of matrix elements much easier,
if the wave functions are presented in a symmetrized
form. Besides, symmetry properties of the kinetic
energy operator and angular momentums are
considered at permutations of atoms. The symmetry
of the kinetic energy quantum-mechanical operator in
the internal nonorthogonal coordinates has been
analyzed in Ref. 6.

Everywhere below, the internal coordinates are
set by four vectors, R, dj, dy, and ds, each of which
is a linear combination of radius vectors of a
pentatomic molecule in a certain coordinate system.?
Permutation of three vectors, d;, dy, and dj, is
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reduced to permutation of equivalent atoms. As the
internal coordinates, we use four distances, R, dy, d>,
and d3, three angles made by R with dy, dy, and dj
(g1, g2, and g3), and two torsion angles, ¢, and @3.

Mass dependent coordinates

To exclude the translational motion of the n-
atomic molecule from consideration, we shall make
the 3n replacement of the laboratory coordinates r; by

n—1
3(n — 1) internal coordinates ¥, = Ztm-(ri - r.,) and
i1

n
the coordinates of center of mass r, = zujrj (here
=1
t,; depends on the atomic mass). Moreover, kinetic
energy can be written® as follows:

h2 n-1 az

T = T(',m v ab Az Az 7
2M &~ Or, 0,

€Y

where

n—1 1 n—1 n—1

Fy = Z*tm‘tbi - [ztm‘][ztbi]-

it Mi pr) pr)
The internal coordinates are called orthogonal, if
F, =38,,/pn,. It is advisable for the symmetric
molecules that permutation of the f, coordinates
should correspond to the permutation of the r;.
coordinates. Such a choice yields the symmetry of the
F,, coefficients. For the AB; molecules, all the Fy,
coefficients are identical at @ # b. For the ABCj
molecules, it is possible to choose the ¥, coordinates,
for which F, = Fi3 = F; and Fy; = F,; = F3;. In case
of considering several isotopic modifications of the
same molecule, the use of orthogonal coordinates
leads to the necessity of using their own coordinates
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for each isotopic modification. The use of different
coordinates makes it impossible to use the same
potential energy surface for different isotopic
modifications.

Alternative approach consists in using of
nonorthogonal coordinates or the coordinates being
orthogonal only for one isotopic modification. In this

case, the form of kinetic energy gets complicated,
2

since nondiagonal terms as appear in it, when

OF,\OF,
a#+b.

Symmetrical form of the kinetic

energy operator in the internal
nonorthogonal coordinates

Below we shall use definitions and designations

from Refs. 4 and 5. The nonorthogonal addition can
be presented in the following form?*:

nrpa 1 '3
Tadd _ i z F;(R+3),R+3),, (2)
1,j=0,i%]

where

91=910+911+912+9{3, 3=30+31+32+33;

. 0
Ry = the, —;
0 ad,
R, = ih[sin(0;) cos(y;),sin(0;)sin(y;),cos(0;)] 9

od;
fori=1, 2,3, and ¢ =0;

1
3]‘ = (A]’Bj’cj)j = [l'lj X lj],
j
n is the unit vector along the direction of d;
Ay = sin(0,)sin(e, ), — cos(,)1,,;
B, = cos(0,)l,, —sin(0,)cos(p,)l,.;

C, = —ihsin(ea)a.%; Ay = —cos(0],;

o

J, -1 o 0
B = -2 C, = —ihsin(0;)—;
! sin(0,) ! R 09,

AO = _l()]/r BO = l().'ry CO =0.
The angular momentum of the 2nd and the 3rd

atom is determined in a standard way:

A (. 0 0
L, =ih (smq)i o +cot0;coso; 6}

i 0;

iiy = ih(—cosq)iag + cotGisin(p,»aa}

i D;

Ziz = —ih[a}
00;

For a zero atom:
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L=J-1-1

and for the atom 1:
N A . a N
l“, = —C0t91(]z —lz), 11,/ =—Zh7, l12 = ‘]Z _lZ'
: 20,

Obviously, only J, and 3J; depend on J. The
R, includes only derivatives with respect to radial
coordinates, and J; includes the derivatives with
respect to angular coordinates and J. Reference 5
presents the form equivalent to the form (2), in
which ®;and 3J; are replaced by the explicit
expressions.

Transformation rules at atomic
permutation

Table 1 demonstrates the transformations of
torsion coordinates, their derivatives at atomic
permutations (see Refs. 6 and 7), angular momentum
operators [ and operators of the reduced angular
momentum 3J;.

Table 1. Transformation of torsion coordinates,
their derivatives and angular momentum operators
at atomic permutations

Operator or
coordinate (12)1 (23)1
P2 P2 —03
®3 P2 — @3 —P2
2 o0 il R
o0y opy 003 h o093
0 _9 _0
203 %03 20
by (—cos((pg ) —sin(py )] by i
b, —sin(ez)  cos(ep2) )\ by ly
l1z _l22 _l12
b (—COS(([)Q ) —sin(py )j Ly I3,
12!/ —sin(py)  cos(ez) )\ hy I3y
l22 122 + lSz - ]z _l32
I3, (—cos((pg) —sin(py ))(lng ~l,
L3, —sin(py)  cos(pz) N3y b,
l’jz _lliz _122
(A1) cos(py)  sin(py) (AQJ A
By sin(py)  —cos(py) )\ Ba -B
C C, C,
(Azj cos(y)  sin(gy) (A1) A3
By sin(py) —cos(gy) )\ By -B;
C 2 C 1 C%
(Agj cos(py)  sin(py) (Ag) Ay
Bs sin(gp)  —cos(pp) \ B3 -B,
C; Cs C,
(] xj (—COS(([)2) —sin(py ))(] .Yj —J
Jy —sin(py)  cos(gy) \Jy Jy
_.] z _.] z _-] z
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Invariance of the nonorthogonal
addition to the kinetic energy

Using data presented in Table 1, it is possible to
show the invariance of nonorthogonal addition nadd

proposed in Ref. 5. However it is much easier to
show the invariance of the form (2). Having this in
mind, we shall find the transformation rules for 3.
It follows from the definition ly=J-(;+1,)-1; that
it transforms at the permutation of (712)I as J or I;.
Therefore, 3, transforms at permutation of (12)I, as
S5. At the permutation (23)I, 1y=J-1, -, -15)
transforms as J or 1;, and 3, as 3. Table 2 presents
the transformation of 1, and 3, at
permutations.

atomic

Table 2. Transformation of 1y and J, at atomic

permutations
Operator (12)I | 231
lox —cos(gy) —sin(gy))(lox —lox
loy —sin(py)  cos(pz) oy loy
l() z —l() z _102
( Sox j cos(gy)  sin(gy) Y Jox ( Sox J
Soy sin(py)  —cos(p) |\ Soy —Soy
302 3()z 3()z

It is easy to show that expression (2) is
invariant at the permutations (72)I and (23)I. Let us
consider, for example, the angular part of the
expression (2). At the (72)I  permutation,
F0(31+3)+33;  and  (F+3,)33+3F, do not
change, while at the permutation (23)I, we have that
F0(3y + (3 +33)) and  F((Fy + F3) + 3,33 do not
change. Therefore, the angular part of the expression (2)
is invariant. Similarly Ry(S;+J,+3J3) and Ry3J, are
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also invariant because only R,, component differs
from zero. Having in mind that ®;, R,, and Rj
transform, correspondingly as 3J;, 3, and 3Jj, the
invariance of (R, + R, + R3NS3 + 3, + I3) becomes
quite obvious.

Conclusion

The main difficulty in using the nonorthogonal
coordinates is in a much complicated kinetic part.
The transformation rules found above can make the
programming calculations of the matrix elements
much easier, if the symmetrized wave functions are
used. For example, wusing such relations as

303, = (12) 3,3, and the fact that matrix elements
do not change at simultaneous rotation of wave

functions and of the operator, the calculations of a
part of the kinetic energy terms can be simplified.
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