
 Ðàñ÷åò íåëèíåéíûõ àáåððàöèé 851 

«Îïòèêà àòìîñôåðû», 3, ¹ 8 (1990) 
 
 ÓÄÊ 621.373.826: (535:530.182) 
 
 

À.Ï. Ñóõîðóêîâ, Ý.Í. Øóìèëîâ 
 
 

ÐÀÑ×ÅÒ ÍÅËÈÍÅÉÍÛÕ ÀÁÅÐÐÀÖÈÉ ÏÐÈ ÑÀÌÎÂÎÇÄÅÉÑÒÂÈÈ ÂÎËÍÎÂÛÕ ÏÓ×ÊÎÂ 
 
 

Íà îñíîâå óðàâíåíèÿ ïåðåíîñà äëÿ èíòåíñèâíîñòè è ïàðàáîëè÷åñêîãî óðàâíåíèÿ äëÿ ýéêîíàëà âîëíû ïîëó-
÷åíà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ ñòàöèîíàðíîå ðàñïðîñòðàíåíèå àêñè-
àëüíî-ñèììåòðè÷íûõ ñâåòîâûõ ïó÷êîâ â ñðåäàõ ñ ïðîèçâîëüíûì ìåõàíèçìîì íåëèíåéíîñòè â óñëîâèÿõ àáåððàöè-
îííûõ èñêàæåíèé íàïåðåä âûáðàííîãî ïîðÿäêà. Ñ ïîìîùüþ óñòàíîâëåííûõ ðåêóððåíòíûõ ñîîòíîøåíèé ìåæäó 
êîýôôèöèåíòàìè ðàçëîæåíèé â ðÿäû îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé îò áåñêîíå÷íûõ ðÿäîâ ïîëó÷åííàÿ ñèñòå-
ìà óðàâíåíèé êîíêðåòèçèðîâàíà äëÿ îïèñàíèÿ âîëíîâûõ àáåððàöèé âêëþ÷èòåëüíî äî øåñòîãî ïîðÿäêà, ñîïðîâî-
æäàþùèõ ðàñïðîñòðàíåíèå ãàóññîâûõ ïó÷êîâ â ñðåäàõ ñ êóáè÷íîé íåëèíåéíîñòüþ è ïðè òåïëîâûõ ñàìîâîçäåéñò-
âèÿõ. Ïðîâåäåí àíàëèç èíòåãðàëîâ äâèæåíèÿ ñèñòåìû, äàí êðàòêèé àíàëèç ñàìèõ äèôôåðåíöèàëüíûõ óðàâíåíèé. 

 
 

Àíàëèç ÷èñëåííûõ ðåøåíèé ïàðàáîëè÷åñêîãî óðàâíåíèÿ, îïèñûâàþùåãî ðàñïðîñòðàíåíèå ñâåòà â 
íåëèíåéíûõ ñðåäàõ, óêàçûâàåò íà íåîáõîäèìîñòü ó÷åòà êðîìå áåçàáåððàöèîííûõ òàêæå è äîïîëíè-
òåëüíûõ, íåëèíåéíûõ àáåððàöèîííûõ èñêàæåíèé ïðîñòðàíñòâåííî îãðàíè÷åííûõ ïó÷êîâ [1—2]. Íå-
ëèíåéíûå àáåððàöèè ïðîÿâëÿþòñÿ íå òîëüêî â ïðèôîêàëüíûõ îáëàñòÿõ ïó÷êà, ãäå èõ ðîëü ÿâëÿåòñÿ 
îïðåäåëÿþùåé. Â ñèëó íàêàïëèâàþùåãîñÿ õàðàêòåðà àáåððàöèé ïîâåäåíèå ïó÷êà óæå çà ïåðâîé íåëè-
íåéíîé äëèíîé ìîæåò ñèëüíî îòëè÷àòüñÿ îò ïðåäñêàçàíèé àáåððàöèîííîé òåîðèè [3]. 

Èññëåäîâàíèå íåëèíåéíûõ àáåððàöèé íà îñíîâå ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ 
â ÷àñòíûõ ïðîèçâîäíûõ ïðåäñòàâëÿåò ñëîæíóþ â ìàòåìàòè÷åñêîì îòíîøåíèè çàäà÷ó è ïîýòîìó òðåáó-
åò ïðèìåíåíèÿ ÷èñëåííûõ ìåòîäîâ. Âìåñòå ñ òåì ÷èñëåííûå ðàñ÷åòû ëèøåíû ïðåèìóùåñòâ àíàëèòè÷å-
ñêîãî îïèñàíèÿ, äàþùåãî íàèáîëåå ïîëíóþ êîëè÷åñòâåííóþ õàðàêòåðèñòèêó ÿâëåíèÿ. Âïåðâûå ïîïûò-
êà àáåððàöèîííîãî àíàëèçà áûëà ïðåäïðèíÿòà â [4]. Îäíàêî ìíîãèå âîïðîñû, êàñàþùèåñÿ êàê îáùåé 
àáåððàöèîííîé ìåòîäîëîãèè, òàê è âîçìîæíîñòåé äåòàëüíîãî èññëåäîâàíèÿ àáåððàöèîííûõ èñêàæåíèé 
ïó÷êîâ â ñðåäàõ ñ ïðîèçâîëüíûì ìåõàíèçìîì íåëèíåéíîñòè, îñòàâàëèñü îòêðûòûìè. Â ÷àñòíîñòè, îñ-
òàâàëàñü íåèññëåäîâàííîé ñòðóêòóðà ïîïåðå÷íîãî ïðîôèëÿ ïó÷êà, êîòîðàÿ ïðåäâàðèòåëüíî, â ðàìêàõ 
ïðèáëèæåíèÿ ñôåðè÷åñêèõ àáåððàöèé, áûëà âûÿñíåíà â [5]. 

Â íàñòîÿùåé ñòàòüå èçëàãàåòñÿ àáåððàöèîííàÿ òåîðèÿ ñàìîâîçäåéñòâèé ïðîèçâîëüíûõ àêñèàëüíî-
ñèììåòðè÷íûõ âîëíîâûõ ïó÷êîâ, ïðè÷åì ìåõàíèçì íåëèíåéíîñòè ñðåäû â îáùåì ñëó÷àå íå êîíêðåòè-
çèðóåòñÿ. Òåîðèÿ îáîáùàåò áåçàáåððàöèîííóþ ìåòîäèêó è ïîçâîëÿåò, ïåðåéäÿ ê ñèñòåìå îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñóùåñòâåííî óïðîñòèòü è ñäåëàòü ýôôåêòèâíûì ïðèìåíåíèå ÷èñ-
ëåííûõ ìåòîäîâ ðåøåíèÿ. Âûñòðàèâàåìûé íà åå îñíîâå àáåððàöèîííûé àíàëèç ïîçâîëÿåò äåòàëüíî èçó-
÷èòü ìíîãèå óñêîëüçàþùèå ïðè áåçàáåððàöèîííîì ïîäõîäå îñîáåííîñòè ðàñïðîñòðàíåíèÿ, òàêèå êàê îã-
ðàíè÷åíèå ïîïåðå÷íûõ ðàçìåðîâ ïó÷êîâ, ïîäîáíûõ ãàóññîâûì, âîçíèêíîâåíèå ñëîæíîé êîëüöåîáðàçíîé 
ñòðóêòóðû â ñå÷åíèè ïó÷êà, ôîðìèðîâàíèå àáåððàöèîííîãî êîëüöà â äåôîêóñèðóþùåé ñðåäå [5] è äð. 

Ïðåäïîëîæèì, ÷òî äëÿ àêñèàëüíî-ñèììåòðè÷íîãî ïó÷êà èçâåñòíû òðàåêòîðèè ëó÷åé ρ(z) êàê 
ôóíêöèè ïðîäîëüíîé êîîðäèíàòû z. Òîãäà äîáàâêó ê ýéêîíàëó ïëîñêîé âîëíû s(r) íà îêðóæíîñòÿõ 

r = {ρ, z}ìîæíî ðàññ÷èòàòü, èñïîëüçóÿ ñâÿçü .
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ãäå s0(z) —äîïîëíèòåëüíûé íàáåã ôàçû çà ñ÷åò èçìåíåíèÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëíû. 
Ïðè ó÷åòå àáåððàöèé ïåðåìåííàÿ ξ(r) îïðåäåëÿåòñÿ ñîâîêóïíîñòüþ N áåçðàçìåðíûõ àáåððàöèîí-

íûõ ôóíêöèé ÀN(z) = {Að(z)}, 1 ≤ p ≤ N (N = 1, 2, …). Ïóñòü ïðîèçâîäíàÿ 
p

A′  õàðàêòåðèçóåò (ïðè 

óñëîâèè ïîñòîÿíñòâà f è âñåõ Aq, 1 ≤ q ≤ N, q ≠ p) âêëàä èñêàæåíèé â âîëíîâîé ôðîíò ïó÷êà, îïèñûâàå-
ìûõ ñòåïåíüþ ïîïåðå÷íîé êîîðäèíàòû ρ2(ð+1) (êàê áóäåò ñëåäîâàòü èç äàëüíåéøåãî, îíà íå ñîâïàäàåò ñ Re 
è Im ÷àñòÿìè ôóíêöèè Àð+1 â ðàçëîæåíèè êîìïëåêñíîé ôàçû ïîëÿ â [1, 4]). Òîãäà f ïðèîáðåòàåò ñìûñë 
àáåððàöèîííîé ôóíêöèè íóëåâîãî ïîðÿäêà, à ïîäûíòåãðàëüíàÿ ôóíêöèÿ â (1) ïðåäñòàâëÿåòñÿ â âèäå 
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ãäå Fq(Mq–1) — ïîëîæèòåëüíî îïðåäåëåííûå ìîíîòîííûå ôóíêöèè, îáåñïå÷èâàþùèå óêàçàííîå ñâîé-
ñòâî Àð, ïðè÷åì èõ àðãóìåíòû çàäàþòñÿ ðåêóððåíòíîé ïðîöåäóðîé ñ ïîìîùüþ èíòåãðàëîâ 
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ïîñòîÿííûå ÷èñëà; ηn–1 — íàèáîëüøèé íóëü ôóíêöèè γ/Fn(γ) (ï = 1, 2,…,N—1). 
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òàê ÷òî èíòåãðàë (4 à) ìîæíî çàïèñàòü â âèäå 
 

 (4á) 
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â êîòîðîì äåéñòâèòåëüíàÿ íåëèíåéíàÿ äîáàâêà 
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íåâîçìóùåííîå çíà÷åíèå) çàâèñèò îò ðàñïðåäåëåíèÿ èíòåíñèâíîñòè â ïó÷êå, ê = 2π/λ. Ïîäñòàâëÿÿ â 
ëåâóþ ÷àñòü (8) âûðàæåíèå (1), ïðèîáðåòàþùåå ñ ïîìîùüþ (5) ôîðìó 
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Â ñèëó òîãî, ÷òî â êà÷åñòâå íîâîé íåçàâèñèìîé ïåðåìåííîé, íå âíîñÿùåé èððàöèîíàëüíîñòè ïðè 
ïðåîáðàçîâàíèè óðàâíåíèé (3), (8), ìîæíî âûáðàòü íå áîëåå ÷åì âòîðóþ ñòåïåíü ðàäèàëüíîé êîîðäè-
íàòû, ðàçëîæåíèå ýéêîíàëà îñåñèììåòðè÷íîãî ïó÷êà â ðÿä (1à) äîëæíî ñîäåðæàòü òîëüêî ÷åòíûå ñòå-
ïåíè ρ. Ïîýòîìó, ñâÿçûâàÿ ïîðÿäîê ð ôóíêöèè Àð ñ ìèíèìàëüíîé ñòåïåíüþ ρ2(ð+1) îòâå÷àþùèõ åé 
àáåððàöèîííûõ èñêàæåíèé âîëíîâîãî ôðîíòà, çàêëþ÷àåì, ÷òî àñèìïòîòèêîé âõîäÿùåé â (1à) ôóíê-
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ãäå Rp(x; αð) — íåêîòîðàÿ âîîáùå èððàöèîíàëüíàÿ ôóíêöèÿ àðãóìåíòîâ, Rp(0; αð) = 1. Òàê êàê àáåð-
ðàöèè ρ2(p+1) õàðàêòåðèçóþòñÿ ëèøü 

p
A′ (ñì. (1 a)), àñèìïòîòèêà (2 à) îñòàåòñÿ òîé æå è ïðè αð–1 ≡ 0, 

òàê ÷òî, êðîìå òîãî, Rp(x; 0) = 1. 
Ïîäñòàíîâêà (2 à) â (2) è ñðàâíåíèå îáåèõ ÷àñòåé ðàâåíñòâ ïðè ζ → 0 äàþò 

 

 
 

Äèôôåðåíöèðîâàíèåì ïåðâîãî ðàâåíñòâà íàõîäèì F1(γ) = (γ3)/2 è η0 = ∞, à èç âòîðîãî ñëåäóåò 
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äàåòñÿ ÷åðåç ëåãêî ðàññ÷èòûâàåìûå êîýôôèöèåíòû 
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Ñ ïîìîùüþ (13) èñïîëüçóåìûå íèæå êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä μ-é ñòåïåíè ýòîé ôóíêöèè 
(μò 0), 
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÷èì ñ ó÷åòîì (12) ðàçëîæåíèå â ðÿä íàòóðàëüíîãî ëîãàðèôìà ôóíêöèè Rp(õ; αð): 
 

 (16) 
ãäå 

 (17) 
 

Êîýôôèöèåíòû ( )
( ; )

m
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R µ α  è ( )

( )
m

p m
L α  îáëàäàþò ñâîéñòâîì (13), ïðè÷åì ñàìè ðàçëîæåíèÿ (14), 

(16) ñïðàâåäëèâû (â îáëàñòÿõ ñõîäèìîñòè) äëÿ ïðîèçâîëüíûõ ôóíêöèé R(x), áåçîòíîñèòåëüíî ê îï-
ðåäåëåíèþ (11), ÷òî áóäåò èñïîëüçîâàíî â äàëüíåéøåì. Îòìåòèì, ÷òî îáðàùåíèå ôîðìóë (16)—(17) 
ïðèâîäèò ê ðàçëîæåíèþ â ðÿä ýêñïîíåíöèàëüíîé ôóíêöèè îò áåñêîíå÷íîãî ðÿäà, à êîìáèíàöèÿ ôîð-
ìóë (14)—(17) ïîçâîëÿåò ïîëó÷èòü ðàçëîæåíèå ëþáûõ äðóãèõ ôóíêöèé îò áåñêîíå÷íûõ ðÿäîâ. 

Èíòåíñèâíîñòü (7) ñîãëàñíî (3), (8) íå çàâèñèò îò íà÷àëüíûõ çíà÷åíèé ÀN0 = ÀN(0), òàê ÷òî â (7) 
íóæíî ïîëîæèòü αN0 = 0, à ôèêñèðîâàííûé âåêòîð â αN(z) âûáðàòü èç óñëîâèÿ CN = —ÀN0. Ýòî ïî-
çâîëÿåò, îáðàòèâ ñ ó÷åòîì (11) èíòåãðàë (2 à) ïðè p = N îòíîñèòåëüíî ζ = ξ è êîíêðåòèçèðîâàâ ôîð-
ìèðóåìóþ óêàçàííûì îáðàçîì ôóíêöèþ ( ; ) ( ; ; 0)

N N N N
Ξ ξ ≡ Ξ ξα α  â ïðîôèëå (7) çàïèñüþ αN(z) = ÀN —

 ÀN0, íàéòè 
 

 (18) 
 
Íàêîíåö, êîìáèíèðóÿ ôîðìóëû (2à), (2 á) è (18), óñòàíàâëèâàåì ñâÿçü 
 

 (19) 
 
à êîìáèíèðóÿ (11) è (18), ïîëó÷àåì 
 

 (20) 
 
Âûðàæåíèå (18) ïîçâîëÿåò ñ ïîìîùüþ (14)—(17) ðàçëîæèòü (7) â ðÿä 
 

 (7a) 
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ïðè÷åì ÷èñëà Qm îïðåäåëÿþò ôîðìó ïåðâîíà÷àëüíîãî ïðîôèëÿ ïó÷êà (6), 2 2

0 0

1

( ) (0) 1 .
∞

=

⎛ ⎞
Φ ξ = Φ + ξ⎜ ⎟⎜ ⎟

⎝ ⎠
∑

m

m

m

Q  

Â ÷àñòíîñòè, ïðè ïðîôèëå íàèáîëåå îáùåãî ãèïåðãàóññîâà âèäà 
 

 (21) 
 

îáðàùàÿ (17), ïîëó÷àåì 
 

 
 

Âûðàæåíèÿ (19)—(20), èç êîòîðûõ ñëåäóåò, ÷òî 
 

 (22) 
 

îïðåäåëÿþò õàðàêòåð âçàèìîñâÿçè ýéêîíàëà è èíòåíñèâíîñòè ïó÷êà. Ñîãëàñíî (10) ñêà÷êè ôàçû ïîëÿ, 
âûçâàííûå ëîêàëüíîé ñòàöèîíàðíîñòüþ ïî êîîðäèíàòå ξ êàêèõ-ëèáî m(m ≥ 1) èç N èíòåãðàëîâ (2 à), 
ïðîèñõîäÿò â ïëîñêîñòè z íà îêðóæíîñòÿõ ðàäèóñà ξð = ξð(z), äàâàåìûõ óðàâíåíèÿìè 
 

 
 

ïðè÷åì íà ýòèõ îêðóæíîñòÿõ ñàìî ïîëå â ñîîòâåòñòâèè ñ (22) èñ÷åçàåò (ñì. (7)). Äðóãèìè ñëîâàìè, 
ïó÷îê ðàñïàäàåòñÿ íà ò íåçàâèñèìûõ êîíöåíòðè÷åñêè ðàñïîëîæåííûõ ÷àñòåé, îáóñëîâëèâàþùèõ åãî 
êîëüöåîáðàçíóþ ñòðóêòóðó, êàæäàÿ èç êîòîðûõ èìååò âîîáùå ñâîè àáåððàöèîííûå èñêàæåíèÿ. 

Èìåÿ â âèäó, ÷òî ïðè ðàñùåïëåíèè ïó÷êà åãî ÷àñòè ìîãóò áûòü îïèñàíû íåçàâèñèìî, ñ÷èòàåì âû-
ïîëíåííûìè óñëîâèÿ 
 

 (23) 
 

îáåñïå÷èâàþùèå íåïðåðûâíîå èçìåíåíèå ýéêîíàëà âî âñåé çàíèìàåìîé ïó÷êîì îáëàñòè, êðîìå åãî 
ãðàíèö, ãäå óñëîâèå (23) ïðè p = N ìîæåò íàðóøàòüñÿ. Óñëîâèÿ (23) íå èñêëþ÷àþò îïèñàíèÿ è êîëü-
öåîáðàçíîé ñòðóêòóðû ïó÷êà, åñëè òîëüêî ìåæäó êîëüöàìè ïîëå íå ñïàäàåò äî íóëÿ. Ïðè âûïîëíåíèè 
óñëîâèé (23) ôóíêöèÿ (10) ïðåäñòàâèìà ñõîäÿùèìñÿ ðÿäîì 
 

 (24) 
 

â êîòîðîì 
 

 (25) 
 

âû÷èñëÿþòñÿ ñ ó÷åòîì ôîðìóë (2à) è (12) ÷åðåç êîýôôèöèåíòû ( )( 1; )−

m
p mS α àíàëîãè÷íîãî (14) ðàçëîæåíèÿ 

 

 (14a) 
 

à èìåííî ðàçëîæåíèÿ îáðàòíîé ñòåïåíè ôóíêöèè 
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îïðåäåëÿåìûå ñ ïîìîùüþ ðåêóððåíòíîé ïðîöåäóðû (15) ïðè μ = —1 è çàìåíå ñèìâîëà R íà S. 
Â ðàìêàõ äàííîé àáåððàöèîííîé òåîðèè â ðàçëîæåíèè íåëèíåéíîé äîáàâêè ê äèýëåêòðè÷åñêîé 

ïðîíèöàåìîñòè ñðåäû 
 

 (26) 

 

ó÷èòûâàþòñÿ ñëàãàåìûå âêëþ÷èòåëüíî äî 2(N+1)-é ñòåïåíè ðàäèàëüíîé êîîðäèíàòû. Ïîäñòàâëÿÿ (9) 
è (26) â óðàâíåíèå (8), âûïîëíÿÿ ñ ó÷åòîì âûðàæåíèé (18), (21) è (24) íåîáõîäèìûå ïðåîáðàçîâàíèÿ 
è ñîáèðàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ êîîðäèíàòû ρ (èëè ξ), ïðèõîäèì ê óðàâíåíèÿì 
äëÿ èñêîìûõ ôóíêöèé s0, f, ÀN: 
 

 
 

 
 

 (27) 

 

 
 

 
 

(ð = 1, 2,… N), ãäå èñïîëüçîâàíû îáîçíà÷åíèÿ 
 

 (28) 
 

( )( )Γ α
p

pN  — âû÷èñëÿåìûå ïo ðåêóððåíòíîé ôîðìóëå (17) (ïîñëå çàìåíû ñèìâîëà L íà Γ è ñèìâîëà R 

íà G) êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè 
 

 (16a) 
 

2
ä 0=R êa  — äèôðàêöèîííàÿ äëèíà ïó÷êà. 

Äëÿ ðàñ÷åòà êîýôôèöèåíòîâ 2
′ε
s
(z) â (26)—(27) íåîáõîäèìî êîíêðåòèçèðîâàòü ìåõàíèçì íåëèíåéíî-

ñòè ñðåäû. Ê ïðèìåðó, â ñëó÷àå ñðåäû ñ êóáè÷íîé íåëèíåéíîñòüþ (2)
íë ,′ε = ε f  è ñ ïîìîùüþ (7 à) íàõîäèì 

 

 (29) 
 

ãäå íåëèíåéíàÿ äëèíà (2) 1/2
íë 0 0 0( / ) .= ε εR a I  Äëÿ ñðåäû ñ òåïëîâîé íåëèíåéíîñòüþ 

íë
( / )[ ( , ) (0, )],′ε = ε ρ −d dT T z T z  îáóñëîâëåííîé íåîäíîðîäíûì ïî ñå÷åíèþ ïó÷êà òåìïåðàòóðíûì ïî-

ëåì T(r), àíàëîãè÷íûì îáðàçîì, ðåøèâ óðàâíåíèå òåïëîïðîâîäíîñòè, ïîëó÷èì 
 

 (30) 
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ïðè÷åì äëÿ òåïëîâûõ ñàìîâîçäåéñòâèé íë.ò 0 04 / / ,= ε εR d dT Ii  ãäå i — êîýôôèöèåíò òåïëîïðîâîä-

íîñòè ñðåäû. 
Ñèñòåìà óðàâíåíèé (27), êàê è óðàâíåíèÿ (3) è (8), îáëàäàåò äâóìÿ èíòåãðàëàìè äâèæåíèÿ, íå 

çàâèñÿùèìè îò ïðîäîëüíîé êîîðäèíàòû z [6], à èìåííî, èíòåãðàëîì ïîëíîé ìîùíîñòè ïó÷êà â íåäèñ-
ñèïàòèâíîé ñðåäå 
 

 (31) 
 

è âòîðûì èíòåãðàëîì 
 

 (32) 
 

ãäå ôóíêöèÿ 
 

 
 

Ïîäñòàâëÿÿ â (31) âûðàæåíèå (7) è ó÷èòûâàÿ, ÷òî ìîùíîñòü ïó÷êà 

2 1 2
1 0 0 ïð

0

(0) ( ) , (0),

µ

−= π Φ Φ μ μ μ = ξ∫P a I d  îïðåäåëÿåòñÿ åãî ïðåäåëüíûì íà÷àëüíûì ðàäèóñîì 

àïð(0) = à0ξïð(0), ïðè êîòîðîì 2

пр( (0)) 0,Φ ξ =  òåêóùèé ïðåäåëüíûé ðàäèóñ àïð(z) = a0f(z)ξïð(z), íàéäåì 

èç ðàâåíñòâà ïð ïð( ( ); ) (0),Ξ ξ α = ξN Nz  èëè â ñîîòâåòñòâèè ñ (11), (18) 
 

 
 

Âòîðîé èíòåãðàë (32) óñòàíàâëèâàåò ñâÿçü ìåæäó ôóíêöèÿìè f, AN è èõ ïåðâûìè ïðîèçâîäíûìè. 
Íàïðèìåð, â ñëó÷àå ñðåäû ñ êóáè÷íîé íåëèíåéíîñòüþ ýòà ñâÿçü äàåòñÿ óðàâíåíèåì 
 

 (33) 
 

â êîòîðîì 
 

 
 

 
 

0 (0; (0)),′=i i Ng g A  à ôóíêöèÿ 2( ; )ξ Ξ αN N  îïðåäåëÿåòñÿ ïîñëå îáðàùåíèÿ (18). Óðàâíåíèå (33) îáîáùà-

åò ïåðâûé èíòåãðàë óðàâíåíèÿ äëÿ áåçðàçìåðíîé øèðèíû ãàóññîâà ïó÷êà f(z) = a(z)/a0 â áåçàáåððà-
öèîííîé òåîðèè [6] è ïåðåõîäèò â ïîñëåäíåå, êîãäà íåëèíåéíûå àáåððàöèè ïðåíåáðåæèìî ìàëû 
(g1 = g3 = g4 = 1, g2 = 0). 

Â èëëþñòðàòèâíûõ öåëÿõ îñòàíîâèìñÿ íà îïèñàíèè âîëíîâûõ àáåððàöèé âêëþ÷èòåëüíî äî 6-ãî 
ïîðÿäêà (N = 2), îãðàíè÷èâàÿñü ïó÷êàìè ñ ãàóññîâûì ïðîôèëåì (Â1 = l; Âò = 0, m ≥ 1). Âû÷èñëÿÿ 

ïî ôîðìóëàì (14), (14 à)—(17), (25), (28)—(30) êîýôôèöèåíòû ( )
1 ,( ), ,+

−
α

p m

p p p p qW u v  è ïîäñòàâëÿÿ èõ 

â óðàâíåíèÿ 27, ïðèõîäèì ê ñëåäóþùåé ñèñòåìå: 
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 (27a) 
 

 
 

ãäå îáîçíà÷åíî 
 

 
 

 
 

 
 

 
 

ïðè÷åì çíà÷åíèþ σ = 0 ñîîòâåòñòâóåò ñëó÷àé ñðåäû ñ êóáè÷íîé íåëèíåéíîñòüþ, à σ = 1 — òåïëîâûå 

ñàìîâîçäåéñòâèÿ. Âåðõíèå çíàêè â (27 à) âûáèðàþòñÿ ïðè (2)
0 0

ε⎛ ⎞
ε > >⎜ ⎟

⎝ ⎠

d

dT
 íèæíèå — ïðè 

(2) 0 0 .
ε⎛ ⎞

ε < <⎜ ⎟
⎝ ⎠

d

dT
 

Â ïðåíåáðåæåíèè àáåððàöèÿìè (A1 = A2 = 0) ïåðâîå èç óðàâíåíèé ñèñòåìû (27 à) ïðè σ = 0 ïå-
ðåõîäèò â óðàâíåíèå äëÿ áåçðàçìåðíîé øèðèíû ïó÷êà â êóáè÷íîé ñðåäå [6], à ïðè σ = 1 — â óðàâíå-
íèå äëÿ òîé æå ôóíêöèè ïðè òåïëîâûõ ñàìîâîçäåéñòâèÿõ [7]. Ïðè ó÷åòå ëèøü ñôåðè÷åñêèõ àáåððà-
öèé (A1 ≠ 0, A2 = 0) ïåðâûå äâà óðàâíåíèÿ ñèñòåìû (27à) ïðè σ = 0 ñîâïàäàþò ñ óðàâíåíèÿìè äëÿ 
ôóíêöèé f(z) è β(z) îäíîèìåííîé àáåððàöèîííîé òåîðèè [5]. Ïðè÷åì ôóíêöèè f(z) â àáåððàöèîííîé 
òåîðèè óæå íåëüçÿ äàòü òàêîé íàãëÿäíîé èíòåðïðåòàöèè, êàê â áåçàáåððàöèîííîì ïðèáëèæåíèè, êðî-
ìå îïðåäåëåíèÿ åå ôóíêöèåé, õàðàêòåðèçóþùåé èçìåíåíèå èíòåíñèâíîñòè íà îñè ïó÷êà. 

Àíàëèç óðàâíåíèé (27 à) ïîêàçûâàåò, ÷òî ïðè ñàìîôîêóñèðîâêå, (2), 0,
ε⎛ ⎞

ε >⎜ ⎟
⎝ ⎠

d

dT
 àáåððàöèîííûå 

èñêàæåíèÿ ïó÷êà ðàçâèâàþòñÿ ãîðàçäî ëåã÷å â ñðåäå ñ êóáè÷íîé íåëèíåéíîñòüþ, ÷åì ñ òåïëîâîé, à 

ïðè äåôîêóñèðîâêå, (2), 0,
ε⎛ ⎞

ε <⎜ ⎟
⎝ ⎠

d

dT
 íàîáîðîò, âîçíèêøèå àáåððàöèè â áîëüøåé ñòåïåíè ñîõðàíÿþòñÿ 

ïðè òåïëîâûõ ñàìîâîçäåéñòâèÿõ. Ïîýòîìó è âîëíîâûå ñâîéñòâà ïó÷êà â îòíîøåíèè âëèÿíèÿ àáåððà-
öèé ïðîÿâëÿþòñÿ â íåëèíåéíûõ ñðåäàõ îáîèõ òèïîâ ðàçëè÷íûì îáðàçîì, íåñìîòðÿ íà îäèíàêîâîå ìà-
òåìàòè÷åñêîå îïèñàíèå. 
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À . P .  S u k h î r u k î v ,  Å . N .  S h u m i l î v . Calculation of Nonlinear Aberrations at Thermal Blooming 
of the Wave Beams. 
 

Based on the use of transfer equation for intensity and parabolic equation for eikonal a system of ordinary differ-
ential equations describing the stationary propagation of axially symmetric light beams in media with an arbitrary 
nonlinearity with the aberrational distortions of any preset order. 

Using the found recurrence formulas relating the coefficients of expansion into series over basic elementary functions 
the system of equations obtained in the form of infinite series is adapted for describing the wave aberrations up to the sixth 
order that occur at propagation of Gaussian beams through the media with the cubic nonlinearity and under the thermal 
blooming. The analysis is carried out in the paper of the medium motion integral and of the differential equations as well. 


