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An improved statistical model for the spatial spectrum of short exposure images
distorted by the atmosphere is suggested. A more precise dependence of the resolution
on observation conditions is derived for the case of a nonredundant synthesized tele-
scope and small size targets. Quantitative estimates of the resolution are obtained for

typical values of the parameters.

The previous study' considered classical speckle-
interferometry (SI) designed to form the image in tra-
ditional telescopes with continuous apertures. It was
demonstrated, in particular, that small-size target ob-
servations in reflected solar rays can provide resolu-
tions up to 2 - 1078 rad, which corresponds to an aper-
ture diameter of D = 25 m. For the analysis we em-
ployed a statistical model of images of short-exposure
time (SEI) based on the so-called ”5/3” — power law
for the structural function of atmospheric distortions.?
This law is known to be justified only in the case
D < L,, where L, is the external turbulence scale; for
D > L, the structure function is saturated. From this
viewpoint the value of L, approximately 10 m
(Ref. 6).

The current state of the art limits the largest
possible diameter of solid telescope mirrors to 10 m
(Ref. 5). Quasisolid mirrors now being developed,
which will consist of numerous separate segments,
will have the same maximum diameter because of the
difficulties of constructing a system to control the
position of such segments within an accuracy of the
order of the wavelength.® Therefore, the only practi-
cal way to achieve resolutions of 107® rad and less
consists of using multi-aperture synthesized tele-
scopes (MST). They comprise several separated in-
dependent receiver mirrors (subapertures) of moder-
ate size. Operating in the regime of the coherent
addition of light beams from separate subapertures,
the MST opens up a possibility to achieve resolu-
tions corresponding to the maximum separation dis-
tance between the mirrors. Several MST projects are
now entering their practical implementation stage, in
particular, the VLT system with a 104-m base.”
MST’s are characterized by poor filling of their syn-
thesized apertures. From the point of view of form-
ing images of maximum possible resolution the most
promising among MST systems are those with low
redundancy, in which the distances between their
separate subapertures are not duplicated. It is well
known that the diffraction response functions of
strongly rarefied apertures have complex distribu-
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tions with numerous interference maxima,®? and that
their random realizations distorted by the atmos-
phere differ appreciably from the ordinary SEIL.'® All
these features necessitate refining of the results of
the previous analysis. To do this we now transfer
into the spatial frequency domain.

A description of SEI, mathematically equivalent
to its description by the intensity distribution J(®), is

the one employing the spatial spectrum (SS) J(/),
defined by a Fourier-transformation of the form

3P = I 48J(8) exp{2n:76} )

Assuming isoplanar properties of the ”atmosphere-
telescope” system (ATS) the following representation
of SS will be true:

I} = E0Dr-H (D) 2)

where E = J-d®~](®) is the SS energy; O(f) is the

SS of the desired target image to be estimated
(0(0) = 1),

T AO.MQ
- 1 - -
B(P) = 5w Idt I dr-HA, t, P)
o Ao-ufz (3)

is the ATS optical transfer function (OTF), and
K, ¢ D) o= j a2 WD - A7) x

wexplilp(n, t, 3) -9(a, t, 3 -2aH)]

(4)

is the ”instantaneous” OTF. Here T and A\ are the
temporal and spatial intervals of SEI recording; A is
the average wavelength; S,, is the total area of the
receiving aperture; W(3) is the aperture function,
equal to unit within it, and to zero — outside the
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aperture; and ¢, t, ©) is a realization of atmos-

pheric phase distortions at point @ of the aperture,
at instant of time ¢, and wavelength 2.

Essentially, SI processing is reduced to forming
M recorded SEI estimates of the correlation func-
tions from the SS having the form

JHIF + aP)> = B0} -0 x

x(7 + A7) -<H(DIH(f + 87)> )

The ensuing reconstruction of SS O(f) from them is

separated into various subtasks of reconstructing
both modulus and phase, different in terms of reali-
zations but having comparable resulting accu-
racy.'"!? For simplicity we will focus on the first of
these subtasks. The solution of this problem consists
of normalizing the estimate of the averaged squared
modulus

<|IR P = |y [*-< || ©)
to the independently measured or calculated transfer

-2
function <‘H(f)‘ > The accuracy of this solution can

naturally be characterized by the ratio Q of the true
- 12
value of this square ‘O(f)‘ to the mean error of its

estimate. As noted in Ref. 1, only the quantum
noises of recording has to be considered for as the
principal error source when we determine the poten-
tial resolution. Now, on the one hand, if the mean

area S; of the correlation range for the SS J(f) is
noticeably larger than the similar area S, for the SS
N(f) of the recording noises, then a preliminary

smoothing of J(f) over their correlation areas before

averaging (6) becomes advisable; this procedure in-
creases the accuracy Q by a factor of S;/ S,. On the
other hand, if the area Sy of the correlation range for

the SS O(f) is significantly larger than S;, it becomes
advisable to smooth the estimate ‘O(f )‘2 instead; this

procedure increases the accuracy by a factor of
Sy /' S;. Taking account of the mutual statistical

independence of M realizations of the recording noise

- 12
and denoting their variance <‘N (f )‘ > as o, and also

considering the obvious inequality S, <S§;<S, we
obtain the following general expression for Q:

/ E%-v o 2 2
ap) =vVu - ——2 oD |*<|HP 5.
o-l_-Sr (7
From it we can evaluate the limiting resolution Q,
as the inverse maximum frequency f;, at which
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O(£) >5. To do this we expand its separate factors

from (7).

Envisaging our model target as a square with a
side ®; with a constant distribution of reflected ra-
diation intensity, we have for its SS

O{?) = slnc(t-{x-eo)°slnc(u°{,-B°). (8)

where f, and f, are the coordinates of the vector f.

It is easy to see that the largest "weights” belong to
spectral values in the axial frequency ranges, where
either f, ~ f or f, ~ f. It follows that at frequencies
most interesting for us (f > ®,' ) an asymptotic ex-

pression of the form

(16 2] — —
2 (n--9)* 9)

is valid and the correlation ranges for the SS O(f)
look like as ellipses with axes 1,/2 ©, and 1/0, and
with an area of S, =/ (802).

It is just as easy to obtain an approximation for
the correlation function of the SS of the recording
noises:

NN (7 + aP)> = J'dau(e» expi2nisfel, 0

It follows in particular that the variance o is equal

to energy E, and the area S, of the correlation region
is the inverse of angular area of the SEI. The total
energy E of SEI, determined from the average num-
ber of recorded photons, is expressed as

= . . . . 3 - -
E POMTS.DGO €-n, (11)
Here & is the transmittance for the MST optics; n is
the quantum efficiency of the recorder used; and pg
is the number of photons of light recorded from the
target within unit solid angle, in a unit time interval
per unit aperture area within a unit spectral band-
width. The angular area of SEI is evaluated as
(©) + 40/ - 7o), where the quantity 4hg/m - 7
characterizes the angular size of the ATS response
function. Parameter 7, is similar to the Fried pa-
rameter 7, (Ref. 13); it determines the effective av-
erage correlation region for atmospheric distortions
of the light field in the MST aperture plane. How-
ever, in contrast to 7y, the new parameter takes ac-
count of the finite diameter Dy of the telescope
subaperture and of the effect of compensating random,
atmospherically induced wavefront declinations at the
separate subapertures. While an equality of the form
2 L]

m-r
i = [ & <exptite3)-p(3+ 1)>

- (12)

is valid for 7y (Ref. 2), a different one holds for 7
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Here y(?) = (@) —ad  decribes the phase distor-

tions for the case of compensated declination d

(vector d is different for each subaperture), and the
weighting function

B = L [ v W -3

§.—p I 1 1 1 v) (1 4)
determines the frequency of occurrence for the differ-
ence vector 0 between aperture points. Figures 1 and
2 present the dependences of 7 on D7 and 7y for sepa-
rated subapertures (i.e., such that their individual dis-
tortions are practically independent of each other),
following from the relationship (13). It can be seen
that for small D1/ry the value of 7. coincides with D
and for large values with 7. In the intermediate inter-
val the value of 7. increases monotonically at first,
reaching a maximum at D1/ry=3.8
(rsy=19-7r,=0.5-D¢), and then decreases mono-
tonically, following the approximate relationship:

P 0" [1 + 1.43-41-0/01_. ]
r‘_f{ro

(15)
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FIG. 1. The dependence of the ratio r.;/ 1y on
the ratio Dr/ry.
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FIG. 2. The dependence of the ratio r./Dr on
the ratio Dt/r,.
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As for the characteristics of the OTF, following
the technique employed in Refs. 2, 14, and 15, we
obtain its approximate expression in the form

2
r
* ef
<HOL ¢, PR (g t,,7,0> = 0.34-220B(A-P)

¢,-t, 1° (A2
i (2]} =],

where D, (0) = <[(p(z71) - o0, + 5)]2> is the structure

function of atmospheric phase distortions; T, is the
time interval of SEI correlation. The function

BQ.-f) has the meaning of the MST OTF. The first

exponential factor here describes the decrease in cor-
relation of the instrument OTF’s due to their tempo-
ral incoherence; the second reflects the average effect
of the difference in beam paths between subaperture

points separated by the vector Af from each other;

the third accounts for the finite spatial area of cor-
relation between the phase distortions. Since the
third factor outweighs the second one in terms of
limiting the spectral range, integrating over ¢ and
A yields the OTF variance (3)

2

r T Mt

.fl - . -
LR i Tl
ap < ¢ (17)

<|H(?)|?>=0.34

so that its correlation function is approximated by

. AN
<HH' (7 + a})> = <|m?)|‘>-e.p[- 5 [T‘] x

Abf,
xD.(Af)}-exp{-l.'?z - Y7, 8f. A, M),
ef (18)

Here AM.=7qf is the spectral interval of correla-

tion; Af; is the value of the projection of Af upon

the direction normal to f, and the function Y is
described as

r
Lo el e 5
else 0

Y(7. 8f,. A, M) -{
(19)

Analyzing the above expression we see that the
correlation range of the OTF is elliptical in shape,
with one of its axes parallel and the other perpen-

dicular to the vector f; the length of the first axis
Afy is given by

A + AA
Af, = mi {a ) —— }
" min f.q X f 20)
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where Af, =2nf / D,(Af), and the second axis Af,

is equal to 7/ If M<L, when
D, (Af) = 6.88 - (\f/19)® (Ref. 13), we have

Afa = 1o/, while for Af = L,, Af, =2nf / D,().
According to estimates® we have D,(«0) = 6 - 10 rad?
at A =0.6 um, so that 2rn/ D,(w0) ~0.1. Thus,

while the OTF correlation region for common tele-
scopes is practically limited to a circle of diameter
ro/A (in the case Dy < L,), in MST’s of large separa-
tion distances this region acquires its shape of a drasti-
cally elongated ellipse, with its minor axis Af, = /A
being constant, and its major axis depending on both
the width AL and the frequency f. All this holds for
M = L,. The major axis is the shortest when AL < Al;
it is then equal to 7e/2; when Ak, < AL < Al where

AL, =21/ D,(0) ~ 0.1-%, its lengths increases as

AA - [/ with larger AL, and, finally, at AL > Ak, its
maximum value Afy > Af, is reached. When observ-
ing a small-size target @, < 10 - ®, (this case is of
greatest interest), whose SS correlation region is
larger than Af,, it becomes desirable to increase the
value of A\ to Aky > A), or even larger. Then the area
S; of the SS correlation region of SEI is evaluated as

n
S, = " (8f, *8f,) = f'r ./ 10A.
Combining the obtained relationships, we have

for the ratio QO at T » T. (when its maximum is
reached)

-3 Al)-r 'y v -
a=510%x T p,EN B(AS): o (e)!
. / (21)

where the OTF B(Af) for nonredundant MST of Ny
subapertures is estimated as

A =
BOA-f) = I/N_, 22)
and for a traditional telescope with a solid (or qua-
sisolid) aperture of diameter D as

B(a f) = 1 f/fo ' (23)
where f, = D/) is the cutoff frequency. Note that
the size of the subapertures Dt for MST is usually
appreciably less than their maximum separation dis-
tance L. To simplify the estimation let us assume
that Dt = 10 - 7y and hence that 7, = 1.6 - 7y. At the
same time for a traditional telescope of limiting reso-
lution D > 7y, and 7 = 7.
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Substituting the typical values of
po=2-10%m>.s!.sr!, T,=10"2%s, &=0.5,
n=0.2 %=6-10"m, ro=0.1 m into the rela-
tionship (21) and assuming Q = 5 for an MST with
Nt =6, we obtain the relationship for the limiting
resolution ®, in the form

-6,,173
Br" (10 /N°7) rad (24)
It follows from (24) that for M = 10°, Q, = 1077 rad,
fnd for M = 10°, Q, =2 - 108 rad. At the same time
the resolution of a traditional telescope for
f: = (5/6) - f is defined as

Q= (1.6:10"°/'"°) rad,

which yields Q, = 1.6 - 1077 rad for M = 10%, and
Q,=3-10"®rad for M = 10°.

Therefore, a more rigorous analysis produces a
new expression for the limiting resolution, differing in
its stronger dependence on the number of recorded
images.
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