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A technique is developed to solve the problems of radiation transfer in the
” atmosphere—nonorthotropic surface” system based on the use of spatial frequency
characteristics and influence functions. An optical transfer operator of this system is
constructed, its kernel being the linear influence functions and spatial [requency

characteristics.

From the point of view of ecological studies aimed at
monitoring of the environment the methods of remote
sensing of the atmosphere—underlying surface (land, water
surface, and clouds) system including spaceborne techniques
are of particular interest.

This paper formulates mathematical models which
make it possible to study in detail the processes of
formation of radiation fields in the atmosphere—
nonorthotropic surface system (ANOSS) based on numerical
experiments. The same can be done for the atmosphere—
Lambertian surface system (ALSS) since it is a particular
case of such a system. The technique based on the use of
spatial frequency characteristics (SFC) and the influence
functions (IF) is generalized and developed in application to
the problems dealing with the nonorthotropic homogeneous
and inhomogeneous boundaries. '

The mathematical apparatus for constructing the SFC
and IF models is based on the expansion series of the
perturbation theory and on the theory of generalized solutions
of kinetic equations.!"® The problem of seeking for the
complete solution of this problem allowing for the nonlinear
approximations that take into account multiple reflections
from the surface is reduced to seeking for the fundamental
solution of a linearized problem and to calculating nonlinear
functionals, whose kernels are the corresponding SFC’s and
IF’s. As a result we can find an explicit relationship between
the measured radiation characteristics and the parameters of a
surface being sensed, which determine the optical transfer
operator (OTO) of the system.

FORMULATION OF THE PROBLEM

The problem of solar radiation propagation in the
system atmosphere—surface (SAS) can be divided into two
classes of problems:

1) the class of problems dealing with the systems in
which the land surface is described as an isotropically
reflecting surface (Lambertian boundary) (ALSS); and,

2) the class of problems dealing with the systems in
which either the land or oceanic surface is described as an
anisotropically reflecting surface (ANOSS).

The direction of the radiation propagations is described
by the vector s = {u, ¢}, where pn = cos9 and p € [—1, 1] on
the unit sphere Q =[—1, 1]x[0, 2x], where 8 e [0, 180°] is
the zenith angle, counted from the positive direction of the
z axis, and ¢ e [0, 2n] is the azimuth angle. The direction
¢ =0 is assumed to lie in the plane of the solar vertical
circle, i.e., the solar radiation is incident on the boundary
of the layer along the direction s, = {u,, ¢y}, at the zenith
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angle 9, € [0, 90°], u, = cos8,, and its azimuth being o, = 0.
For the downwelling transmitted radiation a hemisphere of the
directions Q" = {(, ¢): p> 0} is introduced and the other
Q7 = {(i, ¢): p <0} is introduced for the upwelling reflected
radiation Q = Q*U Q™. Just for clarity indices "+” and 7-”
are sometimes ascribed to the functions defined on the Q* and
Q "~ hemispheres, respectively.

Spatial coordinates within a plane layer are described

by the radius—vector r = {x, y, z}. For the horizontal plane
it is 7| = {x, y}. A projection of the vector of the direction s
onto the horizontal plane is given by
s, = {sinScoso, sin9sing}, the reference direction for the

azimuth ¢ being the positive direction of the x axis.
The boundary conditions are written in terms of the
following sets:

I ={(r9:2=0,seQVand T, ={(r, 9): z=H, s € Q" }.

The law of reflection from the lower boundary of the system
(z = H) is defined by the operator

A 1
RF=—-) o(r, z=H, s)pds
n9+
for the case of Lambertian surface, or by the operator

[ﬁHCD](s) = fd)(r , 2= H, s)n(s, so)dse
n+

for a nonorthotropic surface (e.g., the Fresnel).
The optical properties of the atmosphere are described by
the vertical profiles of coefficients of extinction

ol2) =6 (2) + o,(2), absorption o, (2), and total scattering

0(2) = 6,(2) + ,(2) that includes both the aerosol 5,(z) and
Also the total

m

c (2)

m
scattering phase function

molecular scattering components.

c (2) c (2)

a m

vz, 1) = w v(z, 1) + m ¥, (0

is used to describe the optical properties of the atmosphere.
In general, the latter value involves the aerosol y,(z, x) and

molecular v, (3) = 3(1 — cos?y)/(16n) components.
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The integrodifferential operator of the kinetic equation

AN VAN AN AN
K = D — S involves the transfer operator D = (s, grad) + o (2)

and the integral of collisions S0 = o(2) f@yds’.

Q

In the case of a three—dimensional problem dealing with
plane layers (when there are inhomogeneties in the horizontal
planes) the transfer operator is written as follows:

AN

D

0 . . o ... 8
w3, *+sing cosg 7 -+ sind sing 3y +0(2).

In the case of a spatially one—dimensional problem
(when the medium consists of horizontally homogeneous

AN
layers) the transfer operator D is more simple

F) A A A
+o/2); K,=D, -5

D 9
=Ry

The integral Fourier transform over the horizontal
coordinates can be introduced as follows:
+o0

Flol(p) = f@(rl) expli(p, ’l)]dﬂ = &)(p) ,

—0

where symbol ”¥” denotes the resulting Fourier transform.
When applied to the three—dimensional equation of radiation
transfer through plane layers the Fourier transform results in a
complex one—dimensional parametric equation of radiation
transfer

AN AN 2
FIK®)(p) = L(p)a(z, p, s) ,
where

0

A . A
Lp)=pg; + o) —ilp, s) -5,

(p. s,) = p, sindcosg + p, sinSsing .
Here p={p,, py} is the real parameter (the spatial
frequency).

The boundary problem in modeling the propagation of
solar radiation (f, = nS,0(s — s)) in the SAS can be written

in the form
AN VAN
{Ko=0, q>|r0=f0, q)er:q(rl)RHq) (1)

with the albedo (or emissivity) being either
a) g = const or b) g(r)) # const .

This problem can be generalized to involve the case of
radiation sources different from the sun, by introducing the
functions F, £, and f};

K® = F(r.s),
(D‘l"(, = fO(rJ_vs)r )

(I)‘FH =qRy®+f;0r,s).
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SEPARATION OF CONTRIBUTIONS FROM THE

ATMOSPHERIC BACKGROUND AND FROM THE

IRRADIANCE DUE TO REFLECTION FROM THE
UNDERLYING SURFACE

Let us make use of the linearity of the boundary
problem (2) with respect to radiation sources. For this let
us represent the total radiation field in the system as a
superposition @ =@ + @ , T @, With its components
satisfying the following conditions.

The direct (attenuated) solar radiation @° is being
sought for when solving the problem

LA)ZQJO =0,
q>0|r0 = [18,8(s — 51 , (3)

o). =0

r, =
for the layer z e [0, H], and @« 0 for s=s,, solely.
The atmospheric background radiation ®, is given by

the solution of the problem with zero boundary conditions
for the layer

{IA<<1> :[3“@0], @

z a al"o

=0, @, =0. (4)

The atmospheric radiation reflected from the boundary
is given by the solution of the boundary problem with a
source at the boundary z = H.

AN
Ko, =0,
Pyg|r, =0 5)

@ = Ry 0F, + [Ry (0" + )]
(1R|1"H_ H™"aR H a’l

which may be sought for in a more detailed form involving
— 50 g
two components @, = @, 5 + O

The component F(?R here is the contribution from the
atmospheric haze to the total flux produced due to scattering
of directly attenuated solar radiation reflected from the
boundary. It is determined by the solution of the problem

r0=0, (6)

[}

— A 0 A 0
ar|ry, = R, ®,p + [R,@7] .

The atmospheric scattering of the diffuse component of
light scattered by the haze and reflected from the surfsce

results in a component (IJ(-;’R which is a solution of the problem

Olrr, =0 @)

VAN VAN
g = 4 +
Ourlr, = Ry®Pur + [Ry®, 1.

Trr
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EQUATIONS FOR THE SFC IN THE CASE OF
NONORTHOTROPIC BOUNDARY

In the case of an arbitrary reflecting surface the
contribution into the irradiance due to reflection from a
surface is described by the boundary problem with a source

AN
E=R Hq)o, which is the irradiance of the surface produced by
the radiation of intensity & = @° + @ , from an isolated layer.

Consider now the problem on calculating the
irradiance @ 4 in a horizontally homogeneous system

{Ro =0, o 0,

AN
olr, = ®q|FH=qRH®q+qE'

By introducing a parametric series ® .= Z ek @, we arrive at
k=1

a system of recurrent problems, corresponding to the kth order

of reflection from the underlying surface (k = 1, @, = E),

AN AN

K =0, & =0, & = gR;®,_, . ®
Let E = E(s) be independent of the coordinate 7.

Then the linear approximation, relative to the albedo

variations, &)1(2, D, S) = Z/(p)W1(2, p, s) can be written in
terms of the SFS. Here W is the solution of the problem

N

{L(pW, =0, W, ry

0, W, = E@, )

and the nonlinear terms of the series are found using the
nonlinear SFC’s W (2, p,,..., py, $) which are the solutions

of the system of complex radiation transfer equations

(10)

AN
Wk = RHWk—1(pk—1"“’ p1) .

Ty

The irradiance due to radiation reflected from the surface is
calculated using the functional

©

S 1 Vv v \%
4= ,;W f fq(m)q(pz =P d(py = ppy) x

x Wz, ppo..., pys 8) expl—ip,, v )1dp,...dp, . 11)

If the albedo has the component g = const then the
irradiance can be divided into two components

o = q)(ﬁ) + q)(ﬁ )
q !
which are the solutions of the following problems:
A - _
(q) = ()| =
K0 =0, o FO—O,

- o (12)
QW)FJ=§RH®W)+EE;
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ﬁ65@=0,¢@®h=0,
0 (13)
—~ A —~ ~ A —~ A —
oq @ rH: C]RH@('] D 4+ q[RH(D(q q)RH(D(q) + E] i

The first problem will be analyzed in the next section,
while the solution of the second one may be presented in
the form of a parametric series. The problem

A
Ko, =0, o = 0,
(14)

_A ~
®ilr,,~ qRy®y + qE,

is being solved within a linear approximation, with the

A -
source function FE (I(s) =R HF(") + E  while nonlinear
approximations (k > 2) are related to each other recurrently

A
K(:Dk =0 s ch 1—0: 0»
Pilr,,= GRy @ + Ry®y

The linear SFC W,(z, p, s) is being found from the
problem

Lwy=0, wy|c =0,

A (16)
Wy r,- qRyW, + E(/ :

Nonlinear approximations describing the irradiance due to
the reflections from the underlying surface are expressed in
terms of the nonlinear SFC’s, which are the solutions of the
recurrent system (k > 2)

A
EW b p) =0 W[ =0,
17)
VAN A
Wi Ty GRyW + RyW (s p) -

The functional representation of the component F9 has
the same form as Eq. (11) for @, A principle difference

between the cases of the Lambertian and non—Lambertian
underlying surfaces, when accounting for the irradiance due to
the reflections from the underlying surface, is that the
nonlinear SFC’s of Lambertian surfaces can be factorized over
spatial frequencies and, as a result, can be expressed in terms
of a linear SFC, while for the nonorthotropic reflection the
factorisation is impossible and the linear SFC depends on the
character of the surface irradiation. In the latter case the
nonlinear SFC’s are essentially influenced by the reflection law.

In case the irradiance E(r, s) is a function of the

horizontal coordinate 7, (as in the case of the problem (2))

the linear approximation of the solution of system (8) will
be given by the convolution

&)1(2, p,s) = (Z/(po)*W1(z, P Py s)) (18)

with the SFC W,(z, p, p,, ) which is a function of two
parameters
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AN
Lp)W (p, py) =0,
Wilr=0, (19)

Wilr,= Epy 9) -

One more parameter will also appear in the nonlinear
SFC'’s:

A
LW, (P p) =0,
Wilr,= 0 (20)
AN
Wk|rH: RyWi Py o) -

and Eq. (11) will be slightly modified as follows:

©
©

1 v v v
>, = ];Wf fq(po)q(/v1 — PGP — Pp_y) x

x Wiz, pps--er Por ) expl—i(p,, 7 D1dp,... dp, . (21)

THE NEUMANN SERIES IN THE CASE OF A
HOMOGENEOUS BOUNDARY

A system of equations (12) describes a one—
dimensional problem with a nonorthotropic boundary,
homogeneously and anisotropically illuminated E = E(s).

The analytical dependence on the parameter ¢ may be found
in two different ways.

First, taking into account that at ¢ = ¢ = const the

Fourier transform of the albedo is Z] = (2n)? g3(p), we
obtain a particular expression from functional (11)

Az, 5) = z TFW Az, s) (22)
k=1

where the functions W,?(z, =Wz p=0,.,p=0,5) are
the solutions of the recurrent system of problems (k > 1):

Rwl=0, w| =0, wo. =R, wp (23)
{ 2z kR T Y k 1"0_ ’ k FH_ H" k—1

AN
with its initial approximation R HW(()) = E(s). Equation (22)

presents the sum of the Neumann series over the orders of
reflection from the underlying surface with the succeeding
multiple scattering in the atmospheric layer. Equations (23)
are a particular case of the system (10), all of the spatial
frequencies p, = 0, k=1, 2, ... .

Second, a series over the orders of re—reflections from
the surface can be introduced from the very begining with
its terms satisfying the system of equations

A _A
{Ko,=0, o, r, =0 P T qr,®,_, (24)

AN
with the initial approximation Rd,= E. It is obvious that

, =§kW,?, and, hence, we arrive at Eq.(22), which

R
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describes the iterative process over the orders of the reflection
from the surface and allows one to make a complete account
for multiple scattering in the atmospheric layer.

It should be noted that in contrast to the case of the
Lambertian surface, in the case of the reflection from the
nonorthotropic surface the irradiance of the atmospheric
layer due to reflections from the underlying surface depends
on the azimuth, and if one uses the expansion of the
solution over azimuthal harmonics, a large number of
equations for different harmonics have to be solved. The
boundary problems, like those presented by Egs. (23), are
the ordinary one—dimensional problems, and their solution
is not very difficult. The authors of other approaches’”
construct the solution of the same problem using integral
equations for layer reflectivities and transmissivities, and
propose to use the method of successive approximations.
Iterations in the form of Eq. (22) are simpler and do not
need for any additional restrictions on the parameters of the
layer. In addition, this approach allows the spatial and
angular distributions of intensity to be directly obtained,
i.e., we obtain a complete solution of the problem.

THE INFLUENCE AND TRANSMISSION FUNCTIONS
OF A LAYER WITH A UNIFORMLY
NONORTHOTROPIC BOUNDARY

If the ocean surface could be considered as a uniform

(g = g = const) nonorthotropically reflecting boundary the
field of radiation in the ”“atmosphere—ocean” (ANOSS)
system is being sought—after as a solution of the problem

AN
Ko=0,
= 75,86 —s;) . (25)
o|. =qR,
rH_q H

: . ot — " .
in the form of a superposition ® = @' + D, + <I>q, where

®, = ®,p and o = @" + @, The components @ and @,

are solutions of problems (3) and (4), respectively.

The boundary problem for the irradiance due to
reflections in a horizontally homogeneous system of a layer
and underlying surface with nonorthotropic reflection,

VAN
described by the operator Ry,

AN
Ro,=0.
,[r, =0 (26)
A\
<I>q T, = qRH(Dq + gE

involves the radiation source described by the irradiance

A
E(s) = RHGJ(O), which is produced by an isolated layer that,

in turn, is a function of the direction se Q —!.
Representing the illumination in terms of the integral
with a 8—function as

EGs) =5 f Esy) (s — s,)ds, 1)

Q

one can seek after the irradiance due to the reflections from
the underlying surface in the form of the functional
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1
D, (2, 5) = P J‘E(So) 62(2, s, spds; (28)

Q

its kernel being the IF 62(2, s, SO), which is the solution of

the boundary problem with its parameter sye Q K

AN
K0)=0,
0 =
09, =0 (29)

0 B g0
0y, = aRy®, + q3(s — sy).

Ty

Let us introduce a parametric series

62(2, s, S) = Z gk ez, s, s, (30)
k=1
and proceed to the system of recurrent problems
AN
0 —
Kei=0,
=1 . =0,
k=1 1|r0

0 —
91|FH = 8(s — 59,

AN
0 —
Rel=0,
0 —
k>2: ek|r0_0 ’
AN
0 — 0
ek Ty - RHek—1 .

It can be shown by the method of induction that the
kth approximation can be presented by the operator, whose
kernel is the linear IF 09(z, s, s,) (k > 2).

As a result® the IF 00(z, s, s)) can be expressed in
terms of the linear parametric IF 9(1)(2, s, sy for any law of
reflection

ol A
0%z, 5, 59) = q0\(z2, 5, 50) + fe?(z, 5,5 [Ry; 091Cs,, sp)ds, +

Q

0
81(z, s, s, Dds,_ x

I N/
Z Qn)kt
k=3

A AN
x f [RH 091Cs;,_ 4 skiz)dsk,z...f [RH 091Cs;, s,)ds, x

a

Q Q
x I[IAQH 091Cs,, 5,) [ﬁH 091Cs,, sp)ds, 31
o
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Using presentation (31) for qg we obtain an explicit
expression for the irradiance ® P due to reflections from the

underlying surface in terms of the surface illumination, the
operator of reflection, and the linear q? of an isolated layer

ch(z, s) = Eq; fE(SO) 09(z, s, sy)ds, +

Q

2 A
+ (—Zqﬂ—)z E(sy)ds, fe?(z, s, s;) [RH 09]Cs,, spds, +

Q Q
- Zk
+ Z (zn)k)f E(SO)dSO fﬁ?(z, S, Sk—1)dsk—1 X
k=3 o o

x f [ﬁH 091Cs;— s spp)ds_-.. f [ﬁH 09]1Cs,, s))ds,, x

a Q

x f [IAQH 091G, 51)[1A€H 091Cs,, sp)ds, . (32)
o

Introducing new notation for the variables: Sp_y = S

Sh_g = STreees SY T SEy, Sy = SE we obtain an operator

expression in which the kernel (i.e., the linear IF 6(1)) as

well as the linear and nonlinear corrections of the
illumination E(sy) for the re—reflections of photons from

the surface and for their multiple scatterings in the
atmosphere are separated out

D (2, 5) = Eq; fe?(z, s, s¥) dsk {E(s;‘;) +

Q

+ Eq; f[IAQH 001(sE, st) E(s*) dst +

Q

k—1 A
’ E(_qu f[RH 09 ICsg, s1) dst...

k=3 —
Q

AN AN
f[RHG?](Skjg, Sp* o) dskiZJ[RH 001Cs, %, s.* D ds, ™, }

Q- Q
(33)

This expression we call the optical transfer operator
(0TO).
Let us now consider problem (12) reduced to the

system of recurrent problems (23). Using the IF 9(1)(2, s, §")
the linear approximation may be defined as
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(2, 8) = Eq; J‘O?(z, s, 5) E(spds,

Q
and a recurrent relation between two successive
approximations is then as follows:
A
@z 5 =L f 00, 5. 5,) (R, @, 1 (s) ds, -
o
Let us now introduce the operator
AN AN
[ 1) =L [ [R, 001 G5, 9 s (30)

Q

which acts at the boundary z = H .
For k > 1 the representation

Dz, 9) =5 f 00z, 5, ) [R% 1 E1(s,)ds,

Q

is valid.
As a consequence the additional irradiance due to the re—
reflections from the surface can be written in terms of the

functional with the kernel being the linear IF 6(1)(2, s, 8

©

> AN
>, = Z o, :g;f 80z, s, sy [ Z REVE ](so)dsoz
k=1 o

k=1

-9

o 09(z, s, s50) Eq(so) ds, , (35)

Q

where

E (s = [P, Elsp = Y [R5 ENGsy = 1CE — &) 'ENGs).

k=0

Expression (35) is an optical transfer operator of a plane layer
with a uniformly nonorthotropic boundary. The terms

N
constituting the operator V are related to the corresponding

terms of the Neumann series over the orders of the reflection
from the boundary with the full account for multiple
scattering in the layer. Representations (33) and (35) of the
OTO are completely equivalent to each other. Thus, in
particular case of the Lambertian reflection (E = const) we
have

[R,00] s, 5p) = [Ro%] (s , (36)

the transmission function is

Wiz $) =5 f 00z, s, 5) ds, . 37)

o—
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and the spherical albedo is

1
o= i\%WO =5 f [IAQ 09]Csy) ds,, - (38)
o

The equation for the transmission function W(z, s) is
obtained by integration of the equation for 9(1)(2, s, s,) over
the parameter sje Q— under the boundary conditions

{RWy =0, Wy|r, =0, W, = 1. (39)

|FH=

Uing the expression for the IF:

or A
09z, 5, 50) = g0z, 5, 50) + G*[ R 67](s)) Wiz, s) +

£ IR, 00K Wi, 9) oy (40)

k=3

one can calculate the additional irradiance due to the
reflections from the surface as follows:

_1 0 _
ch(z, s) = o fE Gq(z, s, sp)ds, =

Q

1 1
= Eq{ o fe?(z, s, spdsy + qW(z, ) 5 f (R 09](s)ds, +

Q Q
k1 k2 L (Do _
+ gt W 9 51 [R09ICsp)ds, ¢ =
k=3 a
=EqW(z, s) {1 +qc,+ Z q* cg} =
k=2
=EqW(z, 9)/(1 —qc,) . (41)

As a result we arrive at a generalization of the Sobolev
formula’ allowing for the additional irradiance of the layer
due to the reflections from the uniformly Lambertian
surface provided that its illumination is homogeneous:

ch(z, s) = EqW(z, $)/(1 — qc,) . (42)

THE FUNCTION OF INFLUENCE AND THE SFC OF A
LAYER WITH NONUNIFORMLY NONORTHOTROPIC
BOUNDARY

Let us construct a functional expression to describe the
contribution of the additional irradiance <I>q(2, T, s) due to
reflections from the nonuniform nonorthotropic boundary of
the layer into its total irradiance. The function @ q(z, ., s)

is, in this case, a solution of the boundary problem with
inhomogeneous albedo and nonorthotropic law of reflection:
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A (43)
|, = ar) Ry, + qlr )(s) ECs) |

A -~
where E(s) = [R;,@”](s) and ¢(r) =eq(r)). Using the
parametric series we can proceed to the system of recurrent
problems

N -
k=1 {Ko, = 0, <I>1|r0= 0, ¢)1|er q(r,) ECs)

A ~ AN
k22 {Ko,=0, o, =q(r) Ry®,_, .

F0: 0, (I)k

T
Solutions of these problems are expressed in terms of the
SES’s v, (2, P -5 Py S)

v Y

Oz, p, ) =qG¥,(z,p, 5,

v 1 < X X
oz, py, S)W f f apPapy—pp...q(p— pp_Px

x ¥z, pp s ) dpy_ . dpy (44)

which satisfy the complex equations of radiation transfer

{LopwGpo=0, w| =0, | =K, ¢3)

N
Lip)v, =0,

kPk

r, = 0, (46)
A
lPk|rH =R, Y, (H, py_ys Py S)

Let now the source function be introduced as

EGs) =5 f Es) (s — sy)ds, - un)
O—

If the linear SFC is sought—after as a functional

1
¥z opy ) =50 fE(SO) 0,(z, p;, s, sds (48)

Q

its kernel will satisfy the complex equation of radiation
transfer with the parameters p, and s,

{Lppo,=0, o] =0, ol =sGs—s). (49

Ty Ty

It can be shown by the induction method that an arbitrary
approximation of the SFC of the order k > 2 is expressed in
terms of the linear IF 6,

1
W2 P Py D =50 f61(z, P S Sp_ds,_ x

a—
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1 A 1 A
xzf[RH(ﬂ | (G 'z_nf[RH91 1(py.s,.5)ds,

Q o

1 A
X5 fE(SO)[RH 0,1(p,. s, sds,, - (50)

Q

As a result one obtains a functional expression for the
additional irradiance of the layer due to the reflections from
the underlying surface

1
ch(z, ) =9 fE(So)dS():

Q
1 ry .
= 02 fq(p1)91(z, pys S, o) expl—i(p,, 7 )dp, +

® ©

1 1 '
+Z 2_nfdsk’1 (Zn)2f91(2’ P S ) expl—ip,, 7 )1dp, x

k=2 o —x

1 Ly A
xﬂf Sy 5002 fq(Pk =P D)LR 01y 8y 158, )dpy ¢

o —o©

1 Loy
o f E(s())dsomf @) Ap, = LR 0, 1psy.5,)dpy

Ie) g
(51)

that is the optical transfer operator.
Let us construct the optical transfer operator by
making use of the operation at the boundary z = H

v 1 Y
[#/1 = 52 _fq(p = pdp’ x

1 JAN v,

x5 f[RH 0,1(p', s, ) [ (p, s)ds' . (52)

n_
Within the linear approximation we have
Y ip)
Oz p. ) =5 [0y, s, 5y) ECsyds,

Q_

It can be shown? that for k > 1 the representation
v 1 AN v
Dz, p, $) =5 f61(z, pos. s L1 G Elp. sp) ds, (53)

n_

is valid and, as a consequence, the additional irradiance is
determined by the functional
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L .
Oz, 7, 8) =52 fexP[—z(p, r1dp x

—©

4 e
x5 f61(z, p. s, s [V GE(p, spds, . (54)
o

The sum of the Neumann series is denoted here as:

[V3EI(p, sp) = Z [#4G E(p. s) =

k=0

- [(E - ®)GE1p, s,) - (55)

Expression (54) is the optical transfer operator of a plane
layer with nonuniformly, nonorthotropic boundary.

Thus the solution of the problem on additional
irradiance of the layer due to the reflections from its
boundary @ P is reduced to the solution of the one—
dimensional complex problem with the parameters p and s,
for the linear IF 6,(z, p, s, 5)) and to calculation of the
OTO (51). In the case of a uniformly underlying surface,
i.e., at ¢ = const, we have

D(z,5) = Z g* Wz, 9) , 00z, s, 5) = 0,(z,p=0,5,5,) , (56)
k=1

1
k=1:%z ) =¥z p =0, s)=2—TE fE(So) 0%z, s, s))ds,,

Q

k>2:9z, 5) =¥ (z,p,=0,....,p,=0,5) =

1 1 A
:ﬂfe?(z, s 8 sy 4 5= f[RH 091Cs;, 40 s dsy, ..

Q Q

1
D fE(SO) [IAQH 091Cs,, so)ds, -

Q

If the underlying surface is uniform and orthotropic,
and FE = E(s) expression (51) is transformed into the
generalized Sobolev formula (42). When the albedo has a
constant component, the problem on the additional
irradiance of the layer due to the reflections from its
boundary

4 p—
Ko =0,

(I)(/'ro =0, (57)
_ A -
(I)(/'FH = (q + Sq) RH(I)(] + (q + gq) EO(S)

can be reduced to the system of recurrent problems

A VAN —
k=0:{K®,=0, @, rp =00 Pofr, = AR;P GE()},
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A A ~
k=1:{Ko, =0, q>1|r0 =0, (I)1|FH =GR, ®, + gE()}

A _A ~A
k22 (K@ =0, @ =0, d)k|l.H=qRHch+qRHCDk_1}

using the parametric series, and assuming that
A
E(s) = E(s) + R, D,
Using the IF 62(2, s, 59) = 0,(z, p =0, 5, 5,) we obtain

1
Dz, s) = P on(So) 62(2, s, sp)ds, (58)
o
or
Dz, 5) = qu fe?(z, s, Sp) [‘A/O EICsp)ds, - (59)
o

In the linear approximation we have
v X
@z, pp ) = Alp) W, (2, pyy S

where the SFC ¥, p is found from the problem

A AN
{L(p1) lI11(] =0 ’ kIJ1(/ 0 ’ kIJ1(/ FH = qRHqJ1(/ + E(S)

o

in terms of the IF 6(/(2, P, S, S as

1
Yo (e py =5 J B0 py, s sds, |

Q

which satisfies the complex equation

f(p) 0,z p, s 5) =0,

%

=0 (60)

A
0, vy, qR;6, + 3(s — s,)

with the parameters p and s,.
Introducing the parametric series

©

- > Gk
eq(z, PSS = kéq eqk(z, P, S, sy, 61)
we arrive at the recurrent system of equations
AN
k=0 {L(p) 0y =0 0, =0, eq0|rH =8(s —s))

A AN
k=1:{L(p 6, =0, 6, =Rpy0, 1 -

qk

=0, 0
Ty

Ty

It is obvious that 9(10(2, p. s, s) =6,z p, s, s,). All other
approaches are expressed by means of the operators, their
kernels being the influence function 61(2, » S, 30).

The nonlinear approaches of the additional irradiance
D, of the layer are written, similarly to expression (44),
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using the nonlinear SFC’s ¥, q(z, Pps > Py» 8) which bring
the solution to the recurrent system of complex equations

N
L(pk)qlkq =0,
‘*’kq|x0 =0,

A A
¥iglx, = qRHlqu + [RH‘PH M KRS RO N

Two successive approaches of the SFC are related by
the recurrent expression

1
P2 P s Py ) =51 feq(zv Pio S Sp) %

Q

AN
x [RH‘Pk_L APy g s Py sds; -

And for k = 2 we have

1
¥y (2, Py Py $) = P fe(/(z, Py S, sds; x

Q

1 A
X5 f[RH 9(,](P1, sy 89) ECsp)ds,,

Q

It can also be shown by the induction method that the
operator expression (50) is valid for the SFC ¥, o if the TF

0, is substituted in it for the IF 6 v The parameters
Pps - Py are split in this case, but it is then impossible to

sum the Neumann series. In this case the representation of
@, by expression (51) is valid olny if the IF 6, is replaced

for the IF 6 v which, in its turn, is completely defined in
terms of the IF 6,(z, p, s, s,)

0,(z. p. 5. 5) = 0,(z, p, s, 59) +

+ Ecl;f61(z, p. s s;) [IAQH 0,1, s;, sp)ds; +

o

2 —k
q- 1 A
+ E o f61(z, p. s, s,)ds,, o f[RHGJ(p, Spr Sy dsy (-
k=2 o Q

...Z—;I[IAQHOJ(;), Sy, 51)[1%1{ 0,1(p, s, syds, . (62)

Q

By making use of the recurrent relation

1 A
0,2, p. 5, 5= f61(2, possp (R0, 4 1(p sy s)ds,  (63)

Q

and of the operation at the boundary z = H

[‘%C ;”](p, s, S,) 52—1n f[IA%H 0,1p, s, s ;”(p, sy spds,  (64)

Q
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it is quite easy to find the functionals for the approaches at
k>1

L 1 R
0,8z P55 =5 | 0,z p. s, sOLR R, 0,1(p, sy, sp)ds,

Q
Therefore, the IF 0 g can be represented as a sum of the

Neumann series

0,z p. s 50) = 0,(z, p, s, 59) +

+ %f(ﬂ(z, P, s, s Ep, sq sds, (65)

Q

where

° AL A
Eyp, sy, ) = Z " [RER, 0,1(p, 5, ) =

k=0
= [V, R, 0,1, sp, 5 (66)
vi=S g i=1E-ga]7. (67)

AN AN
It is obvious that g %, coincides with % at

q = g = const. The successive approaches are related to each
other by the reccurrent relation

v 1
Oz, p.s) =5 feq(z, p. S, sy)ds x

Q

1y y
* (2n)? fq(p - p')[l%Hq’kq](P', spdp'

—©

Let us introduce the operation

v, 1 y )4
[quf](p, s) = 2 fq(p — pdp' x

1 /\ ! ’ v ! ! ’
X o f[RH Gq](p , S SO, s)ds (68)

Q

at the boundary z = H.
It can be shown by the induction method that for & > 1

5 L 1
@z, p.s) =5 feq(z, p. s, s [R qu](p, spds,, -

Q

The additional irradiance of the layer due to the
reflections from its boundary is calculated using the optical
transfer operator, its kernel being the IF 0 4

1
Oz, 7, ) = feg(z, s, 5) E(sp)ds, +

Q
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1 o)
+erxp[—i(p, r)1dp x

—©

1 A Y
x5 feq(z, p. s, s [V(I gE(p, spds, . (69)
o
and then the sum of the Neumann series is
VAN * AN A AT
V= z Rf=[E-=2 ][ (70)

k=0

FUNDAMENTAL SOLUTION OF THE BOUNDARY
PROBLEM FOR THE ADDITIONAL IRRADIANCE AT
AN ARBITRARY LAW OF REFLECTION

When the albedo is perturbed at a point (g(r ) = Z]B(r ')
the fundamental solution of the boundary problem for

additional irradiance of the layer can be found using
expression (44) and the definition of the IF as
0,(z, 7 jper 7, ,8) = FI[¥,] as follows:

i "k
Oz, 7, 5) = E _q_(zn)k f...f‘l’k(z, Ppo-eor P1sS) X

k=1 -0
x exp[—i(p,, ¥ )1dp,...dp, = E qk0,(z, 7 4, 0,..., 0, . (71)

k=1

Using expression (50) for the SFC ¥, we can find its more

detailed representation based on the use of the linear IF
0,(z, p. 5, 8), e,

-1 1
_ L 1
® (Z’ v 9 ;;q 2n fdsk—1 2n)2”

x f61(z, P S S expl(=i(p,, r)1dp, x

—o

1 L (rp
3 | B2 | [RuOPe s S0 8Py

Q

1 1 ) A
o .rds1 WI[RHGJ(/DZ’ Sy, $dp, x
o

1 1 A
x5 fE(So)dSOWf[RHOJ(pv s, s)dp, =
o
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1
E fe(z, PSS )dsy 12nfc (g g S dsp o

o

1 1
%jq(sw sds, ﬂjE(SO)Q(SV spds

Q Q

(72)

where

0z, 7,5, 8) = @ f91(z, p. s, sYexpl(—i(p, r )ldp,  (73)

and

1 A
c,(s, ) = WJ [R,0,1(p, s sHdp . (74)

The formulated mathematical models of the OTO, SFC, and
IF make it possible to construct new techniques of remote
sensing of nonorthotropic surfaces (such as land and ocean),
based on the fundamental solutions of the boundary problems
of the theory of radiation transfer. As was shown above, in the
case of uniform nonorthotropic surfaces the IF of the
atmosphere is a response of the medium on the propagation of
a wide monodirected beam, and in the case of nonuniform
surface it corresponds to the response on the propagation of a
laser beam. In the case of the Lambertian surface the IF is
determined by isotropic sources.
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