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Ïîëó÷åíû âûðàæåíèÿ äëÿ ðàñ÷åòà èíäèêàòðèñû ñâåòîðàññåÿíèÿ (èëè ýëåìåíòà ìàòðèöû ðàññåÿíèÿ f11) 
â ïðèáëèæåíèè Âåíòöåëÿ – Êðàìåðñà – Áðèëëþýíà (ÂÊÁ) â ñêàëÿðíîì âèäå îïòè÷åñêè «ìÿãêèì» (⏐m – 1⏐ << 1, 
ãäå m = n + iχ – îòíîñèòåëüíûé ïîêàçàòåëü ïðåëîìëåíèÿ öèëèíäðà) êðóãîâûì öèëèíäðîì êîíå÷íîé äëèíû 
ïðè ïàäåíèè ñâåòà ïîä ëþáûì óãëîì îòíîñèòåëüíî îñè ñèììåòðèè öèëèíäðà. Ïðîâåäåíî ÷èñëåííîå ñðàâíåíèå 
èíäèêàòðèñû ñâåòîðàññåÿíèÿ äëÿ áåñêîíå÷íî äëèííîãî êðóãîâîãî öèëèíäðà (ñòðîãîå ðåøåíèå) è äëÿ êîíå÷íîãî 
êðóãîâîãî öèëèíäðà â ïðèáëèæåíèè ÂÊÁ. 

 

Êëþ÷åâûå ñëîâà: èíäèêàòðèñà ðàññåÿíèÿ, ÂÊÁ-ïðèáëèæåíèå, îïòè÷åñêèé «ìÿãêèé» öèëèíäð; light 
scattering phase function, WKB approximation, optically “solf” cylinder. 

 
 

Ââåäåíèå 
 
Äëÿ ïîëó÷åíèÿ ðåøåíèé óðàâíåíèÿ ïåðåíîñà èç-

ëó÷åíèÿ, à òàêæå äëÿ ðåøåíèÿ ïðÿìûõ è îáðàòíûõ 
çàäà÷ îïòèêè äèñïåðñíûõ ñðåä âàæíîå çíà÷åíèå èìå-
åò âûðàæåíèå èíäèêàòðèñû ñâåòîðàññåÿíèÿ îòäåëü-
íîé íåñôåðè÷åñêîé ÷àñòèöû [1, 2]. 

Â ðàáîòàõ [3, 4] àâòîðîì áûëè ïîëó÷åíû âûðà-
æåíèÿ äëÿ àìïëèòóäû è èíäèêàòðèñû ñâåòîðàññåÿ-
íèÿ êîíå÷íûì îïòè÷åñêè «ìÿãêèì» êðóãîâûì öèëèí-
äðîì (⏐m – 1⏐ << 1, ãäå m = n + iχ – îòíîñèòåëüíûé 
ïîêàçàòåëü ïðåëîìëåíèÿ öèëèíäðà), â ïðèáëèæåíèè 
Âåíòöåëÿ – Êðàìåðñà – Áðèëëþýíà (ÂÊÁ) ïðè ïàäå-
íèè ñâåòà ïåðïåíäèêóëÿðíî è âäîëü îñè ñèììåòðèè 
öèëèíäðà. Â íàñòîÿùåé ñòàòüå îáîáùàþòñÿ äàííûå 
âûðàæåíèÿ àìïëèòóäû è èíäèêàòðèñû ñâåòîðàññåÿ-
íèÿ â ïðèáëèæåíèè ÂÊÁ äëÿ ñâåòà, ïàäàþùåãî ïðî-
èçâîëüíî îòíîñèòåëüíî îñè ñèììåòðèè êîíå÷íîãî 

öèëèíäðà. 
Ïðåäïîëîæèì, ÷òî íà íåïîäâèæíûé îäíîðîä-

íûé öèëèíäð âûñîòîé H è ðàäèóñîì a, îðèåíòèðî-
âàííûé îñüþ ñèììåòðèè âäîëü îñè z, ïàäàåò ïëîñêàÿ 
ýëåêòðîìàãíèòíàÿ âîëíà â ïëîñêîñòè ZOY ïðÿìî-
óãîëüíîé ñèñòåìû êîîðäèíàò ïîä óãëîì θi ê îñè z 
(ðèñ. 1): 

 Ei(r) = ei exp[i k (y sinθi + z cosθi)], (1) 

ãäå k = 2π/λ – âîëíîâîå ÷èñëî, λ – äëèíà âîëíû  
â äèñïåðñèîííîé ñðåäå; ei – åäèíè÷íûé âåêòîð â íà-
ïðàâëåíèè ïîëÿðèçàöèè ïàäàþùåé âîëíû. 
 

______________  
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Ðèñ. 1. Ãåîìåòðèÿ ðàññåÿíèÿ ñâåòà íà êðóãîâîì öèëèíäðå 
  ðàäèóñîì a è âûñîòîé H 

 

Èñïîëüçóåì èíòåãðàëüíîå ïðåäñòàâëåíèå àìïëè-
òóäû ñâåòîðàññåÿíèÿ â ïðèáëèæåíèè ÂÊÁ [3, 5]: 
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ξ1 – âõîäíàÿ êîîðäèíàòà íà ïîâåðõíîñòè ÷àñòèöû äëÿ 
âîëíû; T(m, θi) – êîýôôèöèåíò ïðîïóñêàíèÿ Ôðå-
íåëÿ (ïðè÷åì T(m, π/2) = 2/(m + 1)); r – ðàäèóñ-
âåêòîð òî÷êè âíóòðè ÷àñòèöû. Òîãäà â íîâîé ñèñòåìå 
êîîðäèíàò, ïîëó÷åííîé ïîâîðîòîì âäîëü íåïîäâèæ-
íîé îñè x òàê, ÷òîáû íîâàÿ îñü y′ áûëà íàïðàâëåíà 
âäîëü ïàäàþùåé âîëíû (ñì. ðèñ. 1), èç (2) äëÿ àì-
ïëèòóäû îäíîðîäíîé ÷àñòèöû â ñêàëÿðíîì âèäå ÂÊÁ 
èìååì 
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ãäå z1, z2, y1, y2 – âõîäíûå è âûõîäíûå êîîðäèíàòû 
ñîîòâåòñòâåííî äëÿ z′ è y′ íà ïîâåðõíîñòè ÷àñòèöû; 
 

 1 [sin cos – sin cos ],i i s sk k= θ φ θ φ  

 2 [sin sin – sin sin ],i i s sk k= θ φ θ φ  

 3 [cos – cos ],i sk k= θ θ  

 1 1,k k′ =  2 2 3sin cos ,i ik k k′ = θ + θ  

 3 3 2sin – cos ;i ik k k′ = θ θ  

θi, φi, θs, φs – óãëû, óêàçûâàþùèå íàïðàâëåíèå ïà-
äàþùåãî è ðàññåÿííîãî ñâåòà, â ñôåðè÷åñêîé ñèñòåìå 
êîîðäèíàò; ( )Φ = − × ×⎡ ⎤⎣ ⎦is s e  (äëÿ êðàòêîñòè äà-
ëåå 1,Φ =  íî â [5], åñëè s ≠ i, òî 

 
2 2 21 sin cos ,

s s⊥Φ = − θ φ  

 
2 21 (cos sin sin sin cos )i s s i s⎪⎪Φ = − θ θ φ − θ θ ). 

Àìïëèòóäà ñâåòîðàññåÿíèÿ öèëèíäðà â ïðèáëè-
æåíèè ÂÊÁ äëÿ íàïðàâëåíèé ïàäàþùåãî è ðàññåÿí-
íîãî ñâåòà φi ≠ φs (àìïëèòóäà äëÿ íàïðàâëåíèÿ ðàñ-
ñåÿíèÿ ñòðîãî âïåðåä θi = θs è φi = φs ïîëó÷åíà â [6]) 
ñëåäóåò èç (3): 
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Â ÷àñòíîñòè, ïðè θi = π/2 ïîëó÷èì èç (4) àì-
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Ïðè θi = 0 ïîëó÷èì èç (4) àìïëèòóäó 
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Ìíèìóþ ÷àñòü èíòåãðàëà W(p, q) ìîæíî âûðàçèòü 
êàê 
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ãäå J1(x) – ôóíêöèÿ  Áåññåëÿ 1-ãî ðîäà. 
Ó÷èòûâàÿ ÷åòíîñòü èíòåãðàëà W(p, q), èìååì 

 

 1 2 1 2( , ) – ( ,– ) 2Im ( , ) ,W k k W k k i W p q= ⎡ ⎤⎣ ⎦  

çàòåì èç (6), (7) ñëåäóåò àìïëèòóäà ñâåòîðàññåÿíèÿ 
ïðè θi = 0 (ñì. [4]): 
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Ðåàëüíóþ ÷àñòü èíòåãðàëà W(p, q) íå óäàåòñÿ 
âûðàçèòü â ýëåìåíòàðíûõ èëè ñïåöèàëüíûõ ôóíêöè-
ÿõ òàê æå ïðîñòî, êàê è ìíèìóþ. Òîëüêî ïðè áîëü-
øèõ ðàäèóñàõ a → ∞ èìååì 
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ãäå Y1(x) – ôóíêöèÿ Íåéìàíà 1-ãî ïîðÿäêà. 
Ðàçëîæèì ïîäûíòåãðàëüíóþ ôóíêöèþ W(p, q) 

â ðÿä ïî ïîëèíîìàì Ëåæàíäðà, òîãäà ïîëó÷èì áîëåå 
îáùåå âûðàæåíèå [â îòëè÷èå îò (9)]: 
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Jn(x), Hn(x) – ôóíêöèè Áåññåëÿ è Ñòðóâå n-ãî ïî-
ðÿäêà; jn(x) – ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ n-ãî 
ïîðÿäêà. 

Ïîñëå ïîäñòàíîâêè (10) è (11) â (4) àìïëèòóäà 
ñâåòîðàññåÿíèÿ ïðèìåò âèä 
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Èíäèêàòðèñà ñâåòîðàññåÿíèÿ (èëè ýëåìåíò ìàò-
ðèöû ðàññåÿíèÿ f11) äëÿ åñòåñòâåííîãî ñâåòà (ïîëÿ-
ðèçàöèÿ õàîòè÷íà) ðàññ÷èòûâàëàñü ïî ôîðìóëå 
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11 0( , ) ( , ) ,f k f Ñα β = α β   (13) 
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2 21 cos cos cos 2 sin
2 2

;
2

i

β β⎡ ⎤⎛ ⎞ ⎛ ⎞+ α + α + θ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦=  

⎜f(α, β)⎪2 – êâàäðàò ìîäóëÿ àìïëèòóäû ñâåòîðàññåÿ-
íèÿ; α, β – óãëû ðàññåÿíèÿ, îòñ÷èòûâàåìûå îò íà-
ïðàâëåíèÿ ðàññåÿíèÿ âïåðåä (α = θs – θi, β = φs – φi), 
ïðè÷åì φi = π/2. 

4.* 
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Äëÿ àìïëèòóäû (12) ïîëó÷èì èç (13) èíäèêàò-
ðèñó ñâåòîðàññåÿíèÿ 
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ãäå 
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1 1

0
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n

n j n j j n j

j
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− −

=

= ∑  

 1 sin ,iS DH= θ  2

2 cos iS a= θ  [ïî [6], ñì. f11(0,0)]; 
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Ðÿä Fs èíäèêàòðèñû ñâåòîðàññåÿíèÿ (14) áûñò-
ðî ñõîäèòñÿ, îñîáåííî ïðè ìàëûõ ðàçìåðàõ öèëèíäðà 
è ìàëûõ èëè áîëüøèõ óãëàõ ðàññåÿíèÿ β. Îáîçíà÷èì 

íîðìèðîâàííóþ èíäèêàòðèñó ñâåòîðàññåÿíèÿ ÂÊÁ, 
ïîëó÷åííóþ èç (13), íåïîñðåäñòâåííî äëÿ àìïëèòóäû 
(4) êàê F. Òîãäà ïðè ka = 1, kH = 1000 è θi = θs = 90° 

äëÿ îäíîãî ÷ëåíà ðÿäà èíäèêàòðèñû ñâåòîðàññåÿíèÿ 

Fs (14) ïîãðåøíîñòü ïî ñðàâíåíèþ ñ F íå ïðåâûøàåò 
ïî ìîäóëþ 7%, à äëÿ äâóõ ÷ëåíîâ – íå õóæå 0,1%. 
  Íà ðèñ. 2 ïîêàçàíû òàêæå çàâèñèìîñòè çíà÷å-
íèé íîðìèðîâàííîé èíäèêàòðèñû ñâåòîðàññåÿíèÿ 
Ln[f11(0, β)/f11(0, 0)] îò óãëà ðàññåÿíèÿ β äëÿ öè-
ëèíäðà â ïðèáëèæåíèè ÂÊÁ êîíå÷íîé äëèíû 
kH = 1000 è áåñêîíå÷íî äëèííîãî [7] (ñòðîãîå ðå-
øåíèå) ïðè ka = 5, m = 1,2 + i ⋅ 0,1 è θi = θs = 60°. 
Î÷åâèäíî, ÷òî çíà÷åíèÿ èíäèêàòðèñû ñâåòîðàññåÿ-
íèÿ â ïðèáëèæåíèè ÂÊÁ ïî ñðàâíåíèþ ñî ñòðîãèì 
ðåøåíèåì (ðèñ. 2) çàíèæåíû êàê äëÿ F, òàê è äëÿ 
ðÿäà Fs. 

 
Ðèñ. 2. Çàâèñèìîñòü èíäèêàòðèñû ñâåòîðàññåÿíèÿ Ln[f11(0, β)/ 
/f11(0, 0)] îò óãëà ðàññåÿíèÿ β äëÿ öèëèíäðà ñ îòíîñèòåëü-
íûì ïîêàçàòåëåì ïðåëîìëåíèÿ m = 1,2 + i ⋅ 0,1 äëÿ θi = 60° 
è ka = 5 áåñêîíå÷íî äëèííîãî (1), êîíå÷íîé äëèíû kH = 1000 
â ïðèáëèæåíèè ÂÊÁ: ïðÿìîé ðàñ÷åò F (2), ðàñ÷åò äëÿ òðåõ 
  (3) è äëÿ ÷åòûðåõ (4) ÷ëåíîâ ðÿäà Fs 

 
 

Çàêëþ÷åíèå 

 
Ïîëó÷åíû âûðàæåíèÿ äëÿ ðàñ÷åòà èíäèêàòðèñû 

ñâåòîðàññåÿíèÿ îïòè÷åñêè «ìÿãêèì» êðóãîâûì öè-
ëèíäðîì êîíå÷íîé äëèíû ïðè ïàäåíèè ñâåòà ïîä 
ëþáûì óãëîì îòíîñèòåëüíî îñè ñèììåòðèè öèëèíä-
ðà â ïðèáëèæåíèè ÂÊÁ â ñêàëÿðíîì âèäå. ×èñëåí-
íîå ñðàâíåíèå èíäèêàòðèñû ñâåòîðàññåÿíèÿ áåñêî-
íå÷íî äëèííîãî êðóãîâîãî öèëèíäðà (ñòðîãîå ðåøå-
íèå) è êîíå÷íîãî êðóãîâîãî öèëèíäðà â ïðèáëèæå-
íèè ÂÊÁ ïîäòâåðäèëî õîðîøåå ñîãëàñèå äëÿ ìàëûõ 
óãëîâ ðàññåÿíèÿ. 

Îòìå÷åíà áûñòðàÿ ñõîäèìîñòü ïîëó÷åííîãî ðÿäà 
äëÿ èíäèêàòðèñû ñâåòîðàññåÿíèÿ ÂÊÁ ïðè ìàëûõ 
ðàçìåðàõ öèëèíäðà è ìàëûõ èëè áîëüøèõ óãëàõ ðàñ-
ñåÿíèÿ β. 
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K.A. Shapovalov. Light scattering of arbitrary oriented cylinder in Wentzel – Kramers – Brillouin  
approximation. 2. Light scattering phase function. 

The expressions for calculation of phase function (or element of scattering matrix f11) by optically “soft” 
(⏐m – 1⏐ << 1, where m = n + iχ is a relative refractive index of cylinder) circular finite cylinder for incident 
light in the direction at any angle to the axis of cylinder in Wentzel – Kramers – Brillouin (WKB) in scalar 
form approximation are obtained. Numerical results of light scattering phase function for infinitely long cylin-
der (rigorous solution) and for finite circular cylinders in WKB approximation are compared. 

 


