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A shear interferometer is analyzed based on a double—exposure hologram formed
with the help of a Galilean telescope. It is shown theoretically and experimentally
that the spatial filtering in the hologram plane enables checking the telescope over the
field. Spatial filtering in the image plane of a mat screen makes it possible to record
the interference pattern characterizing the phase distortions introduced in the
reference wave by the aberrations of the optical system forming it.

The method of differential interferometry using
diffusely scattered light fields for checking quasispherical
wavefront based on double—exposure recording of the
Fourier lensless hologram was implemented in Refs. 1 and
2. In its turn, a double—exposure recording of the Fresnel
hologram®% can be implemented for checking the
quasiplanar wavefront formed with a telescope. In the
both above—indicated cases the holograms were recorded
when the objective speckle fields were superimposed in
the plane of the medium, in which the hologram was
recorded. As shown in Ref. 5, a double—exposure
recording of the image of a mat screen when this image
was focused with the help of the Kepler telescope and the
subjective speckle fields in the hologram plane were
superimposed results in the formation of shear
interferograms in fringes of infinite width for checking
the telescope over the field.

In this paper a method of the hologram recording by
means of superimposition of the subjective speckle fields of
two exposures for checking the Galilean telescope over the
field is analyzed.

As follows from Fig. 1, the mat screen 7 is illuminated
with a quasiplanar wave, and a coherent diffusely scattered
light is transmitted through the collimating system of lenses
L, (objective) and L, (eyepiece). The hologram is recorded

during the first exposure on the photographic plate 2 by a
quasiplanar reference wave 3. Prior to the second exposure,
the mat screen is displaced along the x axis at a distance @ and
the photographic plate is displaced along the same direction at
a distance b.

Ignoring the constant coefficients, we may represent in
Fresnel's approximation the distribution of the complex
amplitude of the field produced during the first exposure in
the plane (x,, y,) of the photographic plate in the form

x expiz, (xy, y,) expl— ik(x3 + y2)/2f,1 explikl(xy — x)% + (g — y)*1/ 20} Xy y) expioy(a, ys) x

x explik(x3 + y3)/2f,] explikl (xy — )2+ (yy — y4)2]/212}dyc1dy1d952dy2dx3dy3 , )

where k is the wave number, t(x1, y1) is the complex
transmission amplitude of the mat screen and a random
function of the coordinates, ¢ (x, y,) is the deterministic
phase function characterizing the front distortions introduced
in the illuminating wave by the wave aberrations of the
optical system forming it, p(x,, y,) expio,(x,, y,) is the
generalized pupil function of the objective® with the focal
length f, which takes into account the wave axial aberrations,

P Xy, ys) expie, (x4, y,) is correspondingly the generalized
pupil function of the eyepiece with the focal length £, of the
Galilean telescope with optical baseline A = f,—f,, [, is the

distance between the mat screen and the principal plane of the
objective, and [, is the distance between the principal plane of
the eyepiece and the plane of the photographic plate.

Expression (1) can be represented in the form of
convolution of the functions

uCxy, y,) ~ explik(a? + y2)/21,] {exp[— ik(x2 + yHM /213] {exp[— ik(x? + yHNM?/23D?] fft(x1, v expioyla,, y) x

—

x exp|ik(a? + y(1, — N)/ 2] expl— ik(x,x, + y,y,) NM/1,1,Aldx dy, P (x,, y4)} ®P.(x,, y4)} , 2)

e bl 1, 11
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Py, yp) = ffp1(x2, yy) expio(xy, yy) expl— ik(x, x, + y, y,) M/L,Aldx,dy, ;

0

©

Pyxy, yp) = ffpz(xs, ys) expig,(xy, y3) expl— ik(xy x; + yyy,)/ 1, 1dx dy,

—o

are the Fourier transforms of the generalized pupil functions of the objective and eyepiece, respectively.

Since, following Goodman,” the width of the function
P(x,, y,) is equal to Al,A/Md,, where % is the wavelength of

the coherent light source used for recording and reconstructing
the hologram and d, is the diameter of the objective pupil, the

phase of the spherical wave with curvature radius 122D2/ NM?
within the domain of existence of the function P1(x4, y4) does
not exceed m within the region of the plane of the
photographic plate whose diameter D, < d,l,D/NM. Now, in
expression (2) let us take the multiplier exp[—ik(xz + yﬁ
INM?2/21 22A2], characterizing the distribution of the spherical

wave phase, outside the integral of convolution with the
function P,(x,, y,). In an analogous way, if within the

domain of existence of the function P,(x,, y,) determined by

the value Al,/d,, where d, is the diameter of the eyepiece
pupil, the phase change of the spherical wave with curvature
radius [7A?/(MA% + NM?) does not exceed m, that will be
satisfied in the plane of the photographic plate within the
region whose diameter D, < dZZQAZ/ (MA? + NM?), then we

may take the exponent exp[—ik(xz + yg)(MA2 + NM2)/ ZI%AQ]
outside the integral with the function PJ(x,, y,). If the
diameters of the illuminated spots of the objective and
evepiece are determined by the path of the aperture ray
(d,=d,[,/f,) (see Ref.8), then within the region of the
photographic ~ plate  whose  diameter D,< dz[f 12(12 +)+
+ AL — [V ISR =T, [, + 1, 1) the distribution of the field
amplitude in the plane of the photographic plate has the form

w(xy y) ~ explik(e? + y2) (LA — MA2 — NM2)/21202] {FLkx, N M/1LA, ky,N M/1LLAI®P (x,, y)®P(x, 4}

where

3)

Flkx,NM/1L1,A, ky4NM/l112A]=fft(x1, yy) expioy(x,, y)explik(x2+y )1, —N) /21 Fexp|—ik(x 2, +y, y ONM /1 1A ]dx dy,

—0

is the Fourier transform of the function #(x,, y,) expip,(x,, y,) exp[ik(a? + y?) (1,— N)/21?].
We will write the of distribution of the objective field complex amplitude recorded during the second exposure, in the plane

(x;, y,) in the form

u g, y) ~ fffffft(11 +a, y,) expior,, y,) explik[(x, — 2,02 + (y, — y,)21/20,}p,(xy0 y,) %

— ®

x expio,(xy, y,)exp|— ik(x3 + yg)/2f1] exp{ik[(x2 —x )+ (y, — y3)2]/2A}p2(x3, Y3) expio,(xs, ys) x

x explik(x2 + y2)/2f, ] exp{ik[ (x, — x, + b)? + (y, — y)?]/2L, }dx,dy, do,dy,dx.dy, | (4)
3T Y3)/ 4l 37 3~ Ys oy A dy dx,dy,drsdy,

Based on the well-known properties of the Fourier transforms we can derive the following expression for the amplitude

distribution in the plane of the photographic plate:

u Xy y,) ~ exp[ik(xi + yﬁ)(IQA2 — MA? — NMQ)/ZI%AZ] exp[— ikx4b(le2 — MA? — NMQ)/IEAQ] x

x {[exp(ikNMax,/1,1,A) Flkx, NM /1A, ky NM/LLA]®® (x,, y)1®P (x, y)OP(x,, y)} , (5)

where

(g, yp) = ffexpi[(pG(x1, ¥ — olx, +a, y)l expl— ik(xx, + y, y,) NM/11,Aldx,dy,

0

is the Fourier transform of the function expilg(x,, y,) — @ (x,+ @, y 1.
If the distances of the displacement of the mat screen and photographic plate prior to the second exposure satisfy the

condition @ = bf,/f,, then making use of the identity

exp(— ikNMax,/ 1, L\ [exp(ikNMax,/1,1,0) Flkx, NM/LLA, ky NM/LLA] ® ® (2, y,) ®P,(x,, y) ®P(x, y)} =

= Flkx NM/1,1A, ky NM/1,1,A] @, (x,, y,) ® exp(— ikNMax,/1,L,A)[P,(x,, y) ®P(x,, y,)]
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which is proved by means of representation of the convolution in an integral form and by substitution of the corresponding
values of the Fourier transforms, the complex amplitude of the field, recorded during the second exposure in the plane of the
photographic plate takes the form

ey, y,) ~ explik(af + y )12 — Ma2 — NM2) /2202 ] {F[ ka NM /11, ky NM/1a]®
@b (x,, y,) ® exp(— ikNMax4/l112A) [P1(x4, y) ®P(xy, y4)]} ) 6)

Let a double—exposure hologram thus recorded be reproduced by a copy of the reference wave, for which the distribution
of the field in the plane (x,, y,) corresponds, e.g. , to the first exposure recording. In this case the diffraction field in the

hologram plane is given by the expression
uCay, y4)~exp[ik(x§+y§)(12A2—MAZ—NMZ)/ZZEAQ]{F[kx41\7M/l112A, ky4NM/l112A]®P1(x4, YPOP(xy, y,) +expil ix,, y)—
— oy, + b, y] {F[kx4NM/Z1Z2A, ky NM /1 LA @0, (x,, y)@exp(— ikNMax,/ L LA P (1, y)®P(x,, y4)]}} , @)

where ¢4(x;, y,) is the deterministic phase function wavefront by the wave aberrations of the optical

characterizing the distortions introduced in the reference
wavefront by the aberrations of the optical system forming it.
As follows from expression (7), in the hologram plane
the speckle fields of two exposures with a typical size of the
subjective speckle, being determined by the width of the
function P (x,, y )®Px,, y,), are superimposed, in addition,
the exponent exp(—ikNMazx,/I,1,A) characterizes the relative
angle a=NMa/l|l,A of the tilt between the two
speckle fields. As a result, the interference pattern

system forming it, is localized in the hologram plane. If
the opaque screen P, (Fig. 1) with a circular aperture
centered on the optical axis is positioned in the plane in
the plane (xg yp) and the condition
05(x,, y,) — o5(x,+ b, y) < is satisfied within the
diameter of the aperture, i.e., the diameter of the
aperture does not exceed the width of the interference
band in the interference pattern localized in the hologram
plane, then the diffraction field at the exit from the
filtering diaphragm is given by the expression

characterizing the distortions introduced in the reference
uCx,, y,) ~ poy, y,) explik(a? + y2)(U,A2 — MA2 — NM?)/212A%] {F[kx4NM/l112A, kyNM/1,1,A1®
@1 + @, (x,, y)®exp (— ikNMax,/1LAP (v, y)OPLx, y)l} ®)

where py(x,, y,) is the transmission function of the screen with circular aperture.”

Let the positive lens L, with focal length f;, for which the opaque screen P, with circular aperture is an aperture
diaphragm, be placed in the hologram plane (Fig. 1). In this case we may write the diffraction field at the distance /, from the
diaphragm in the form

ulxs, y5) ~ ffu(x4, yexpl— ik(x? + y2)/2f,] exp{ik[(x4— 2%+ (y— y5)2]213}d954dy4 ) (9

If the image of the mat screen is formed in the plane (x5, y5) with the lens Ly and 1/f,= 1/1; + (I,A>— MA?>— NM?)/ A2,
then as a result of substituting expression (8) into expression (9) we obtain

u(xs, ys) ~ explik(a? + y%)/ZlS]{{t(— s, — 1yys) expigy(— ps, — pysdexplik(a? + y2) pX(l, — N)/2B] x
X Pyl my s, — 1y P g5, — my ) expil o (= by x5, — 1y 45) + 0)(— gy, — myyD |+t py s, — pyys)
x expil 200(— w5, — wys) — o~ was + a, — pD Ip(— wyxs — aN/1, — py y5) pyl— my a5 — aNM/LA, — pyys) x
x expil@,(— 1y s — aN /1, — 1y ys) + oo(— py s — aNM/LA, — 1y y ) IJOPLxs, 42} (10)

where w,= [, [,A/NMIl,, p,= LA/ Ml,, and ps= [,/1, are the scale factors of image transformation and

Pxs, y5) = ffpg(x4, y,) expl— ik(x x5 + y,y5)/151dx,dy,

—©

is the Fourier transform of the transmission function of the screen with circular aperture.

As follows from expression (10), if the condition (Dl,/N) > d,, where D, is the diameter of the illuminated spot of the
mat screen during the double—exposure record of the hologram is satisfied, then within the region of overlap of images of the
eyepiece pupils the identical speckles of the two exposures are superimposed. It then follows that the interference pattern is
localized in the plane (x5, y). Indeed, if in expression (10) the period of variation of the function
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eXPi[(PO(—Mx_-,» —H1y5) + (P1(_UQ X5y —Hy y-,) + (PQ(_Ug X5, —Hg yr,)] + eXpi[z(P()(_LHx_-)y _H1y3) -

- (PO(—H1X5+ a, —u1y5) + (01(—u2 x5, —aN/ 1, —p, ys) + (p2(—u3 x5, —aNM /LA, —p, ys)1

exceeds the size of the speckle in the plane (x5, y5), determined by the width of the function P.(xs, y5), even by an order of

magnitude,'” we may take this function in expression (10) outside the convolution integral. In this case a superposition of the
correlating speckle fields being filtered results in the following illuminance distribution:

I(xg, yo) ~ {1 + cos[oy(— x5 + a, =y ¥3) — o=y X5, =i ¥s) + 0 (=g X5, —py ys) — @ (—py x5 —

+ o —hy 5 —H3Y5) — 0y —pg x5, —aNM /LA —py ys)} | t—py 25, — g y5) explik(ad + yDui(l; — N)/2110P (x5, y5)

which describes the speckle structure modulated by the
interference bands. The interference pattern is the shear
interferogram in fringes of infinite width. The interferogram
characterizes axial wave aberrations of the Galilean
telescope and phase distortions introduced in the
illuminating wavefront by the wave aberrations of the
optical system forming it. If within the region of the image
of the eyepiece pupil oy(—p, x5+ @, —p; ys) — oo(—p; x5, —
n ys) <m, the shear interferogram will characterize the
wave aberrations of the telescope.

(x1y1> (ngz) (X3y3) (X./,y/,) <x5y5)

' Pl EAIRE

__’_\\*PZILz;\)_h% 4

FIG. 1. The optical scheme used for recording and
reconstructing a double—exposure hologram: 1) mat screen,
2) photographic plate—hologram, 3) reference beam, and
4) recording plane of the interference pattern; L,, L,, and

L , are lenses; P, P,, and P, are aperture diaphragms.

Based on expression (7), we can conclude that the
information about the phase distortions introduced in the
light wave by the objective and the eyepiece is contained
in an individual speckle in the hologram plane. At the
same time, in a small region of the hologram on the
optical axis the field distribution deremined by the
convolution P (x,, y)®P,(x,, y,) within every individual

speckle is a result of diffraction of the plane wave,

aN/1;, —u,ys5) +

2, (1)

propagating along the optical axis, by the pupils of the
objective and the eyepiece of the telescope.

(X4 4y) (Xsds)  (XgYs)

INZ2
!\L.? Bt A 4

3 €4

FIG. 2. Schematic diagram of recording of the
interference pattern, localized in the hologram plane, with
spatial filtering in the image plane of the mat screen.

Hence it follows that the aperture diaphragm in the
hologram plane in Fig. 1 enables us to record independently
the narrow range of spatial frequencies in the spatial spectrum
of the waves scattered by the mat screen near the optical axis.
The displacement of the aperture diaphragm along the x axis
results in the formation of the shear interferogram
characterizing a combination of the on—axis and off—axis wave
aberrations introduced in the light wave by the objective and
eyepiece of the telescope, since in this case the aperture
diaphragm enables us to record independently the narrow
range of the spatial frequencies near the spatial frequency
x40(12A2— MA>— NM?),/2A2, where x4 is the coordinate of the
center of aperture diaphragm in the hologram plane.

In order to record the interference pattern localized in
the hologram plane let us consider spatial filtering of the light
field reconstructed by a double—exposure hologram in the
image plane (x5, y5) of the mat screen in accordance with Fig. 2.

Assuming that the diameter of the lens L, exceeds the diameter

of the reference beam, based on expression (7), we may write
the amplitude distribution of the diffraction field in the form

~ exp[ik(x% + y_%)/213]{t(— Ry X5 — 1y Ys) expioy(— p x5, — py ys) exp[ik(x% + y%)u%(h - N)/Zl%)] *

% =y 25— 1y )= g 25 — g s) expil oy (= 25 — 1y 9 + 0= x5, — ) | + 0y, ye

®i(— WXs, — 1y y;,) eXpi[Q(pO(— By X5 — Ky y_-,) - ‘Po(_ My Xs T a, — 1y y_-,)] p1(— HyXs — aN/l, — y_-,)

x p2(— By x5 —aNM/1L A, — g y_.)) eXpi[(p1(— pyXs—aN/1, —p, y_.)) + (p2(— py x5 —aNM/1 A, — p3y3)]}, (12)

where

(x5, y5) = ffexp oy, y) — o3(a, + b, y) | expl— ik(x, x5 + y, y5)/1;1dx,dy,

0

is the Fourier transform of the function exp i[(pS(x4, ¥ — oqlx, + b, y4)] .
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If within the diameter of the aperture diaphragm p, (Fig. 2) centered on the optical axis the condition
Q= By 5 + @ =1y Y5) — 0o(= 1y X5 =1y ¥5) + oy(— py X5, — 1y y5) —
— 0=y 25— aN/1j, =y y3) + 0= pg X5, — pg ys) — (= pg x5, —aNM/LA — pyys) <m,
is satisfied, i.e., the diameter of the filtering aperture does not exceed the width of the interference band in the interference

pattern localized in the image plane of the mat screen, the distribution of the field amplitude at its exit is determined by the
expression

(s, ys) ~ pas, ys)exp[ik(xg + y%)/213]{t(— wy xs— 1y ys) explik(a? + y2u? (I, — N)/2B18[ 1 + @, (s, ys)]} . (13)

Let the positive lens L, with focal length f, reform the light field at the distance [, in the plane (xg, y¢) so as we may
write the amplitude distribution in Fresnel’s approximation in the form

ulxg, yg) ~ ffu(xs, ys) expl— ik(x? + y2)/2f,] exp{ik[(x5 —xg)? + (ys — y(i)z]/2l4}dac5 dy; . (14)

If in the plane (x4 y,) an image of the hologram is constructed and 1/f,= 1/I;+ 1/1,, then after substituting
expression (13) into expression (14) we obtain

u(xg, y) ~ expl — ik(x(z3 + yé)/2l4] {Flkrg/1,, kye/ 111+ exp ilof— 1y T — 1y Y6) — 05(— by g+ b, — 1, YT OPLxG 90}, (15)

where p,= I;/1, is the scale factor of image transformation,

Flkxg/ 1, kyg/1]1 = fft(— HyXs, — By Ys) exp[ik(x% + yﬁ)uf (1, — N)/2B] expl— ik(xs 1+ ys yo)/1,1dxdys ;

—0

and

P(xg, yG)} = f}'pg((xs, ysexp| — ik(xs X+ Ys yG)/l4]dx5dy5

are the Fourier transforms of the corresponding functions.
It follows from expression (15) that in the plane (x;, y,) the identical speckles of the two exposures are superimposed. If

the period of variation of the function 1 + expi[(pB(—u4 g —Hy Yg) — 05(—py X+ b, —py yG)] exceeds the speckle size
determined by the width of the function P,(x;, y,), then we may take this function in expression (8) outside the integral
convolution. In this case the superposition of the correlating speckle fields results in forming the illuminance distribution

I(xg, yo) ~ {1+ cos[(p3(— By X — My Yg) — 05— 1y Xt b, — 1y yG)]} |F[kx6/l4, kyG/l4]®P3(xG, Ys) |2, (16)

which describes the speckle structure modulated by the
interference bands. Here the interference shear pattern
characterizes the distortions introduced in the reference
wavefront by the wave aberrations of the optical system
forming it.

FIG. 3. Shear interferograms localized in the image plane
of the mat screen and recorded when performing on—axis
(a) and off—axis (b) spatial filtering.

In the experiment, the double—exposure holograms were
recorded on Mikrat—VRL photographic plates using a He—
Ne laser at a wavelength of 0.63 mm. At the preliminary

stage, a double—exposure Fresnel hologram was recorded
using the method proposed in Refs. 3 and 4 for checking the
quasiplanar illuminating wavefront. The investigations have
shown that the beam 27 mm in diameter formed by the
chosen collimating system of lenses, was subject to the
phase distortions of the wavefront which satisfied the
condition [dgy(x,, y)/0x;Ja <= for the quantity a not
exceed 2 mm. Then, in accordance with Fig. 1, a double—
exposure hologram was recorded with the help of the
Galilean telescope with positive lens with the 140 mm focal
length (the pupil diameter was 22 mm) and with the
negative lens with the 70 mm focal length (the pupil
diameter was 11 mm). The distances /, and I, were 60 and

230 mm, respectively. The diameter of the reference beam
was 40 mm. Figure 3¢ shows the shear interferogram
recorded when performing a spatial filtering on the optical
axis in the hologram plane and reconstructed by a small—
aperture laser beam ~2 mm in diameter.

The interference pattern is localized in the image plane
of the mat screen. This is indicated by a mark ”T”, which
was drawn on the mat screen and characterized the spherical
aberration of the telescope with postfocal defocusing. The
distances at which the mat screen, and photographic plate
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were displaced prior to the second exposure were
a=15+0.002mm and b= 0.75+0.002 mm, respectively.
The displacement of the hologram relative to the laser beam
used for reconstruction of this hologram toward the
displacement prior to the second exposure leads to
independent recording of the interference pattern. The latter is
shown in Fig. 3b for the case in which x,=4.5 mm and

characterizes a combination of the on—axis and off—axis wave
aberrations (Fig. 3a).

FIG. 4. Shear interferogram localized in the hologram plane.

The reconstruction of the double—exposure hologram in
accordance with Fig. 2 when performing the spatial filtering
of the reconstructed field on the optical axis in the image
plane of the mat screen results in recording of the interference
pattern localized in the photographic plate—hologram, which
is shown in Fig. 4. The interference pattern characterizes the
phase distortions introduced in the reference wavefront by the
aberrations of the optical system forming it.

Figure 5 shows a shear interferogram recorded with the
spatial filtering on the optical axis in the hologram plane
based on the double exposure recording with the help of
theater binoculars at 2.5X magnification (g = 2 + 0.002 mm
and b=0.8+0.002mm). The interference pattern
characterizes the predominant wave aberration of the coma
type, which is explained by decentering of the movable
correction lens, whose displacement along the system axis is
used for adjustment of the focal lengths.

Thus, the recording of the double exposure hologram
when transmitting the diffusely scattered light through the
Galilean telescope and when the subjective speckle fields are
superimposed in its plane results in the formation of the
interference shear patterns. In this case, in the image plane of
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the mat screen an interference pattern is generally localized
which takes into account the wave aberrations of the telescope
and of the optical system forming the wavefront of the
illuminating beam. The interference pattern characterizing the
wave aberrations of the reference beam is localized in the
hologram plane. Recording the interference patterns is possible
when performing spatial filtering in appropriate planes.

FIG. 5. Shear interferogram characterizing the wave
aberrations of binoculars at 2.5X magnification.
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