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The original set (up to second order inclusively) of derivatives of the dipole mo-
ment of H2O was determined by solving the inverse electrooptical problem based on 
the integral intensities, measured experimentally at the normal temperatures, of the 
vibrational transitions whose wave function incorporates vibrational resonances and 
anharmonicity. The obtained set was used to extrapolate (to T  2500 K the integral 
intensities of the band formed by transitions with high quantum numbers (  4). The 
centers and intensities of the vibrational-rotational lines of H2O were calculated and a 
data base was constructed for the parameters of the spectral lines of H2O for the tem-
perature range 300–2500 K. 

 
 

Investigations of water-vapor at high tempera-
tures (2000 K) involve the problems of propagation 
of optical radiation in a medium with a nonuniform 
temperature. At the present time the quantitative 
analysis of radiation transfer in heated gases is ori-
ented toward using data on the parameters of spec-
tral absorption lines (PSL), formed by vibrational-
rotational (VR) transitions. 

In this paper a method for calculating the cen-
ters and intensities of VR lines of H2O which con-
tribute to the absorption and emission at tempera-
tures of the medium  2000 K is described. The val-
ues obtained for the PSL have been incorporated 
into a data base, which is one of the information 
components of an automatic system of high-
resolution spectroscopy.1 

The theoretical analysis is based on a general 
approach, in which the complete vibrational-
rotational Hamiltonian2 is separated into a group of 
terms Hmn corresponding to the power m of the vi-
brational (p or q) operators and the power n of the 
rotational operators (J): 
 
H = H20 + H30 + H40 +  (vibrational terms), 
 
+ H21 + H31 + H41 +  (Coriolis terms), (1) 
 
+ H02 + H21 + H22 +  (rotational terms), 
 
This makes it possible to solve the purely vibrational 
problem with the Hamiltonian 
 

 (2) 
 
This means that first the vibrational problem of de-
termining the centers and intensities of the vibra-

tional transitions is solved, and then the rotational 
structure of the band is resolved and the terms Hmn 
Eq. (1) that are responsible for the vibrational-
rotational interactions are taken into account. 
 

USE OF A PHENOMENOLOGICAL 
VIBRATIONAL HAMILTONIAN 

FOR DETERMINING THE HAVE FUNCTION 
OF RESONATING VIBRATIONAL STATES 

 
States with high quantum numbers play the 

main role in the spectrum of heated gases, and the 
vibrational resonances must be taken into account in 
the calculations. 

In the water molecule the vibrational resonances 
connect states with quantum numbers (V1 + 1,  
V2 – 2, V3) and (V1, V2, V3), since 22  1. Reso-
nances in this molecule are classified as cubic and 
quadratic, depending on the term of the potential 
function that determines the off-diagonal matrix 
elements of the Hamiltonian. In this paper, the wave 
functions of the vibrational resonating states are 
determined using the effective vibrational Hamilto-
nian HV, defined phenomenologically on the sub-
space of resonating states.3 In Ref. 3 an empirical set 
of coefficients of the Hamiltonian, which makes it 
possible to reconstruct well the experimental energy 
levels, was found by solving the inverse spectro-
scopic problem, but the method used to reduce the 
problem to a block-diagonal form was not discussed. 

We checked the extrapolatability of the con-
stants found in Ref. 3 by calculating the energy 
states with higher vibrational quantum numbers V1, 
V2, and V3 than those presented in Ref. 3. The val-
ues of the energies of these states agreed well with 
the experimental values (see Table I). This gives a 
basis for suggesting that the eigenfunctions of HV 
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(Ref. 3) are close to the true eigenfunctions. At the 
same time, comparing the quantities K112 — the cu-
bic anharmonicity constant that follows from the 
characteristics of the Hamiltonian which were de-
termined — shows that there are significant discrep-
ancies with the known3 values. For this reason, we 
used the data of Ref. 3 only to determine the coeffi-
cients in the expansion of the wave function of the 
resonating states, namely, the mixing coefficient C1 
 

 (3) 
 

(n is the number of resonating states). 
 

TABLE I 
 

Comparison of the vibrational energies of H2O  
predicted from the given valves with experiment 

(cm–1). 
 

 
 

DETERMINATION OF THE INTENSITIES OF 
THE VIBRATIONAL TRANSITIONS OF WATER 
 

The use of a block-diagonal Hamiltonian indi-
cates a priori that the transformation HV = THT–1, 
which reduces the Hamiltonian (2) to a form defined 
on the subspace of functions coupled by the reso-
nance, is satisfied. But such a transformation corre-
sponds to a change in the wave function ,V T    
and so as not to lose generality the matrix element 
of the dipole moment in the basis of the zeroth-order 
vibrational functions (harmonic oscillator) must be 
written in the form 
 

 (4) 
 

where 
 

 (5) 
 

The transformations (4) have been discussed in many 
works, of which we mention only Refs. 4–11. 

A rigorous approach requires that the transforma-
tion T in Eq. (5), corresponding to the wave functions 
(3), be complete: 
 

 (6) 
 
But, based on the accuracy of the experiment, it Is 
sufficient to study the twice-transformed dipole mo-
ment 
 

 (7) 
 
The explicit form of the vibrational operator, sub-
jected to a double contact transformation, is pre-
sented in Ref. 6 (Appendix XII). Using this form for 
the transition 1 2V   we constructed the follow-

ing general expression for the matrix element of the 
dipole moment: 
 

 (8) 
 

 (9) 
 

 
 

 
 

 
 

 (10) 
 

 
 

 
 

 
 

 (11) 
 
where U,V is a -function and the indices l and k 
enumerate the levels in a cluster of resonating states. 

The coefficients Aij and Bij have the form 
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 (12) 
 

 
 

 (13) 
 

The index F in the summation sign indicates 
that the summation is not performed over indices 
corresponding to frequencies connected by a Fermi 
resonance. The expressions (9)—(11) is in many 
ways identical to the expression presented in Refs. 8, 
9, and 11. The advantage of the form presented 
above is that it can be used to construct an algo-
rithm for different sets of vibrational quantum num-
bers characterizing the band. 

Thus the expression presented above for the ma-
trix element of the dipole moment take into account 
both the resonances and centrifugal effects simultane-
ously. 
 
DETERMINATION OF THE DERIVATIVES OF 

THE DIPOLE MOMENT OF WATER 
 

There are a large a number of published works on 
the problem of determining the derivatives of the di-
pole moment. These works can be classified as follows: 

– quantum-mechanical calculations of the de-
rivatives of the dipole moments; 

– analysis of a Stark-effect experiment; 
and, 
– derivation of relations between the matrix 

element of the dipole moment (MEDM) In the basis 
of vibrational or vibrational-rotational (VR) wave 
functions, and the solution of the inverse electroop-
tic problem, based on an experiment, for the intensi-
ties of the bands or separate lines. 

The last approach is most often encountered. 
Some published values of the coefficients in the ex-
pansion of the dipole moment (DM) in the normal 
coordinates are presented in Table II. The data on 
the coefficients of the DM are obviously very incon-
sistent. This is explained by the following factors: 

a) the diversity of theoretical models, leading to 
discrepancies in the formulas for the MEDM in 
terms of the molecular and spectroscopic constants; 

b) errors in the experiment on the intensities of 
lines or vibrational bands (see Table III, where the 
range of possible values of SVV of H2O, established 
from analysis of the published data, is given); and, 

c) use of different sets of values for the remain-
ing molecular constants. 

Because of the situation reflected in the data in 
Tables II and III, in order to perform the calcula-
tions correctly a new set of derivatives of the dipole 

moment, up to and including the second-order de-
rivatives, had to be determined. 

It is virtually impossible to determine higher-
order derivatives from experiment at this stage with 
adequate accuracy, since the discrepancy between 
the experimental values of SVV, for one and the 
same transition is large. 
 

TABLE II. 
 

The dipole moment of Í2O (D  102). 
 

 
 

TABLE III. 
 

Intervals of known valves of SVV (cm–2  atm–1, 
T = 296 K) and employed in the analysis of the 
sets of valves of SVV. 

 

 
 

As one can see from the relations (9)—(11), to 
calculate the matrix elements of the dipole moment 
it is necessary to know the force constants Kij, the 
characteristic frequencies, and the coefficients in the 
expression of the dipole moment. 

In our calculations we employed the set of force 
constants obtained by Claf and presented in Ref. 11, 
as well as the experimental values of the integrated 
intensities of the bands from the list in Ref. 14. 
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In implementing the computational scheme for 
solving the inverse electrooptic problem we adhered 
to the method of least squares, as described in 
Ref. 12. To obtain the simple case of the linear prob-
lem, for the initial data in the least-squares equation 

we substituted the square roots of 
2
,zV M V   

determined from the experimental values of the inte-
grated intensities. 

The choice of signs of the derivatives presented a 
definite difficulty, since, in this approach, to the N 
normal vibrations in a molecule there correspond 2N 
possible sets of parameters {} and additional informa-
tion must be called upon to chose their optimal values. 

After minimization the parameters were chosen 
from among a set of variants starting from the re-
quirements that the discrepancy between the recon- 

struction and the predictions of the experimental 
values of the intensities of the vibrational bands be 
minimum and that the disagreement with the first 
derivatives of the dipole moment which were rec-
ommended in Ref. 13 be minimum. 

Ultimately, with the help of the relations (9)–
(11), we found a set of effective derivatives of the 
dipole moment of Í2O. This set is presented in Ta-
ble II. It was used as the input information in fur-
ther extrapolations of the integral intensities of the 
vibrational transitions of water vapor at high tem-
peratures. Using the computed values of SVV as the 
initial data we calculated, using the algorithm of 
Ref. 15, the centers and intensities of the vibra-
tional-rotational lines of the vibrational bands of the 
water vapor for forming the corresponding data base 
in a spectroscopic data retrieval system.1 

 
TABLE IV. 

 
Comparison of the intensities of rotational lines of the 2 band of H2O calculated using a rigid-top model 

and taking into account for the F-factor with experiment (S = cm–2  atm–1, T = 400 K). 
 

 
 

To calculate the centers of the lines we used 
sets of experimental values of the energy levels, 
since the most commonly used form of the effective 
rotational Hamiltonian, proposed by Watson, has no 
predictive capability and attempts to extend the cal-
culation of the energies of the VR levels to higher 
quantum numbers lead to significant errors. The line 
intensities for a sequence of bands at 6.3 m 

1i
i

V
 

  
 
   were calculated taking into account 

the F-factor,1 and the data on the purely rotational 
spectra and the 2.7 m band were calculated for the 
rigid-top model. 

In the future we plan to take into account the 
intramolecular interactions in the regions enumer-
ated, but the technical difficulties, primarily the 
significant amount of BÉSM-6 processor time re-
quired in order to take into account the resonance 

effects in the intensities of the VR lines, are still 
insurmountable. Our investigations show16 that in 
the case of the calculation of the wide-band spectral 
characteristics the resonance effects compensate one 
another. 
 

ANALYSIS OF THE RELIABILITY  
OF THE COMPUTED PARAMETERS  

OF THE SPECTRAL LINES  
OF HEATED WATER VAPOR 

 
Experiments in which the parameters of sepa-

rate vibrational-rotational lines of high-temperature 
water vapor are measured involve significant diffi-
culties, stemming in particular, from the fact that 
the superposition of a large number of lines must be 
taken into account. For this reason not many inves-
tigations of separate VR transitions at T > 300 K 
have been performed.19–21 In Ref. 19 the transmission 
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functions (I/I0 ) were measured at frequencies corre-
sponding to separate VR transitions at T = 1200 K. 
However the unknown instrumental function of the 
apparatus, in practice, makes it impossible to make a 
correct comparison with calculations of the PSL. 
The intensities of several lines of the fundamental 
bands 1 and 3 at temperatures of 673, 1273, and 
1630 K were measured by C.Y. Maclay,20 but he was 
not able to separate the absorption due to separate 
VR transitions. This result follows from the discrep-
ancy, which exceeds 40%, in the values of the inten-
sities of the same lines referred to T  296 K. 

The experimental values of the intensities of in-
dividual lines of the 2 band at T  400 K and the 
results of our calculations are presented in Table IV. 
The data in Table IV confirm that the vibrational-
rotational interactions play a significant role in the 
Intensities of the lines in bands associated with the 
bending vibration 2. 
 

 
 

CONCLUSIONS 
 

Measurements of the line intensities at high 
temperatures are performed primarily in the funda-
mental bands 1, 2, and 3, which are also studied 
experimentally at normal temperatures, and there is 
no foundation for concluding from analysis of their 
values that the methods developed are valid. 

There are virtually data on the VR lines of the 
overtones and combination and difference bands. For 
this reason the reliability of the PSL data base con-
structed requires an additional analysis. This analy-
sis was performed in Ref. 16. 

I am deeply grateful to N.N. Trifonova and 
A.V. Fil’chakov for assisting in this work. 
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