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An algorithm for selecting the informative spectral sections for an optoacoustic gas
analyzer is presented. The algorithm is based on Bayes risk. The optimal spectral sections
for different gaseous components in the lasing region of a CO2 laser are determined. The
results are compared with published data.
INTRODUCTION

the cell of the OAD,  is the .sensitivity of the OAD,
K is the coefficient of absorption per unit concentration of gas;  is the concentration of the gas being
studied, and  is the volume absorption coefficient of
the other gases present in the gas mixture (it can also
include the aerosol component of extinction). In addition b corresponding to the background signal (no
absorbing gases in the AOD cell) is also included in .
From the mathematical standpoint the problem of
selecting the informative spectral sections can be
regarded as a problem of distinguishing gaseous objects based on the measured optoacoustic signals.

In the design and development of optical devices
and systems for gas analysis the optimal spectral
sections must be selected. In the problems of gas
analysis based on absorption spectra the sections are
chosen in the absorption bands so as to guarantee
maximum sensitivity and selection with respect to the
gases. The development of systems for recording and
storing on magnetic carriers information about the
absorption spectra of gases as well as the development
of computer technology have made it possible to
automate the search for the informative spectral sections. Without the appropriate mathematical algorithms, however, this work is very laborious and
inefficient.
In this paper we describe a mathematical algorithm for selecting the optimal spectral sections for an
optoacoustic gas analyzer and we present the results of
modeling of the probability of error in detecting
gaseous components with the help of an optoacoustic
detector (OAD) at different wavelengths of the CO2
laser. The computed minimum detectable concentrations
of gases for different conditions are compared with the
published data.

BAYESIAN CRITERION OF DETECTION.
GENERAL ALGORITHM
We shall construct the signal-processing algorithm for signals at the output of the optoacoustic
detector (post-detector detection).
Apart from the measured signal y, we shall also
assume that the sensitivity of the OAD  (which is
measured in an independent experiment), the gas
concentration , and the volume absorption coefficient
 are random quantities. This determines the statistical
approach to the solution of the problem posed. Previously2–4 we studied this problem from the standpoint
of identifying the gaseous composition of a mixture
based on the measured absorption spectra. The problem of lidar detection of minor gas components based
on the measured Raman scattering spectra was solved
in Refs. 5–6. In contradistinction to these problems,
in this paper we shall focus on the investigation of the
risk function or the detection error. The likelihood
function itself, to calculate which it is necessary to
have the values of the measured signals, will not be
studied here, since the problem we have posed is
connected with determining the informative section
and the minimum detectable concentrations at the
stage of design of the optoacoustic gas analyzer (before
the signals are measured).
We shall study the general algorithm for the
Bayes criterion of detection. Consider two classes of

FORMULATION OF THE PROBLEM
We shall study a gas mixture only one component
of which is to be analyzed. We shall regard the other
gases in the mixture as background gases. The absorption spectra are measured with an OAD. The
source is a laser with a quasimonochromatic emission
spectrum (the emission line is much narrower than the
absorption line).
The relation between the measured signal and the
gas concentration is given by the relation1
(1)
where y is the average value of the measured optoacoustic signal, ó0 is the radiation power absorbed in
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states Y1 and Y2, to one of which ó can belong. The
detection problem reduces to checking the statistical
hypothesis H1 that the measured parameter ó belongs
to the class of final states YH1  Y1 as opposed to the

=

alternative H2 according to which the measured parameter ó belongs to the class YH2  Y2. The classes of
states Y1 and Y2 are fixed by the conditional probability densities P(y H1) and P(y H2 ). The fact that
the signal ó belongs to the class of results Y1 is, in
turn, connected with the fact that the concentration of
the gas  belongs to the class of states Xi, i = 1, 2.
One of the main characteristics determining the
quality of the decision rule is the average risk (or the
classification error). The expression for the average risk
has the form7

(2)

(5)
The value ó = u satisfying this equation is the
boundary of the intervals Y1 and Y2.
Thus if the distributions 1(), p(y   X1),
i = 1, 2, (), () are known, the average risk owing
to the adoption of one of the hypotheses H1 — ó  Y1
or H2 — ó  Y2 (correspondingly,   X1 or   X1)
can be calculated from the formulas (2)–(5). It should
be noted that in calculating the risk using the formulas
(2)–(5) the measured signals themselves are not required, and therefore the calculations can be performed
before the measurements are made.

where Wij are the elements of the matrix of losses
(W11, W22 are the costs of a correct solution when the
hypothesis H1 and H2, respectively, are adopted; W12
is the cost of an error of the first kind, i.e., adopting
the solution ó  Y2, when in reality ó  Y2; is the
price of an error of the second kind); q and p = 1 – q
are the a priori probabilities of the fact that the unknown parameter  belongs to nonintersecting classes of
states X1 and X2. The probabilities of errors of the first
kind 1 and errors of the second kind 2, appearing in
Eq. (2), are determined by the following formulas:7

We shall now determine the search criterion for
informative spectral sections. The distributions
p(y   X1) are functions of the mass absorption

(3)

21 , 22 (determining the a priori distributions 1()

(4)
where (), () are the probability distributions of
the random quantities  and ; 1(), 2() are the a
priori distributions of the random quantity  in the
hypotheses H1 and H2, respectively. Since  and  are
the “interfering" parameters, the distributions ()
and () in both hypotheses were assumed to be
identical.
To calculate the probabilities of the errors 1 and
2 based on the formulas (3) and (4) it is necessary to
determine the boundary of the mutually complementary regions Y1 and Y2 or, in other words, to find the
intervals Y1 and Y2. The interval Y1 (or Y2) is determined from the condition of minimum average risk
R and is found from the following equation:7,8

SEARCH CRITERION FOR OPTIMAL
SPECTRAL SECTIONS

coefficient K, which, in turn, is determined by the
spectroscopic information and depends on the wavelength. The absorption coefficient  of the background
gases also depends on the wavelength.
Thus the average risk R is a function of the
wavelength . As the wavelength varies over the
selected spectral range for the given values of 1, 2 ,

and 2()) and concentrations of the background
gases, which appear in , the value of the risk will also
vary. The wavelength 0 for which the risk R is
minimum in some wavelength range will be the optimal wavelength for the gas  under study. The
criterion of optimality can be written in the form
(6)
or
(6a)
where R0 is the threshold value of the average risk.
For wavelength-tunable lasers (for example, CO2
lasers, as well as others) it is most convenient to
minimize R not with respect to , but rather with
respect to the known values K1 = K(1).
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CALCULATION OF THE AVERAGE RISK

The calculation of the average risk R reduces to
calculating the probabilities of the errors 1 and 2 of the
first and second kind. In order to calculate the integrals1 and 2 analytically it is necessary to know the
form of the probability distributions of all parameters
appearing in Eqs. (3) and (4). We shall study these
distributions.
1. We shall assume that the conditional distributions P(y H1) in both hypotheses are normal distri , 2
 , 2 , where M
butions with the parameters M
1
y1
1
y1
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(b) is the gamma function; c is a normalization
constant (c  2 / (1   ( / 2 )) for  /   3,
c > 1. The parameters g1, g1(), and g2 are

(11)
where
(12)

are the average values and the variances (i = 1, 2).
2. The distribution () is a normal distribution
with the parameters M and 2.
3. We shall approximate the a priori distribution
1() by the following types of distributions:
a) -function 1 ()  (  ); b) normal distribution
with the parameters  and 2 ; and, c) gamma dis-

(13)

tribution (à, b) with the parameters a   / 2 and
b  22.
4. We shall assume that the distribution 2() is a
-function 2 ()  (  2 ) with the parameter
2  0.

5. The distribution () is a -function.
As a result we obtain the following expressions
for the error 1.
The case (a)
(7)

(14)
where u is the boundary of the interval Y1 and Y2,
determined from the solution of Eq. (5), which assumes
the following form after the distributions p(y   X1),

() and (), given above, are substituted into it and
the integrations over d and d are performed:

The case (b)
=

(8)
The case (c)

(15)
For 1 ()  (  ), 1  1, E1  M1.
We note that the formulas (7)–(10) and Eq. (15)
are valid when the following conditions are satisfied:

(9)
The error 2 for all cases is calculated based on the
formula
(10)
In Eqs. (7)–(10) (g) is the error function

(16)
The formulas obtained make it possible to
determine the informative spectral sections for the
solution of the problem of detection when two
hypothesis are checked: H2 – the gas is not present in the mixture and H1 – the gas is present in
the mixture. In our opinion, it is the choice of
precisely these hypotheses that best corresponds to
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the solution of the problem posed. Indeed, if the
magnitude of the risk for some wavelength
R()  R0(), where R0() is the threshold
value, then the device should "feel" the presence of
the gas in the mixture, when in reality the gas is
present in the mixture and, vice versa, the device
will not "feel" the gas when in reality it is not
present in the mixture or its concentration is much
lower than assumed in the hypothesis H1. The
value of the concentration of the gas, for which
R(, ) = R0, can be regarded as the minimum
detectable concentration at the given wavelength 
for the given characteristics of the OAD.
SEARCH FOR THE INFORMATIVE
WAVELENGTHS IN THE SPECTRAL LASING
RANGE OF A CO LASER

As an example we shall study the spectral
lasing of a tunable CO2 laser. Table I gives the
transitions of the CO2 laser and the wavelengths
and absorption coefficients of six gases. The lasing
wavelengths were taken from Ref. 9. We calculated the absorption coefficients of H2O, CO2, and
O3 with the help of the LARA package10 based on
data from the atlas Ref. 11. The data on the absorption coefficients of the other gases were taken
from sources in the literature.9,12–15
The absorption coefficient  for the jth gas
studied was calculated from the formula
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(17)
where bc are the background values of the concentrations, presented in Table II; c is the continuous-absorption coefficient of H2O, calculated from the
empirical formula of Ref. 17; and, a is the aerosol
extinction coefficient, taken from Ref. 18. The coefficients of selective absorption KH2O are given in Table I.
The values of the moisture content were set equal to 3.0
and 14 g/m3 in order to simulate different levels of the
"background" absorption. The background absorption
coefficient b, determining the background signal when
no absorbing gases are present in the OAD cell, was
assumed to be equal to 10–7 cm–1 (Ref. 19).
The signals ó were calculated for typical values of
the parameters of the laser optoacoustic system:
y0 = 0.1 W,  = 100 V/(W  cm–1). The error in
measuring the quantities ó and  was assumed to be
equal to 5%, i.e.,  y1  0.05 M1 (i = 1, 2) where M1
are determined by the expressions (12) and  = 0.05M.
The risk was calculated for the following values of
the elements of the matrix of losses: W11 = W12 = 0;
W12 = W11 = 1. The a priori probabilities were
assumed to be equal to one another; q = p = 0.5. The
distribution 1() was approximated by the normal
law with the parameter  and   0.1.

TABLE I. Absorption coefficients in atm–1cm–1.

*We calculated the absorption coefficients of H2O, CO2, and O3 from the data given in Ref. 11.
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TABLE II. The background values of the concentrations of the gases in ppmv

*The typical values of the concentrations of Ñ2H4 and Ñ6H6 are presented in Table II. According to the
data in Ref. 9, taken from different sources in the literature, the expected values of the concentrations of
the gases Ñ2H4 and Ñ6H6 in an urban location are equal to (1–100) ppbv and (5–150) ppbv, respectively.
TABLE III. The concentrations of the gases in ppm for R = 0.05, y =  = 5%,  = 10%,
b = 10–2 km–1; 1 – H2O = 3 g/m3; 2 – H2O = 14 g/m3.

We shall now analyze the results obtained. Table III gives the values of the gas concentrations, for
which the risk R is equal to 0.05. One can see from
Tables II and III that the background concentrations
can be detected from the measured optoacoustic signals
with a risk of 0.05 only for CO2 on all transitions of
the CO2 laser when the moisture content is low in the
volume studied; when the moisture content is high, the
background CO2 can be detected only on ten transitions. It is easy to see that H2O is the main gas that
interferes with the detection of CO2. This can be seen
from Table I — at the transitions of the CO2 laser for
which KH2O assumes its highest values, CO2 also
assumes its highest values.
The main interfering gases in detecting NH3, Î3,
Ñ2H4, and Ñ6H6 are H2O and CO2. Of the four remaining gases the only gas that can be detected at the

background level is Ñ2H4 (the transition 10P(14)). On
the transitions 10P(12) and 10P(16) the values of the
detected concentrations of C2H4 are (75.8–196) ppb
and (51–133) ppb with moisture content in the air of
(3–14) g/m3; for Ñ6H6 we call attention to the
transition 9P(30), on which the detected concentrations are equal to (200–438) ppb.
We shall now compare the results obtained with
the published data. In Ref. 20 the optoacoustic system
is described and the sensitivity with respect to absorption b = 8.42  10–9 cm–1 is given. However the
real sensitivity will be limited by the presence of
"background" gases (H2O and CO2) as well as the
aerosol component in the gas mixture.
p
for six gases,
Table IV gives the values of min
calculated with the two main background gases present
— H2O and CO2 (columns 6 and 7) (the effect of the
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others can be neglected) and when atmospheric aerosol is
present in the volume studied (columns 4 and 5). In
order to make an adequate comparison of the results for
pmin we employed the absorption coefficients K from
Ref. 20. Since the concentration of the main "background" gas H2O is not indicated in Ref. 20, the values
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of pmin for H2O, equal to 3 and 14 g/m3, are given in
Table IV. One can see that emin (Ref. 20) for five gases
(NH3, O3, Ñ2H4, Ñ6H6, and O2) fall within our range' of
p
values of min
for H2O  3 and 14 g/m2 and in the
presence of the aerosol component (columns 4 and 5).

TABLE IV. The minimum detectable concentrations of gases, y =  = 5%,  = 10%, R = 0.005,
  H2O  CO2  b , b = 10–3 km–1.

*The values of emin were obtained using * =  + a, where a is the aerosol extinction coefficient,
taken from Ref. 18.
TABLE V. The limiting detectable concentrations of gases compared with the data of Ref. 9,
y =  = 5%, = 10%,  = b.

The limiting detectable concentrations of gases,
determined from the relation emin (Ref. 9) = b/K
where emin are the experimental values, are presented
in Ref. 9; b is the background absorption coefficient.
The values of b, measured by Mayer and Sigrist,9 for
were
equal
to
synthetic
air
(N2 + O2)

(1–3)  10–8 cm–1. Our values of pmin are compared
in Table V with the data of Ref. 9. The signals were
calculated
for
the
following
parameters:
M/y0 = 3.5 V  cm/Wt (Ref. 9),  = b = 10–3,
3  10–3 km–1. Table V also gives the absorption
coefficients K from Ref. 9, which were used to cal-
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p
culate min
. Analysis of the data in Table V shows
that the limiting possibilities of the optoacoustic
system are indeed higher (even for the high-efficiency
mode of detection R = 1% pmin < min (Ref. 9)).

CONCLUSIONS

The proposed algorithm makes it possible to select
wavelengths that are informative for the purposes of
optoacoustic gas analysis. The results of modeling are
consistent with the physical nature of the problem
being solved: the spectral sections with the highest
absorption coefficients are most informative in the
BAD method of measuring gas concentrations. However choosing the wavelength at which the absorption
coefficient is highest is still not a sufficient condition
for detecting a gas in the experiment. The algorithm
permits determining the experimental conditions
under which the gas can be detected: the concentration
of the "background" gases 0, the accuracy of the
measurement of the signals y, and the range of the
detected concentration in the gas being analyzed.
The numerical experiment performed showed that
the minimum (with a risk of 5%) detectable absorption
coefficient for the gas under study j is
 0.3(int + b) for y =  = 5%, a = 10% where
int is the volume absorption coefficient of the "interfering" gases and b is the background absorption
coefficient.
We thank G.N. Glazov and S.D. Tvorogov for a
fruitful discussions at the starting stage of this work
and B.G. Ageev for a consultation concerning the
method for measuring gas concentrations with the help
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