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Formation of interference patterns in diffusively scattered
fields at a double-exposure recording of quasi-Fourier
and Fourier holograms using a Galilean telescope
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The sensitivity of the interferometer to transversal or longitudinal displacements of a plate
surface diffusively scattering light is analyzed. It is shown that interference patterns are located in the
hologram and Fourier planes. Spatial filtration of the diffraction field is required. The experimental

results agree well with theoretical prerequisites.

When controlling the transversal displacement of
a flat surface (as it was shown in Ref. 1) diffusively
scattering light (hereinafter scatterer), at a double-
exposure recording with a Kepler tube of the hologram
of the focused scatterer image, the interference patterns
are localized in the hologram plane and in far
diffraction zone. In the case of interference pattern
localization in the hologram plane, the interferometer
sensitivity linearly depends on the telescope
magnification and is independent of the curvature of
a spherical wave of the coherent radiation, used to
illuminate the scatterer when recording the hologram.
For the interference pattern, localized in the Fourier
plane, the interferometer sensitivity depends on the
focal length of the telescopic lens.

When controlling longitudinal displacement of
the scatterer, the interferometer sensitivity for an
interference pattern, localized in the hologram plane,
is in squared relationship with the telescope
magnification and independent of the curvature of a
spherical wave of the coherent radiation, used to
illuminate the scatterer when recording the hologram.
For an interference pattern, localized in the Fourier
plane, the interferometer sensitivity is in squared
relationship with the focal length of the telescopic lens
of the Kepler tube. In addition, the center of the
system of concentric interference rings, characterizing
longitudinal displacement of the scatterer, is fixed
while carrying out the spatial filtration of the off-axis
diffraction field both in the hologram and Fourier
planes.

In this work, peculiarities of formation of
interference patterns are analyzed, which characterize
transversal or longitudinal displacements of the
scatterer at a double-exposure recording of the quasi-
Fourier and Fourier holograms with the use of a
Galilean telescope in order to determine the
interferometer sensitivity.

In Fig. 1 the opaque screen 7 in the plane (xy, y¢)
is illuminated by coherent radiation with divergent
spherical wave of the curvature radius R. Radiation,
diffusively scattered by the screen and passing the
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microscope optics of the Galilean telescope (positive
thin lens L, is the objective and negative thin lens L,
is the ocular), is recorded during the first exposure
on the photoplate 2 in the plane (x4, y4) by means of
the off-axis reference spherical wave of the curvature
r; 6 is the angle between the axis of a spatially
limited reference beam with the normal to the
photoplate plane. Before the second exposure, the
opaque screen is displaced in its plane, e.g., by «
toward the x-axis.
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Fig. 1. Schematic view of the two-exposure hologram
recording: 7 is the opaque screen; 2 is the photoplate; L, is
the positive and L, is the negative lens; p; and p, are the
objective apertures.

Write the distribution of the field complex
amplitude, corresponding to the first exposure, to the
Fresnel approximation with accounting for the
diffraction limitedness, in the object channel in the
photoplate plane in the form

aena) = [T Jeconmens| gufet «0)
{ik 2 2
X exp 271[(761 —0) +(y - ) ]}M(xzyljz) X
xexp{—éi(x% + y%)]exp{;i[(xz —xy) + (ys - yS)Z]} x
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(1

where k is the wave number; #(xy,y;) is the complex
amplitude of the scatterer transmittance, being the
random function of coordinates; f is the focal length
of the positive lens L; with the pupil function
pi(xy,y) [Ref. 2], f, is the focal length of the
negative lens L, with the pupil function py(xs, y3);
A = f; — [ is the microscope tube length; [; and [,
are the distances between the planes (xy, y), (x2, y2)
and (x3, y3), (x4, y4), respectively; (x9, y») and (x3, y3)
are the principal planes of the lens Ly and L,.

Similar to Refs. 3 and 4, equation (1) can be
represented with the convolutions of functions, i.e.,

iR iRL
Uy (4,94) ~ eXPBl(xZ + yg)HeXP[— Z2l21 (Y42 + yi)} X
2 2

- ®
x {exp {— lZ?ALQQ (rﬁ + yj)] J. I t(x, 1) x

iR(R+1 iRL
x eXp[(2Rl11)(x12 + yf)} exp[— 121122 (xf + yf)} x

ik,
LI,A

X exXp {— (204 + y1y4)} dxdy, ® P1(x4,y4)} ®

®P2(x4,y4)}, (2)

where ® denotes the convolution; (1/L{)=1/A+
+ 1/f2+ 1/12,(1/L2)=1/l1—1/f1+ 1/A — L1/A2 are
the contractions; P(xy, y4)is the Fourier transform of
p1(y, y») with the spatial frequencies Lix;/AlbA and
Lyys/MoA (A is the wavelength of the coherent light
source, used for hologram recording and retrieval);
Py(x4,y4) is the Fourier transform of po(x3,y3) with
the spatial frequencies x/Aly and y/Al>.

Let the width of the function P;(x4, y4) be about
MoA/diLy,> where d is the pupil function of the lens
Ly (see Fig. 1). If the phase change of a spherical
wave with the curvature l%AZ/ L %LQ does not exceed n
within the domain of Py(x4,y4) existence, this
condition is to fulfill in the plane (x4, y4) for an area
of the diameter Dy <dlLA/LL,. Then take the factor

exp[—ikaLQ (.X42 +y ﬁ) / 2l22A2] out of the integral of
convolution with Py(x4, y4) in Eq. (2) and obtain

ik,
) - exo| 28 (2% )
2

: 2 2
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The width of Py(x4,y4) is about Aly/dy (dy is
the pupil function of the lens L,); therefore, within
the domain of the function existence, the phase
change of a spherical wave with the curvature
lﬁAz/ (L1A2+LfL2) does not exceed m for an area
of Dy < dyloA’/(LA* + LiL,) in diameter in the
plane (x4, Y. Then, take the factor
exp[—ik(LA2 + DBL)(x2 + yi)/ZlfAZJ out of the

integral of convolution with Py(x4,y4) in Eq. (3).
Besides, if di = pd, (u = [1//[> is the magnification of
the Galilean telescope), then, with accounting for
Li=0LA/(uly+A) and L, = [(uly + A)/ul, where
I=I0,+A/p+1;/u? the distribution of the field
complex amplitude in the object channel in the
photoplate plane for an area of D < dl(ul, +A)/
/(lly + plA) in diameter takes the form

ik, - ;
g (X4, Y4) ~ eXP[E(V’Cﬁ + Z/f)] X

iRR
X{F(x4,y4)®exp —W(Yf +yi)|®
® H(xm%)@[:’z(xm%)}y (4)

where r =1, F(xy, y4) is the Fourier transform of
t(xy, yy) with the spatial frequencies x4/Apl and
ys/l; Py(x4,ys) is the Fourier transform of
p1(xo, y») with the spatial frequencies x4/ /A(uly +A)
and y;/Muly + A).

It follows from Eq. (4), that the quasi-Fourier
transform of the transmission function of opaque
screen 1 is formed in the plane of photoplate 2 (see
Fig. 1) within the above area. In this case, each point
of the screen is extended up to the size of the
subjective speckle, defined by the width of the
function Py(x4, y4) ® Py(x4, y4); and the distribution
of the phase of a divergent spherical wave with the
curvature [ is superimposed on the subjective speckle
field. In the special case of scatterer illumination by
coherent radiation with a convergent spherical wave
of the curvature p?, the distribution of the field
complex amplitude in the plane (x4, y4) corresponds
to the Fourier transform of t(xy, y¢).

The distribution of the complex amplitude of the
field, corresponding to the second exposure, in the
object channel in the photoplate plane is defined by
the equation (to the used approximation)
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With accounting for the Fourier transform properties
and the known identity,” equation (5) takes the form

ik,
(x4, y4) ~ exp{(ﬂd + yﬁ)} x

21,
ik(LA? + 3L,), . ika
X {exp [—(2[2%2)(’(2 + ljf) eXP(Z ;1;64) x
iRa: ikR
X{F(x4,y4) ® exp(—l ulujexp{— 21(; N ”21)(3’2 + yi)] ®

® exp(— ik:;“]ﬂ (x4,y4)} ® P (?%1/4)} (6
Since
exp [—ikR(ng +3)/20(R + ;Bl)} ®
®exp[ikR(xZ + yf)/Zl(R + uzl)} =8(x4,y4)

(see, e.g., Ref. 6, where 8(xy, y4) is the Dirac delta
function), the proof of the identity

exp 1kR )(YZ + yf)} ® exp(—ikmj x

2A(R+w ul

ikR 9 2 ( ideC4j
exp| ————(a5 + ® exp| — P (x4, =

p 21(R+p21)( 4 y4):| P ul (4, 94)
ik(R +wl)a* ikax;
=exp|— 3 Xp x
2u°RI ( ul J
a(R+p?l
) p{ (")J} -
uR

follows from the integral representation of convolution
operation in Eq. (6). Hence, the distribution of the
complex amplitude of the field, corresponding to the
second exposure, in the object channel in the
photoplate plane within the above area takes the form
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ik(R +w)a*
- 2RI

i Ras iR
xexp[l ﬁlﬁ]exp[;r(ﬁ + yﬁ)} X

Uy (%4,Y4) ~ exp

—21(}?1221)(3& + yf)] ® exp (—

a(R +pl)

Xy +———2)1
4 R Y4

X{F(x4,y4)®exp ijf‘]x

X{R

According to Eq. (8), the transversal displacement
of the scatterer is accompanied by variation of a slope
angle of the subjective speckle-field, corresponding to
the second exposure, by a@/pl relative to the speckle-
filed of the first exposure. In addition, the subjective
speckle component, caused by the diffraction of a
plane wave on the Galilean telescope objective pupil,
is homogeneously displaced to (R + p?)a/uR. In this
case, the displacement direction depends on the sign
of the curvature R. This follows from the fact that
the Fourier transform of ¢(xy,y;) is formed in the
photoplate plane for negative R, equal in modulus to
2. In this case, displacement of the above subjective
speckle component is absent. However, displacement
in opposite directions takes place at R < p%l and
R > %l In its turn, the displacement for positive R
is co-directed with those of the scatterer.

If the quasi-Fourier or Fourier hologram is
double-exposure recorded with a convergent reference
spherical wave with the curvature » = [ at the linear
part of the photo-material blackening curve, then
the distribution of the complex amplitude of its
transmittance, corresponding to the (—1)-st diffraction
order, on the base of Egs. (4) and (8) is defined by
the equation

® Pz(%&h)} : ®

T(X4,y4) ~ eXp(—ikX4 Siﬂe){F(xzi,yzi) ®

_ ikRu2l) (xF + 4i)

® P(x4,y4) ® Py (x4,y,) +
2I(R+ 1( 4 J4) 2( 4 J4)

[lkdm]
Xp X
ul

kR ;
_M(n{ + yﬁ)] ®

] R+l
®exp _zkax4 Py| xy +(7H)a,y4 ® Py (X4,94) ¢ ¢t
ul uR

9)

Let the diffraction field be spatially filtered at
retrieving the double-exposure hologram in the its

® exp

ik(R +p’l)
T oRl ¢

2

+exp

x{F(x4,y4)® exp
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plane on the optical axis with a round aperture in the
opaque screen p, (Fig. 2).
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Fig. 2. Schematic view of recording of the interference
pattern localized in the scatterer-imaging plane: hologram 2;

recording plane 3; positive lens Lo; spatial filter po.

In this case, within the filtering aperture diameter,
the phase change kax;/pl does not exceed m. Then
the distribution of the field complex amplitude at the
spatial filter outlet is defined as

u(x4,Y4) ~ Po(X4,94) X

ikR

X{F(xm%)@exl)[‘w(ﬁ +’J§) ®

ik(R+y’)
® Pi(x4,45) ® Py (x4,y4) + exp PRI F(x4,44) ®
ikR kCZX4
®exp|———— (X5 + ®exp| ———=
p{ 21(R+ul)( D) p[ ul )X

R+’
X{H{W‘*wav%]@%(hy%)} y (10)
uR

where po(x4, y4) is the transmission function of the
opaque screen with a round aperture.”

Based on Eq. (10) and with accounting for
parity of the functions pi(xy, y2) and py(xs, y3), the
distribution of the field complex amplitude in the
back focal plane of the lens L, (see Fig. 2) with the
focal length f, is defined by the equation

A+uly,  A+pl [
u(xs,ys) ~ {P{ J}O“zx& Jrf()“zl/sJPZ(fz ’Cavfo?/S]X

. 2
xt(_“l,@,_“lbjexp M( 2 2)}+

X5+y5
ol 2Rf} v
ik(R +u)a* ik(R + )
+exp 5 exp axs | x
2u°RI uRfo

A+|,112 A+|,112 A+],ll2 j
Xs a, 5 | X
g ( TR

L Loh ul ul_x
[fo“ Y Jt[fo fy]
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ikl(R+w), ,
exp| ————2(x3+y5) | ® Py(xs,y5), (11)
ey (x3+22) |t ® Py (5,55)

where Py(xs, ys) is the Fourier transform of po(xs, y4)
with the spatial frequencies xs/Afy and ys/ Lfo.

If the variation period of 1 + exp[ik(R +
+ w2Da*/2u’RI] x exp[ik(R + w*Daxs/pRfy] is at
least an order of magnitude’ larger than the width of
Py(xs,y5), determining the size of subjective speckle
in hologram recording plane 3 (see Fig. 2), within
limits of overlap of the functions pi[(A+ ply)xs/fo,
A+ ul)ys/ fol pLloxs/ fo, Lys/[0), pl(A+ ul)xs/fo+
+(A+ulya/ul, A+ ul)ys/ fol pLloxs/ fo + la/ul,
lys/[o), where the field is non-zero, then we take it
out of the convolution integral in Eq. (11). Again,
with accounting for smallness of (A+ ply)a/ul and
la/ul, the light distribution in the plane (xs,ys) has

the form
kR(R+p’l)a*>  R(R+p’l
1(x5,y5) ~ {1 + co{ ( H ) + ( i )ﬂxs]}x

2u’RI uRf
A+p.lz A+]J.lz J (lz lz ] [ lJ.l lJ.l ]
X — X5, X5,— ——X5,— S
( hoh PIPETRYURYTRY
P
ikl(R + p?l
XeXp{(ZRﬁ;)(x‘%er‘%) ® Py(x5,95) (12)

It follows from Eq. (12) that the diameter Dy of
the illuminated area of the opaque screen (see Fig. 1)
is to satisfy the condition Dg>dul/(A+ uly) for
diffraction boundedness of the Galilean telescope’s
field of view. Besides, the subjective speckle structure
is modulated by fringes, alternate on the x-axis, in
the far focal plane of the lens Lj (see Fig. 2), where
a scatterer image is forming within the diameter of
the telescope pupil (since I, < (A + ply)/p).

The measurement of the fringe period for the
known A, p, R,I, and [y, allows controlling the
transversal displacement of the scatterer. In this case,
the sensitivity of the interferometer depends both on
the value and sign of curvature of a spherical wave of
the coherent radiation, used to illuminate the scatterer
while recording the hologram. Thus, for a positive R,
the fringe period Axs=AuRfy/(R+ p’l)a decreases
with decreasing R due to an increase of displacement
of the above component of the subjective speckle,
corresponding to the second exposure, in the hologram
plane.

When opaque screen 7 (see Fig. 1) is illuminated
with coherent radiation with convergent spherical
waves, the fringe period increases with decreasing R
within a range p <R<ow up to infinity when
R =%, and the Fourier transform of the function
t(xy, y1) is formed in the hologram plane. In this case,
the speckles, corresponding to the second exposure, are
static. A further decrease of R results in interferometer
sensitivity enhancement at recording of the interference
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pattern, localized in the scatterer-imaging plane, due
to occurrence and increase of a homogeneous
displacement of the subjective speckle component,
caused by the diffraction of a plane wave on the
pupil of Galilean telescope, in the hologram plane. It
also follows from Eq. (12) that the spatial extension
of the interference pattern s = d,fy/(uly + A) in the
Fourier plane.

Consider spatial filtration of the diffraction field
on the optical axis in the scatterer-imaging plane
(x5, y5) at the stage of retrieving the double-exposure
quasi-Fourier hologram (Fig. 3). Assume, for brevity,
that hereinafter the focal lengths fy; and fy, of the
lenses Ly and Ly are equal to fy, i.e., the two-
component optical system of the positive lenses L
and Ly forms the hologram image in the plane
(x6, ys) with the unity magnification.

(ffs, ys) (IG, ys)

Po

(XA, y4)

0

2 /\La /|\Lz; 3
I V

f01 f01 f02 f02

Fig. 3. Schematic view of recording of the interference
pattern, localizing in the hologram plane: hologram 2;
recording plane 3; positive lenses Ly and Lp; spatial filter po.

In this case, based on the integral convolution

representation, define the distribution of the field
complex amplitude at the hologram output as

X {exp

® P1(x47y4) ® PZ(x47y4) + €xXp

ikax, j{
exp
ul

kR
S

u(x5,44) ~ exp X

ikR 2 2 ],lR ],lR
—|1 ®t X4, ®
21(R+u21)(°c‘i +y4)] £R+u21 i R+u2ly4]}

ik(R+p21) )
TTolrl |

ile)(xg . yg)} y

X ex —
b [ 2A(R+

uR uR
Qt| ——a4,——— ®
[R+uzl . R+p’l y4)}
. 2
®exp[—lkax4J{P1 |:Y4 + R+u laz,y4}® P2(x4,y4)} .(13)
ul uR

Hence, neglecting the spatial boundedness of the field
due to finite sizes of the hologram and lens L (see
Fig. 3), define the distribution of its complex
amplitude in the plane (x5, ys) by the equation

kR
21(1; ) (i + 5i)

V.G. Gusev

A+p12x A+ uly _]X

u xSyyﬁ - 5 %
(t5.35) m( s, A

]{

ikI(R + p?l
—M(r@yi)} +

ik(R + )
—————2ax;s | x
wRfo

A+ ]J.lg A+ p,lz A+ ]J.lz ] (12 12 lz j
X Xs + a, 5 |\P2| X5+ =4, Y5 | ¥
4ﬁ.‘ W R PP A

: 2 2
x{exp{lkl(;;;;l)l[xs - flaJ + y%” ®
. 2
W(r§+y§)l}, (14)

2R
where Fi(xs,y5) is the Fourier transform of the
function {uRE/(R + D), uRn/(R + u’D] with the
spatial frequencies xs/Afy and y5/Afo.

If the phase change [k(R + p’Daxs/uRfy] <n
within the diameter of the filtering aperture of the
spatial filter p, (see Fig. 3), than the distribution of
the field complex amplitude at its outlet takes the form

iRI(R + u2l

ikl(R + p’l)
2Rf}

X2 [lzxs,lZys (x§+y§)] ®
0

fo ~ f

®F (x5,5) exp

ik(R + )

+exp 72u2Rl

612:| exp

®F (5, y5)exp [—

®

u(xs,95) ~ po (x;,,y;,){exp

kIR + 02, .
),

ik(R + ) 4 eXp{ikl(R ) (x N ajz ) y2:|} .
Bl ul bl

2u’RI 2Rf
ikI(R + u*l ,
®f (xsyys)eXP[— ( )(x§+y§)]}, (15)

2Rf7
where py(xs,y5) is the transmission function of the
spatial filter.
Hence, after the Fourier transform, the
distribution of the field complex amplitude in the
plane (x, y¢) (see Fig. 3) is defined as

MMEWQW ikazs)|
2u*RI ul

® Fi(x5,5)exp

+exp

w(x, Ys) ~ {1 + exp[
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® exp - Yé + yé)

} ® Py (xg,y5), (16)

where Py(x, y) is the Fourier transform of po(axs, ys)
with the spatial frequencies x¢/Afy and ¥/ Afy.

If the variation period of 1 + exp[ik(R + p*)a®/
/2u2RI exp(—ikaxg/pl) is at least an order of
magnitude larger than the width of Py(xg, ys),
determining the size of subjective speckle in
recording plane 3 (see Fig. 3), then take it out of the
integral of convolution in Eq. (16). Then, using the
integral convolution representation, write the light
distribution in the plane (xg, ) in the form

k(R + ull
I(x6,y5) ~ {1 + cos{ ( H )a2 B kaxﬁ}} y

2u’RI ul
ikR 2 9
x| F(—xg,—1s) @ exp| —— (x5 + 45 )| ®
(—x6,—¥s) P 2I(R+u2l)(( yr)
2
a7n

® Py (x6,Y5)

It follows from Eq. (17) that the interference
pattern in the form of fringes, alternating on the x-
axis, is formed, modulating the subjective speckle
structure, when imaging a hologram with the use of
Kepler tube with spatial filtration of the diffraction
field in its frequency plane. In this case, the fringe
period Axg= hul/a is independent of the curvature of
a spherical wave of the coherent radiation, used to
illuminate the scatterer while recording the hologram,
and decreases with a decrease of the scale of the
Fourier transform of the function, characterizing
the complex amplitude of scatterer transmittance
or reflection, in the hologram plane. Besides, if
the diameters of the collimated beam, retrieving the
hologram, and of the lens Lj (see Fig.3) exceed D,
then spatial extension of the recorded interference
pattern is limited to the domain of existence of the
Fourier transform of the function #(—x, —y).?

Note, that in case of interference pattern
localization in the scatterer-imaging plane, the
mechanism of its formation is defined by superposition
of the two identical speckles of two exposures in the
Fourier plane. In its turn, formation of the
interference pattern, localized in the hologram plane,
is defined by the presence of a slope angle of the
subjective speckle-field, corresponding to the second
exposure, with respect to those of the first exposure,
in this plane.

To analyze the behavior dynamics of the fringes,
localized in the scatterer-imaging plane, consider the
procedure of spatial filtration of the diffraction field
in the hologram plane in Fig. 2 exterior to the optical
axis, i.e., when the filtering aperture is centered at
(x04,0). Assume that the size of the subjective speckle
in the hologram plane is much less than the diameter
of filtering aperture, but the angle of slope of the
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subjective speckle, caused by diffraction of a plane
wave, propagating at the angle xy,/ul with respect to
the optical axis, is constant within the filtering
aperture diameter. Then, with accounting for the above
condition ([kax/ul] < n), define the distribution of the
field complex amplitude at the spatial filter outlet as

u(x4,Ys) ~ po(x4,y4){F(x4 + X0, Ys) ®

®exp{—2[(;kj121)[(x4 + x04)2 + yf]} ®

® exp (—kam”m J Py (x4,44) ® exp (_zkx04x4 J x
ul ul

ik(R +
—(”)612:|F(.7C4 + X()4,y()4) ®

><P2(x4,y4)+exp 2|J.ZRZ

®exp{—2l(gii121)[(x4 + x04)2 + yf]} ®

® exp (_ lkax(m jexp [_ lkﬂX04x4 J <
ul ul

2 .
x Pyl ag + Ru lﬂyy4 ®exp  thtonty Py (x4, y5) - (18)
uR ul

As a result of the Fourier transform, this
distribution in the far focal plane (xs,ys) of the lens
L (see Fig. 2) takes the form

u(xs,ys) ~ {M(A + b Xs + A+ b x04,A + b ysj «
fo ) fo

! L 1
X Py (ff)xs + HZIJ”,M’]%!/SJ +

A+ ply A+ ply
+ X5 + Xos + @),
p1( fo wl (to: + @) fo

ik(R +p?l) 2}
Vs a |X

A+ ].112 y;)x

2u’RI

I} I [
X Py [ff)ra + u—zl(x(m + cz),ff)stexp{

X exp
uRfy WRI

ikl(R + 1) (

pl ul 2 2
- Xs,— 5 ——\X5 + Y5
[t oo g )} X

fo ™ fo

xexp(lzm;mxSJ@Po(xs,yS). (19)
0

Then, with accounting for smallness of (A + uly)a/ul
and l»a/ul in comparison with (A + ply)x/nl and
lyxos/ul, the light distribution in recording plane 3
(see Fig. 2) is defined by the equation
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k(R+pl)a® k(R +p’l)

I(xs5,y5) ~ <1 . X5 —
(25, 95) {+cosl Rl + WA axs
A k(R+u21)
- ECZJC(M + 7],[2}21 aXo4 [ %X
Xp1(A+u12X5+A+HIZXO4,A+”12y5]X
fo wl fo

X Po| X5 + == X4, Ys || ———X5,—— Y5 |
pz[fo PR R
ikl(R + 1)

X eXp W(x% + y%)} X
0

2
) exp[lex(st] ® By (5,15 (20)

fo

It follows from Eq. (20) that when the filtering
aperture is displaced on the x-axis with accounting
for the above inequality, i.e., Iy < (A+uly)/u, the
Galilean telescope pupil is displaced relative to
static image of the scatterer; in addition, fringes are
also displaced. In this case, while varying 1w, the
interference pattern phase changes by = when
displacing the filtering aperture center, e.g., from a
minimum of interference pattern, localized in the
hologram plane, to its maximum (“living” fringes).

When spatial filtration of the diffraction field is
carried out in the scatterer-imaging plane exterior to
the optical axis, e.g., at the point (x5 0), at
retrieving the double-exposure quasi-Fourier hologram,
and the phase change [R(R + p?Daxs/uRI]<n within
the diameter of filtering aperture, the distribution of
the field complex amplitude takes the form

ikl(R + n2l
u(xs,Y5) ~ Po (x;,,yﬂ{exp {ZER;;)[(% + 3505)2 + yﬂ} ®
ikl(R + 12l

® Fy(xs + xos,ys)eXp{— IR
0

[(xS +x05) + yﬂ} +

+exp

2H2R l uR/fo

oY
(xs + Xos —Oaj + yf] ®
ul

ikI(R + , .
® F (x5 + xos,ys)exp{—()[(xs + xos)z + yﬂ}}

LA

k(R + ) }X
T gy %S

ikl(R + )
X exp W

2Rf§

(21)

After fulfillment of the Fourier transform, the
field complex amplitude distribution in the far focal

plane of the lens L{ (see Fig. 3) is defined as
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2u°RI

ik(R +p2l
u(x6,6) ~ {1 +exp (“)42] x

. 9 ' .
deo_ } exp (_ ikaxs j}exp[ﬂkxo‘-’xr’ J «

X eXp

1R/ pul fo

X exp

ikR s uR uR J
X6 F Y6 ) 3T - 77 X6, 5 Y6 |®
21(R+p21)(‘ y‘)H( Rpl S R+pzly(

® exp }@)Po(xsyys)- (22)

Based on Eq. (22) and with accounting for the integral
convolution representation, the light distribution in
recording plane 3 (see Fig. 3) takes the form

I(x6,y) ~

2 2
~ {1 + cos[k(R s l) a’ - kax + k(R il l) axo;,:|} X

2u°RI ul uRf

% {F(—XG,—,ZIG) ® exp[—mge%(xg + !/(f)]} x

2

X eXp(sz;OsxGJ@ P()(J’f(;,y(;) . (23)
0

As follows from Eq. (23), when the filtering
aperture is displaced along the x-axis, the interference
pattern displaces relative to a fixed image. Besides,
while varying x¢s, the interference pattern phase
changes by n when displacing the filtering aperture
center, e.g., from a minimum of interference pattern,
localized in the scatterer-imaging plane, to its
maximum (“living” fringes). In addition, in case of
the two-exposure recording of the Fourier hologram,
“frozen” fringes are formed in their plane while
reconstructing due to the absence of displacements of
the subjective speckles, corresponding to the second
exposure.

A comparison of the considered holographic
interferometer, used for controlling transversal
displacement of the scatterer, with those using the
Kepler tube! shows that interference patterns are also
localized in two planes, i.e., the hologram and Fourier
ones. The behavior dynamics of fringes is similar
when recording the interference patterns with spatial
filtering of the diffraction field in the corresponding
planes of their localization exterior the optical axis.
However, in the interferometer, using the Galilean
telescope, the interference pattern, localized in the
scatterer-imaging plane, is formed in the Fourier
plane and characterized by a nonlinear dependence
of interferometer sensitivity on the telescope
magnification at R # o, as well as on the sign of
curvature of a spherical wave of the coherent
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radiation used to illuminate the scatterer. In its turn,
the interferometer sensitivity to the interference
pattern, localized in the hologram plane, depends on
the hologram-plane scale of the Fourier transform of
the function, characterizing the complex amplitude of
scatterer transmittance or reflection, in this plane.

In the experiment, double-exposure holograms
were recorded on Mikrat VRL photoplates by
means of 0.6328 um He—Ne laser radiation. The
experimental technique consisted in comparison of
the hologram records made with a Galilean telescope
with  the following parameters: [ =250 mm,
fo=120mm, d;=31mm, dy=15mm. For the fixed
values of transversal scatterer: the displacement
a =(0.025+0.002) mm, distances [; = 200 mm and
[; =150 mm, curvature of a divergent spherical
spatially restricted reference beam 7 = 258.5 mm
with the angle 0=12° different curvatures of
spherical waves front of the coherent radiation, used
for opaque screen illumination, were chosen within a
range 300 mm < |R| <o; a diameter of illuminated
area was 40 mm.

Figure 4 shows the interference patterns, localized
in the Fourier plane, where the opaque screen is
imaged, and the characterizing transversal
displacement of the screen. The interference patterns
were recorded in the lens focal plane with f, = 135 mm
when spatial filtering the diffraction field in the
hologram plane by means of its reconstruction with a
small-aperture (~ 2 mm) laser beam.

Fig. 4. Interference patterns localized in the plane of
scatterer imaging and characterizing its transversal
displacement: the scatterer is illuminated by a collimated
beam (a), radiation with divergent (b) and convergent (c)
spherical waves.

When recording the hologram, the scatterer was
illuminated by a collimated beam (Fig. 4a), the
coherent radiation with convergent (R =500 mm,
Fig. 4b) and divergent (R = 400 mm, Fig. 4c)
spherical waves. The letter “T” was preliminary
drawn on the opaque screen. In this case, the spatial
extension s of interference patterns in the focal plane

of the lens Lj was 9.6 mm, which agrees with the
calculated value.

The interference pattern, localized in the hologram
plane, is shown in Fig. 5a. It was recorded at
illuminating the hologram (see Fig. 3) by a collimated
beam of 50 mm in diameter; spatial filtration of the
diffraction field was carried out in the focal plane of
the lens Ly, of 60 mm in diameter and 500 mm in
focal length. In this case, spatial extension of the
interference pattern was 43 mm and corresponded to
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the calculated value D with accounting for a factor
of 1.22. In addition, there was no need in spatial
filtration of the diffraction field in the frequency
plane of two-component optical system in Fig. 3 in
case of the Fourier hologram recording.

a b

Fig. 5. Interference patterns localized in the hologram plane
and characterizing transversal (¢) and longitudinal (b)
displacement of the scatterer.

The periods of the fringes, localized both in the
Fourier and hologram planes, were calculated for the
known variables A, a, u, I, R, and f, and compared
with measurement results. They agreed to each other
up to 10% error, allowable in the experiment.

Let opaque screen / be z-axial displaced to
Al <<y, R before the second exposure of photoplate 2
(see Fig. 1). Then define the distribution of the field
complex amplitude, corresponding to the second
exposure, in the object channel in the photoplate
plane (to the used approximation) as

) (x4,94) ~ exp(ikAl) j””?t(ayﬁx
X exp {Z(RZ—IEAZ)(K% + yf)] x

X CXP{%hi—J]fAI)[(M x2)2 +(y1 - yz)z]}m (%2,2) x

ot (s 8) exp 25 e -+ 0 -
xpz(x3,y3)exp{2 i+ yg)} »

X exp{ [(x3 x4)2 +(y3 - y4)2}}dx1dy1dx2dy2dx3dy3,

(24)

which while fulfilling the transforms, known in the
Fourier optics, takes the following form:

ik
Uy (04,Y4) ~ GXp(ZkAl)eXp[ ] (x4 + %)}
2l

ikL 13515
X {eXp[—T;(JQ + y4 )Hexp[— 12122222 (xf + yf):| X

Zk(R + 11)

x Jj.t(xb%)exp{m(xf + yf)] x

—o0
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iRLy [ 5 5 iRLL)
xexp|— >+ yi ) [exp| ———— (04 + x
P[ (l1+Al)2( i y1)] P[ (l1+Al)le( 1%4 %%)}

x drdy; ® 3(3‘4,1/4)} ® P2(X4JJ4)} (25)

where (1/15) =1/, + AD—1/f, +1/A — L/ A isthe
notation, introduced for brevity.

Since L =LA/(A+ply) and Ly =(ly + AD(A+ ply)/
/u(l+AL/p?), then after calculating Eq. (25) with

accounting for the conditions used in derivation of
Eq. (4), the distribution of the field complex

amplitude u(xy, y4) within the above area in the
plane of a photoplate of D in diameter takes the form

, . ik
Wy (X4,Y4) ~ exp(zkAl)exp[;—r(xf + yg)] x

kAL | '
X EXP{—;Hzlz(ﬁ + Z/f)HF'(A’%ZM) ®

ik(R — Al)(u?l + Al)
2(R + wl)u??

® exp

(TZ + yf)} ®

® P (x4,44) ® %(x4,y4)}, (26)

where F'(x4,y4) is the Fourier transform of #(xy, yy)
with the spatial frequencies x;/iul (1 + AlL/u*l) and
Yo/l (1+ AL/ u2D).

If the quasi-Fourier or Fourier hologram is
double-exposure recording with a divergent spherical
reference wave with the curvature » = [ on the linear
part of the photomaterial blackening curve, the
distribution of the complex amplitude of the hologram
transmittance, corresponding to the (—1)-st diffraction
order, on the base of Egs. (4) and (26) takes the form

‘t'(x4,y4) ~ eXp(—ikx4 Sille) F(X4,y4) ®

R (34 2)

®exp 2(R + )

® P1(x4,_7/4) ® })2(954,]/4) +

. iRAL ,
+ exp(zkAl)exp{— 21“2l2 (rf + yf)HF (¥4,94) ®

ik(R — Al)(w + Al
e )

®exp

®P1(x4,y4)®P2(x4,_1/4)} . (27)

V.G. Gusev

It follows from Eq. (27) that an inhomogeneous
(radially varying from the optical axis) displacement
of the subjective speckles, corresponding to the
second exposure, with respect to the similar'® speckles
of the first exposure takes place in the hologram
plane due to the difference in the scales of Fourier
transforms F(xy, y4) and F'(xy, y4). This displacement
is independent of the curvature R of a spherical wave
of the coherent radiation used for scatterer illumination
while recording the hologram. At the same time, the

—ikAl(xi + yf)

exponential factor exp[ L

1 indicates the

presence of a slope, radially varying from the optical
axis, of subjective speckles, corresponding to the
second exposure; the slope is also R-independent. The
orientation character of the subjective speckles,
corresponding to the second exposure, is so that there
is an additional radial variation of the slope from
the optical axes, which is caused in Eq. (27) by
; 2
(IR ) o nder

Z(R +u l)uzl2
the convolution integral. This variation depends on
the curvature of a spherical wave of the coherent
radiation used for scatterer illumination.

Let spatial filtration of the diffraction field be
carried out in the hologram plane on the optical axis
when reconstructing the double-exposure hologram,
characterizing longitudinal displacement of the
scatterer (Fig. 2). Let also the Fourier transforms
F(x4, y») and F'(xy, yg) of the function t(xy,y() be
similar within the diameter d; of the filtering
aperture, which is in this case to satisfy the condition

di < kuQZ(A +ub)/ dAl . Besides, if the phase change
kAl(xf+yf)/ 20’ does not exceed m within the

diameter of the filtering aperture, then the distribution
of the field complex aperture at the outlet of the
spatial filter py (see Fig. 2) takes the form

the factor exp

W (X4, Ya) ~ Po(Xa,Ya) 1 F (X4,94) ®

ikR b o
® — (¥ + QP (x4,u,) @ B(x4,y) +
exp 21(R+uzl)( 4 y4) (X4 Ya) ® Py (24,95)
+ exp(ikAl){F(xli,%) ®
ik(R— AWl +Al), ,
® X+ yi)|®
exp 2(R+u21)u2l2 ( 4 J4)
®H(x4,y4)®Pz(x4,y4)} - (28)

Based on Eq. (28), the distribution of the field
complex aperture in recording plane 3 (see Fig. 2)
after the Fourier transform is defined by the equation
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u'(xs5,5) ~ H1 +exp(ikAl)exp

ik(R* —pn'I*)Al
gm;ﬁ)(ﬁ+%%x

A+ ]J.l2 A+ l,llQ J
X X5, yS X
p{ ho T
ul ul ]
X SIS t 7 X5— Y5 | X
”2[1‘0 L ][f i’
ikl(R + p’l
xexp[(ZRm)Q)(X% + y%) }‘8 Py (xs5,y5).  (29)
If the variation period of 1+ exp(ikAl)x
2 g2
xexp{lk(R;Rgfé)Al(x + 5 )} is at least one order

of magnitude larger than the width of the function
Py(xs,ys), then take it out of the convolution
integral in Eq. (29), and the light distribution in the
plane (xs,y5) with accounting for the inequality
I, < (A+ uly)/u takes the form

E(R? - u*1?)Al
I'(xs,y5) ~ {1 + co{kAl + (2;121;2;‘02)(3& + y?)} X

A+ul, A+l J( ul ul )
X Xs, t| ——x5,——
P{ A 5 h Ys h 5 ﬁ)

zkl(R + u21)
2Rfy

2

X exp ® Py(x5,45) (30)

(¢ + 12)

According to Eq. (30), a subjective speckle
structure in the plane of scatterer imaging, restricted
to the image of Galilean telescope pupil, is modulated
by fringes of equal slope — the system of concentric
interference rings. The measurement of their radii 7,
and 7, in the neighboring interference orders allows
determination  of  the longitudinal scatterer

displacement Al = 27412R2ﬁ.2/( 412)( - ) for

the known variables A, p, R, [, and f;. The
interferometer sensitivity in this case depends on the
curvature of the spherical wave front of the coherent
radiation, used for scatterer illumination while
recording the hologram. Thus, when |R| decreases
within a range p’l < |R| <o, the interferometer
sensitivity decreases down to zero when |R| =%l In
this case, an additional slope of subjective speckles,
corresponding to the second exposure, with respect to
the similar ones of the first exposure in the hologram
plane is radially invariable from the optical axis in
Eq. (26). A further decrease of the spherical wave
curvature results in enhancement of the interferometer
sensitivity when recording the interference pattern,
localized in the scatterer-imaging plane, due to
occurrence and an increase of a slope, radially varied
from the optical axis, of the subjective speckles,
corresponding to the second exposure, in the
hologram plane.
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Consider the spatial filtration of the diffraction
field on the optical axis in the scatterer-imaging
plane (xs,y5) (Fig. 3) at the stage of recording
of the double-exposure quasi-Fourier hologram,
characterizing longitudinal scatterer displacement. In
this case, neglecting the spatial boundedness of the
field due to finite sizes of the hologram and the lens

Ly, the distribution of its complex amplitude in the
above plane is defined as

, A + ul A+l I} l
w(xs5,Ys) ~ P1[ fo“ 25, fo“ : ys)lb [}%Y)’ff)y)] X

. 2
xt(—f(}lra,—;ljsjexp W(ri + yf)} +

212
+exp(zkAl)exP{2f l (r% + y%)} ®
0A

A+ ]J.l2 A+ |J.l2 ] [12 l J
® Xs, Ys — X5y
%{ TR VA
ul Alj ul[ Al] }
xt 1+ Xs, 1+ X
{ fo [ fo 2 )5
ik(R2 - u412)Al

2ﬁwﬁ(ﬁ+ﬁﬂx

, 2
7”%1(13 il I)Al (ré + yf)]} (31)

X eXp

X eXp

2R[{

Knowing  that exp[ik;ﬁl2 (r% + y%)/ 2f021Al] =

= 8(xs,y5) set the phase change [k(RZ—lle)x

xAl(x§ + yf) /2u2R2f02] <n within the diameter of
the filtering aperture of the spatial filter py (Fig. 3).
di < wPl(A+ub)/dial, if fy=ul; when
fo# ul, it is necessary to take into account the factor

fo/wl. Hence, the distribution of the field complex
amplitude at the spatial filter outlet takes the form

I ul
U'(XSvys) ~ Po(xs,ys){ (—“rS, h ySJx

Besides,

fo
ikl(R +p’l)
2Rf}

ik’ z} [ wl ol j
xexX - x5 + Y5 ) |®t| ——x5,——
p[Zf(fAl( 5T ) fo fo v

. 2
x exp[w(ﬁ + y%)}} (32)

2Rf;

X exp

(xf + yf)] + exp(ikAl) x

On the base of Eq. (32) after fulfillment of the
Fourier transform, the distribution of the field complex
amplitude in the plane (x4, ys) (Fig. 3) is defined as
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, ) ikl
W (x6,96) ~ {1 + exp(zkAl)exp{—w(ug + yg)}} x

X{F(—XG»—%) ® eXP|:_2l(Ii3k-i]-euzl)(X§ + ’Jé)}} ®

® Ry (%6, Ys)- (33)
If the wvariation period of 1+ exp(ikRAl)x
x exp[—;ﬁflé(xg + yé)} is at least one order of

magnitude larger than the width of Py(xg, y¢), defining
the size of subjective speckle in recording plane 3
(Fig. 3), then we take it out of the convolution
integral in Eq. (33), and the light distribution in the
plane (xg, y) takes the form

/ kAl
o) - o cof kot - 55 o )

®

X

F(—xa,-ya@exp[- kR )(xé+y£)

21(13 +p’l

2

® R)(X(j,y(j) (34)

According to Eq. (33), a subjective speckle
structure in the hologram plane is modulated by fringes
of equal slope — the system of concentric interference
rings. Measurement of their radii in the neighboring
interference orders allows determination of the
longitudinal scatterer displacement for the known
variables A, p, and [. In this case, the interferometer
sensitivity depends on the scale of Fourier-transform
function, characterizing the complex amplitude of
scatterer transmittance or reflection, in the plane of
photoplate 2 (see Fig. 1). Besides, if diameters of a
collimated Dbeam of the coherent radiation,
reconstructing the hologram, and of the lens Lj
(Fig. 3), exceed D, the spatial extension of the
recorded interference pattern is limited to the domain
of existence of the Fourier transform of ¢(—xy, —y¢) in
the hologram plane.

Note, that in case of localization of the
interference pattern, characterizing longitudinal
scatterer displacement, in the hologram plane, the
mechanism of its formation is caused by the presence
of a slope angle of the subjective speckle-field,
corresponding to the second exposure, with respect to
the field of the first exposure in the hologram plane.
The angle varies radially from the optical axis and is
independent of the curvature of a spherical wave of
the coherent radiation, used for scatterer illumination.
In its turn, the orientation character of the subjective
speckles, corresponding to the second exposure and
correlated with variations of the slope angle, depending
on the curvature of a spherical wave of the coherent
radiation, used for scatterer illumination, governs the
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localization of the interference pattern in the scatterer-
imaging plane.

To analyze the behavior dynamics of the fringes,
localized in the scatterer-imaging plane and
characterizing longitudinal displacement of the
scatterer, consider spatial filtration of the diffraction
field in the hologram plane exterior the optical axis
(Fig. 2), i.e., the case when the filtering aperture is
centered at (xg4,0). As in the case of transversal
scatterer displacement, assume that the size of a
subjective speckle in the hologram plane is much less
then the filtering aperture diameter, but within the
latter, the angle of slope of the subjective speckle,
caused by the diffraction of a plane wave, propagating
at the xo/ul angle to the optical axis, is invariable.

In addition, the phase change [kAl(xf + yf)/ZuzlzJ <z

within the filtering aperture diameter
d; < kuzl(A +ub)/diAl. Then define the distribution

of the field complex amplitude at the spatial filter
outlet as

(X4, Ys) ~ pO(xZiyyZi){F(xd + XouYs) ®

® exp{—mgefiﬁ)[(m + Xo0) + yﬂ} ®

Zk};";hjﬂ (4,94) ® exp[—ﬁ();“j}’z(%m) +

. ikAlxXY, iy ikALY X4
+exp(zkAl)exp[— W ]X{J._lt(xb%)e}{p[;ﬁﬂ x

® exp (—

xexp{— lk[?ﬁ (205 + 3;04) + yw]} drdy, ®
n

o exp{_ ik(R — Al)(u? + Al)

2(R + W)l [ e+ 20)” + o ]} ®

®eXp(—m°lij(x4,y4) ®
W

® exp(—ikwo;“mjﬂ (x4,y4)}}. (35)
u

After fulfillment of the Fourier transform, the
distribution of the field complex amplitude in the far

focal plane L{ (see Fig. 2) takes the form

ikAlxd, J 5

u’(x;;,ys) ~ {1 + eXp(ikAl)exp(— 2u212

kAl k(R -u'P)Al,
Xexp _“Tlﬁ)~r04x5 exp 2HZ—R2ﬁ)Z(x-) +y3) X

A+|le

Xo4» 7 ij
0

- A+u12xS+A+u12
fo ul
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lkl(R + Hzl) 2 2 i2kf04 X5
s — V4 5 —_ ®P A35,Y5)-
iy (3 +43) eXP( ; J ) (5, 5)

(36)

On the base of Eq. (36) and with accounting for the
inequality I, < (A + uly)/, define the light distribution
in recording plane 3 (see Fig. 2) as

/ k(R* — ')Al
1 (.X5,y3) ~ a1+ cos| RAl + 2H.Z—R2ﬁ)z

kAL kAL ||
Hzlﬁ) 40445 2}1212 404

(43 +23)—

LR

A+|.llz ; A+|.llg A+HIQ
X p1[ ﬁ) X5 + ]J.l 404 f() Ys | X
2
Wl ikl(R + )
xt[ —X5,— je Xp W(’(S +Jo)

2

xeXp[Qkx‘“x"’J@) Py(xs,95) (37)

fo

As follows from Eq. (37), when the filtering
aperture is displaced on the x-axis, an image of the
Galilean telescope pupil displaces in respect to a
relatively immovable scatterer image. Fringes also
displace due to an inhomogeneous displacement of
the subjective speckles, corresponding to the second
exposure, in the hologram plane (fringe parallax). In
this case, while varying x4, the interference pattern
phase changes when displacing the filtering aperture
center, e.g., from a minimum of interference pattern,
localized in the hologram plane, to its maximum
(“living” fringes).

When spatial filtration of the diffraction field
is carried out in the scatterer-imaging plane
exterior the optical axis in Fig. 3, e.g., at the point
(x95, 0), while reconstructing the double-exposure
quasi-Fourier hologram, and the phase change

[K(R? = W'P)AIE + y3)/ 2°R | <m within  the
diameter of filtering aperture, the distribution of the

field complex amplitude at the spatial filter outlet is
defined as

, [ !
w(x5,95) ~ po(%s,Y5) {—”(xs + xos)y—”ys} x
fo fo

iRI(R + 1l .
% eXp{l(gR;Zu)[(xs +x05) + yﬂ} + exp(ikAl) x
0

X eXp

ik(R2 - H4l2)AlﬂC§5 ikl
®
WZRYf? eXpoo TVIRAS )}

Vol. 21, No. 5 /May 2008/ Atmos. Oceanic Opt. 403

®t{—%[1 + Al](rs + Xg3), —f()El + Al]zs} x

. 2
x exp{w[(xs + 205) + yg]}} (38)

2Rfs

If d; < kuzl(A +uby)/ diAl (fy = ul), then

ul ) Al _
t{— A (1 + )(Y + X03),— fo(1 + HZZJ%] =

[ pl (s + Xo5) lvllysi|
=t —
fo fo
in Eq. (38) and subjective speckles of two exposures

at the spatial filter outlet are identical. Again, the
distribution of the field complex amplitude in the far

focal plane of the lens L{ (see Fig. 3) takes the form

ik(R* - ') Alxgs
X
WR

W' (%6, Ys) ~ {1 + exp(ikAl)exp

x exp| - ikA? (Jcr2 + y?) exp —ﬂx X | x
2”212 O O Hzlﬁ) 0546

ikR

® Py (%6, Ys), (39)

X {F(—xﬁ,—yﬁ) ® exp

on the base of which the light distribution in
recording plane 3 (see Fig. 3) is defined as

kAl
A

kAl k(R* —w'P)al
- Tx()sxﬁ + Wﬁﬁ)s X

RAL -

I'(x6,Ys) ~ {1+cos (r() +j())

2
ikR

x|F (=x6,~ 1) ® exp| ——————(xZ + 42) | ® Py (xs, s
( 6 y()) p 2I(R+|.12[)( 6 J()) 0( 6 y(J)

(40)

According to Eq. (40), when the filtering aperture
is displaced along the x-axis, the fringes displace
with respect to a relatively immovable hologram
image due to an inhomogeneous displacement of the
subjective speckles, corresponding to the second
exposure, in a direction, depending on the direction
of filtering aperture displacement (fringe parallax).
In this case, while varying x5, the interference pattern
phase changes when displacing the filtering aperture
center, e.g., from the minimum of interference pattern,
localized in the scatterer-imaging plane, to its
maximum (“living” fringes).
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When the interference pattern, characterizing
longitudinal scatterer displacement, is localized in
the Fourier plane, spatial filtration of the diffraction
field in the scatterer-imaging plane is required to
record this interference pattern. In this case, when
displacing the filtering aperture, as in the case of single-
component optical system for recording the Fourier
hologram,""'? the only fringe parallax takes place due
to a similar mechanism of interference pattern formation,
connected with accounting for an inhomogeneous
displacement of the subjective speckles, corresponding
to the second exposure, in the hologram plane.

Comparison of the considered holographic
interferometer, used for controlling transversal
displacement of the scatterer, with those using the
Kepler tube! shows that interference patterns are also
localized in two planes, i.e., the hologram and
Fourier ones. In the interferometer, using the Galilean
telescope, the interference pattern, localized in the
scatterer-imaging plane, is formed in the Fourier
plane; at R = o it has other character of the
sensitivity dependence on the telescope magnification.
In its turn, the interferometer sensitivity for the
interference pattern, localized in the hologram plane,
depends on the hologram-plane scale of the Fourier
transform of the function, characterized the complex
amplitude of scatterer transmittance or reflection.
Besides, when using the Galilean telescope to control
longitudinal displacement of the scatterer, the fringe
parallax is characteristic ~when recording the
interference patterns with spatial filtration of the
diffraction field exterior the optical axis in the
corresponding planes of their localization.

In the experiment, double-exposure holograms
were recorded for the fixed longitudinal displacement
Al = (0+0.002) mm of the opaque screen for different
curvatures of a spherical wave front of the radiation,
used for scatterer illumination, chosen within the
above range. The /; and /5 values corresponded to the
above presented. As an example, the interference
patterns, localized in the imaging plane of the opaque
screen, restricted by an image of the telescope pupil,
are given in Fig. 6.

Fig. 6. Interference patterns localized in the scatterer-
imaging plane and characterizing its longitudinal
displacement in illuminating by radiation with divergent (@)
and convergent (b) spherical waves.

They were recorded in the focal plane of a lens
with fy =135 mm in focal length when spatial filtering
the diffraction field in the hologram plane by means
of its retrieving with a small-aperture (~ 2 mm) laser
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beam. Figure 6a corresponds to the case of screen
illumination by radiation with a divergent spherical
wave (R =400 mm) while Figure 6b is to the case of
the convergent one (R =300 mm). If the spherical
wave radius satisfies the condition 780 mm < |R| <o,
the zero order of interference exceeds s =9.6 mm.

The interference pattern, localized in the
hologram plane (see Fig. 5b), was recorded while
reconstructing the hologram (Fig. 3) by a collimated
beam of 50 mm in diameter with spatial filtration of
the diffraction field in the focal plane of the lens Lj
of 60 mm in diameter and 500 mm in focal length. In
this case, the spatial extension of the interference
pattern was equal to a calculated value of 43 mm. In
addition, to retrieve the above interference pattern in
case of recording the Fourier hologram at the stage of
its retrieving, spatial filtration of the diffraction field
in the frequency plane of the two-component optical
system (Fig. 3) was necessary.

The value of the opaque screen longitudinal
displacement was calculated for the known variables
M w I, R, fo, 7, and ry for both the described and
other interference patterns, recorded in the experiment;
then it was compared with the known value. They
agreed to each other up to 10% error, allowable in
the experiment.

While two-exposure recording of the quasi-Fourier
and Fourier holograms with a Galilean telescope to
control transversal or longitudinal displacement of the
scatterer the character of the interferometer sensitivity
dependence on the enhancement of the Kepler tube
sensitivity is different.! Hence, an analysis of the
hologram recording according to Fig. 7, when the
scatterer is in front of the telescope lens, is required.

(ay, ]/1) (xy, !/2) (s, !/3) (x4, !/4)

le p1|

/7}IL2 RN E
\I |YZ\

Fig. 7. Schematic view of two-exposure hologram recording.

In this case, the distribution of the complex
amplitude of the field, corresponding to the first
exposure, to the Fresnel approximation in the object
channel in the photoplate plane is

iy (%4,Y4) ~ Jﬂjﬁt(aydexp[%(xf + %2)] x

x eXP{éZ[(M - x2)2 +(y - y2)2]}p2 (02,9 x

xexpBZ(xg + y%)]exp{éi[(rz —x5) (- yB)ZJ} x

ik
Pt (xg,yg)exp{—zlf(x% + y%)} x
1
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ik
Xexp{él,[(% - X4)2 + (y? - y4)2}}dﬂﬁd%dﬂ‘zdmdﬁ’rsd%y
2
(41)

where [ is the distance between the opaque screen
and the principal plane of the lens L,; [5 is the
distance between the principal plane of the lens L
and the photoplate.

Based on the transforms, similar to those fulfilled
in case when the scatterer was placed in front of the
Galilean telescope lens, obtain the distribution of the
field complex amplitude in the photoplate plane
within the area of D'<dl'(l +pa)/(nlily +1A) in

diameter (' = I} + pA + p?l] ) in the following form:

_ 1 . ..
ity (4,94) ~ exp[;r/ (xF + yﬁ)HF(x4,y4) ®

ikHZR 2, 2
®exp|— - X5+ ®
P 2 (R l')(4 i)
®F)1,(x47y4)®F)2/(x47y4)}7 (42)

where # = [' is the curvature of a divergent spherical

wave; F(x4,y;) is the Fourier transform of the

function t(xy, y1) with the spatial frequencies px,/Al'
and py,/Al'; Pi(x4, y4) is the Fourier transform of the
telescope objective pupil function p(x3, y3) with the
spatial frequencies x,/Aly and yu/Aly; Py(xy, y4) is
the Fourier transform of the telescope lens pupil
function po(x9, y») with the spatial frequencies
uxy/AQuA + ) and py, / MuA +5).

It follows from Eq. (42), that the quasi-Fourier
transform of the transmission function of opaque
screen / is formed in the plane of photoplate 2
(Fig. 7) within the area of D’ in diameter, each point
of which is extended up to the size of the subjective
speckle, defined by the width of the function
Pi(x4, y4) ® P(x4, y4). In this case, the subjective
speckle-field is superimposed with the phase
distribution of a divergent spherical wave with the
curvature 7' = ['. In particular case of the scatterer
illumination with a coherent radiation with a
convergent spherical wave of I'/p? in curvature, the
distribution of field complex amplitude in the plane
(x4, y4) corresponds to the Fourier transform of the
function t(xy, yy).

When the opaque screen is transversely displaced
in its plane toward the x-axis to a, the distribution
of the complex amplitude of the field, corresponding
to the second exposure, in the object channel in the
photoplate plane within the above area is defined as

. 2 7\ 2
Zk(u R+l)a }(

i1y (24, 44) ~ €Xp {— SRT
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ikpax ik
xexp( ”l' 4)exp[2rv(xf +y§)]x

2
X{F(]C4,y4) ® exp[—y(lfgiil/)(xf + yf)] ®

; R+
®eXp(—Zkul?x‘4){le(x4vy4)® F)2/|:x‘4 + (ule)ayy4:|} .

n

(43)

According to Eq. (43), the transversal displacement
of the scatterer is accompanied by variation of the
slope angle of subjective speckle-field to the value
pa/I" with respect to the speckle-field of the first
exposure. In addition, a homogeneous displacement of
the speckle-field component is observed there, caused
by the diffraction of a plane wave on the pupil of
Galilean telescope, to (u’R + I')a/uR.

If the double-exposure quasi-Fourier or Fourier
hologram 1is recorded at the linear part of the photo-
material blackening curve with the use of a divergent
spherical wave of # =1 in curvature, then the
distribution of the complex amplitude of its
transmittance, corresponding to the (—1)-st diffraction
order, on the base of Eqs. (42) and (43) takes the form

T(x5,44) ~ exp(-ikay sine){l:" (24,44 ®

® P{(x4,y1) ® Py (x4,y4) +

® exp[— k'R l’) (7642 + 1/42)

2 (pZR +

ik(W’R+1) . ;
+exp {_(H ) (ZZ:| exp[lkwx4 ] x

2RI I

AWR+I

(qu + l’)
X4 + Tﬂ,]ﬂﬁ

(44)

If the diffraction field is spatially filtered while
reconstructing the hologram in its plane on the
optical axis (Fig. 2), and the phase change
(kpax,/l') < n within the diameter of filtering aperture,
then define the distribution of the field complex
amplitude in the far focal plane of the lens L, as

2 1\ 2 2 '
I(x5,95) ~ {1 + cos[k(H R +l)a + k(u R+ l)ast}x

~ l 2
X{F(x4,y4)®exp[— lkﬁu R )(x42+y5)}®

e LUALY

2RI ].lRf()

A J (1§+ pA b+ pA J
— X5, Ys Xs, Ys | X
p1[f0 fo P ufo /o

X
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’ ’ ] ! 2 !
xt(— ¢ xs,—lyslexp[dd(u]hl)(xsz + yﬁ)] ®

/o /o 2H2Rf 02
2

® Ry(x5,95) (45)

It follows from Eq. (45) that to provide for the
diffraction boundedness of the field by a telescope,
the diameter Dy of the illuminated area of the
scatterer at the stage of hologram recording should
satisfy the condition Dj > dyl'/(l; +pA). Then the
subjective speckle structure is modulated by fringes,
alternate  on the x-axis, within the area
s'=dyufy /Iy + pA) of a telescope pupil image (here
I5<(A+05)). In this case, the interferometer
sensitivity depends both on the value and sign of the
curvature of wave front of the coherent radiation,
illuminating the scatterer while recording the
hologram, due to a homogeneous displacement of the
subjective  speckle component, caused by the
diffraction of a plane wave on the telescope pupil, in
the  hologram  plane.  The  fringe  period
A%5 = WuRfy /(W*R + 1D a for positive R decreases with

R due to the increase of the displacement of the
above component of the subjective speckle, corresponded
to the second exposure, in the hologram plane.

When the opaque screen 1 (Fig. 7) is illuminated
with a coherent radiation with a convergent spherical
wave, the fringe period increases with decreasing R
in a range (I'’/p’)<R<ow up to infinity when
R =1/u?% the Fourier transform of #(x,y,) is
formed in the hologram plane; displacement of the
speckles, corresponding to the second exposure, is
absent. A further decrease of R results in enhancement
of the interferometer sensitivity when recording the
interference pattern, localized in the scatterer-imaging
plane, due to occurrence and increase of a homogeneous
displacement of the subjective speckle component,
caused by the diffraction of a plane wave on the pupil
of Galilean telescope, in the hologram plane. In contrast
to Ref. 1, the interferometer sensitivity nonlinearly
depends on the telescope magnification at R # oo.

Let the spatial filtration of the diffraction field
be performed on the optical axis in the scatterer-
imaging plane (Fig. 3) when reconstructing the
double-exposure quasi-Fourier hologram (phase change

I:k(p2R +Na/ prO] < @), within the diameter of

filtering aperture). Then the light distribution in the
plane (x4, ) of the hologram imaging with the unity
magnification takes the form

i R(W*R+1) . ‘
1(x6,Y5) ~ {1 + cos[ (“ )az _ kuaxg ]} .

2RI s
2

- huiR . .
x F(—xﬁ,—y(;)@expl— 1 )(ré +yé)1®Po(x6,y6)

2A(WR+1

(46)
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It follows from Eq. (46) that the subjective
speckle-structure in the hologram-imaging plane is
modulated with fringes of A%; = Al'/ua in period.
The fringe frequency depends on the hologram-plane
scale of the Fourier transform of the function,
characterizing the complex amplitude of scatterer
transmittance or reflection.

Under control of longitudinal displacement of
the opaque screen 7 (Fig. 7) in two-exposure hologram
recording, the distribution of complex amplitude of
the field, corresponding to the second exposure, in
the object channel in the photoplate plane within an
area of D' in diameter is defined as

aé(x4,]/4) -

9 .
~ exp(ikAl) exp{—Zk’l“L Al (rf + yf)]exp[lk,(xf + yf)] x

207 2

ikp* (R - Al)(l’ + u2Al)
27 (WR + l’)

X{F'(xm%)@eXP[— ( 7 +y'42)]®

®F)1,(x47y4)®F)2/(x47y4)}y (47)

where F'(x4,y5) is the Fourier transform of the

function t(xy, yy) with the spatial frequencies px;/
/A + WAL/ and pyg /A1 + p2AL/T).

If the double-exposure hologram is recorded at
the linear part of the photo-material blackening curve
with the use of a divergent spherical wave of 7 = [’
in curvature, then the distribution of the complex
amplitude of its transmittance, corresponding to
the (—1)-st diffraction order, on the base of
equations (42) and (47) takes the form

' (24,44) ~ exp(—ikaysin®) x

iku’R

F(x4,44) ® exp| —————
x{ (%4,94) P[ 21’(p2R+l')

(.X42 + yﬁ)} ®
® P(x4,44) ® P5(x4,y4) + exp(ikAl) x

.
xexp{_lk“ Mg, yg)]x

21/2
i ikn® (R — AL (I + n?Al)
F'(2c4,44) ® exp| — 2+ | ®
X{ ( 4 J4) p[ 21/2(”2R + ll) ( 4 y4)
® P(x4,44) ® Pz’(%&h)} : (48)

Let the spatial filtration of the diffraction field
be performed on the optical axis in the hologram plane
(Fig. 2) while retrieving the double-exposure hologram

(phase change [kuzAl(xf +yD)/ 21’2J <n within the

filtering aperture diameter d; < A'(y + pA)/ w’d,Al) ).
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Then define the light distribution in recording
plane 3 (Fig. 2) with accounting for the inequality
I <@A+1D) as

. k(W'R* - 17)al
I'(x5,y5) ~ 41+ cos| RAl +

(r% + yf)} x

b+pA L+ pA J[ r r ]

s S5 t ———X5,———= Y5 | X

: 2
RIGPR+1)( 5
{W("“%) ® Py (x5,95)| - (49)

According to Eq. (49), a subjective speckle
structure in the plane (xs,ys) of scatterer imaging,
restricted by the image of Galilean telescope pupil, is
modulated by fringes of equal slope — the system of
concentric interference rings. In this case, the
interferometer sensitivity is independent of the sign
of a spherical wave curvature of the coherent radiation,
used for scatterer illumination while recording the
hologram, and has another character of the telescope
magnification dependence in comparison with Ref. 1
at R # . In addition, the interferometer sensitivity
depends on the value of curvature R. Thus, when
|R| decreases within a range (I'/p?)< |R| <o, the
interferometer sensitivity decreases down to zero at
|R| = I'/u2 In this case, an additional slope of the
subjective speckles, corresponding to the second
exposure, in the hologram plane is invariable in
Eq. (47) with respect to the similar ones of the first
exposure. A further decrease of the spherical wave
curvature results in enhancement of the interferometer
sensitivity when recording the interference pattern,
localized in the scatterer-imaging plane, due to
occurrence and increase of a slope angle, radially
varied from the optical axis, of the subjective speckles,
corresponding to the second exposure, in the hologram
plane.

In its turn, in case of double-exposure hologram
retrievement with the spatial filtration of the
diffraction field on the optical axis in the scatterer-
imaging plane (Fig. 3) (phase change

[k(]fRz )2 + y%)/2u2R2ﬂ)2:| <n  within the
diameter of filtering aperture and the diameter
dy < W'l +un) /wPdoAl, when fy = I'/p), the light

distribution in the recording plane 3 (Fig. 3) takes
the form

2
I "(x6,6) ~ {1 + cos{kAl - k;llel (x(f + Y2 )}} X

2

X

F (~%6,~5) ® exp —M(Jd‘3 + 43) |® Py (%6, 4s)
2 (WR+T)

(50)

According to Eq. (50), a subjective speckle
structure in the plane (x4, y6) of hologram imaging is
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modulated by fringes of equal slope — the system of
concentric interference rings. In this case, the
interferometer sensitivity depends on the hologram-
plane scale of the Fourier transform of the function,
characterizing the complex amplitude of scatterer
transmittance and reflection, and increases with a
decrease of the scale of Fourier transform F(xy,y,).

Note, that in case of double-exposure recording
of quasi-Fourier and Fourier holograms according to
Fig. 7, the analysis of behavior dynamics of fringes in
spatial filtering of the diffraction field exterior the
optical axis gives results, similar to the case of
hologram recording (Fig. 1).

In the experiment, double-exposure quasi-Fourier
and Fourier holograms were recorded according to
the scheme in Fig. 7 with the above parameters of
Galilean telescope; distances [y and [;equaled to
150 and 200 mm, respectively, the curvature # of a
divergent spherical spatially restricted reference beam
was 1122 mm. The opaque screen was longitudinally
or transversely displaced before the second exposure
by the same length as in case of hologram recording
according to Fig. 1. In addition, the interference
patterns, localized in the Fourier and hologram planes,
were recorded similarly.

As an example, the interference patterns, localized
in the Fourier plane and characterizing transversal
displacement of opaque screen / (Fg. 7) are shown in
Fig. 8.

a b c
Fig. 8. Interference patterns localized in the plane of
scatterer imaging and characterizing its transversal
displacement under illuminating by a collimated beam (a),
coherent radiation with divergent (b) and convergent (c)
spherical waves (R = 500 mm).

The image of the opaque screen is restricted to the
image of Galilean telescope pupil, for which s’ = 9 mm
corresponds to the calculated value.

In the above three cases (Fig. 8) and in other
ones, connected with variation of the value and sign
of curvature of a spherical wave of the radiation,
illuminating the scatterer, the fringe periods were
calculated for the known variables A, a, u, ', R, and
fo and compared with the measurement results. They
agree to each other up to 10% error, allowable in the
experiment.

A special case is realized in the experiment at

' =1, l5=1, and, hence, I' = p* and D' = D. As a
result, the interference patterns, characterizing
transversal or longitudinal displacement of the
scatterer and localized in the hologram plane, were
similar to those shown in Fig. 5. This also follows
from Egs. (17), (46) and (33), (50).
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a b

Fig. 9. Interference patterns localized in the plane of
scatterer imaging and characterizing its longitudinal
displacement under illuminating by radiation with divergent
(a) and convergent (b) spherical waves.

The interference patterns in Fig. 9 characterize
longitudinal displacement of opaque screen 7 (Fig. 7)
and are localized in the Fourier plane; Figure 9a
corresponds to the case when the scatterer is
illuminated by the coherent radiation with divergent
(R=400 mm) and Fig. 99 — with convergent
(R =300 mm) spherical waves when recording the
hologram. Both in these two cases and in others
connected with variation of the value and sign of
curvature of a spherical wave of the radiation,
illuminating the scatterer when recording the
hologram, the calculated value of longitudinal
displacement of the opaque screen for the known
M oa, ', R, fo, 7, andr, was compared with the
known one. They agree to each other up to 10%
error, allowable in the experiment.

Note, that double-exposure  quasi-Fourier
hologram recording according to the scheme in Fig. 7
at R = o provides for the p?-time enhancement of the
interferometer sensitivity to the transversal scatterer
displacement when recording the interference pattern,
localized in the Fourier plane. This follows from
comparison of Figs. 4¢ and 8a and Eqs. (12) and (45)
and is explained by an increase of displacement of
the subjective speckle component, caused by the
diffraction of a plane wave on the pupil of Galilean
telescope, in the hologram plane (see Egs. (43) and
(7)). Besides, the recording of the interference pattern,
characterizing longitudinal scatterer displacement and
localized in the Fourier plane, also provides for
enhancement of the interferometer sensitivity at R = oo.
The ptime enhancement follows from comparison of
Eqgs. (49) and (30) and is explained by an increase of
a slope angle, radially varied from the optical axis, of
the subjective speckles, corresponding to the second
exposure, with respect to the similar speckles of the
first exposure.

Thus, the results of theoretical analysis of
formation of interference patterns, characterizing
transversal or longitudinal displacement of the
scatterer in double-exposure recording of the quasi-
Fourier and Fourier holograms with the use of a
Galilean telescope along with performed experimental
investigations have shown the following.
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Similar to the case of Kepler tube, interference
patterns are localized in two planes. Under control of
transversal scatterer displacement for the interference
pattern, localized in the Fourier plane of scatterer
imaging, the interferometer sensitivity generally
nonlinearly depends on telescope magnification and
the sign of curvature of a spherical wave of the
coherent radiation, used for scatterer illumination
when recording the quasi-Fourier hologram.

For the interference pattern localized in the
hologram plane, the interferometer sensitivity depends
on the hologram-plane scale of the Fourier transform
of the function, characterizing the complex amplitude
of scatterer transmittance or reflection.

Under control of longitudinal scatterer
displacement for the interference pattern, localized in
the Fourier plane, the interferometer sensitivity in
general has another character of power dependence on
telescope magnification in comparison with a Kepler
tube. For the interference pattern localized in the
hologram plane, the interferometer sensitivity depends
on the hologram-plane scale of the Fourier transform
of the function, characterizing the complex amplitude
of scatterer transmittance or reflection. In addition,
an inhomogeneous displacement of the subjective
speckles, corresponding to the second exposure, in
the hologram plane with respect to similar speckles
of the first exposure results in a displacement of the
interference pattern center (the system of concentric
rings), localized in both the Fourier and hologram
planes, when spatial filtering the diffraction field
exterior the optical axis. Because of the same reason,
spatial filtration of the diffraction field in the Fourier
plane is necessary to record the interference pattern,
localized in the hologram plane, in case of double-
exposure record of the Fourier hologram.
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