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×èñëåííîå ðåøåíèå âåêòîðíîãî óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ (ÂÓÏÈ) âîçìîæíî òîëüêî ïîñëå åãî äèñ-

êðåòèçàöèè, êîòîðàÿ íåâîçìîæíà áåç âûäåëåíèÿ â ðåøåíèè àíèçîòðîïíîé ÷àñòè, âêëþ÷àÿ âñå îñîáåííîñòè ðå-
øåíèÿ. Äèñêðåòèçîâàííîå ÂÓÏÈ äëÿ ïëîñêîãî ñëîÿ ìóòíîé ñðåäû èìååò åäèíñòâåííîå àíàëèòè÷åñêîå ðåøåíèå 
â ìàòðè÷íîé ôîðìå. Ñóùåñòâóþùèå ïàêåòû ìàòðè÷íîé (ëèíåéíîé) àëãåáðû äîïóñêàþò òîëüêî îäèí âîçìîæ-
íûé àëãîðèòì ðåøåíèÿ ÂÓÏÈ íà êîìïüþòåðå. Ðàçëè÷íûå ðåàëèçàöèè äàííîãî àëãîðèòìà îòëè÷àþòñÿ ìåòîäîì 
âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè. Ïðîàíàëèçèðîâàíû ìåòîäû âûäåëåíèÿ àíèçîòðîïèè ðåøåíèÿ, è ïîêàçàíî, ÷òî 
íàèëó÷øèì ÿâëÿåòñÿ ìàëîóãëîâàÿ ìîäèôèêàöèÿ ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê (ÌÑÃ). Ïðîâåäåíî ñðàâíåíèå 
ïðîãðàìì, ðàçðàáîòàííûõ àâòîðàìè ýòèõ ìåòîäîâ, â ïðîñòåéøåé ñèòóàöèè ñëîÿ ìóòíîé ñðåäû äëÿ âûÿâëåíèÿ 
âëèÿíèÿ ìåòîäà âûäåëåíèÿ àíèçîòðîïèè íà ýôôåêòèâíîñòü êîäà. Äëÿ ïðîãðàììû, îñíîâàííîé íà ÌÑÃ, ïðî-
âåäåíà îöåíêà âëèÿíèÿ ðàçëè÷íûõ àïïàðàòíî-ïðîãðàììíûõ ñðåäñòâ íà ýôôåêòèâíîñòü êîäà. 

 

Êëþ÷åâûå ñëîâà: ìåòîä äèñêðåòíûõ îðäèíàò, àíèçîòðîïíîå ðàññåÿíèå, ïëîñêàÿ ãåîìåòðèÿ; discrete ordi-
nate method, anisotropic scattering, slab geometry. 

 

Ââåäåíèå 
 

Îïòè÷åñêèå ìåòîäû äèñòàíöèîííîãî çîíäèðîâà-
íèÿ (ÄÇ) ïîäñòèëàþùåé ïîâåðõíîñòè è àòìîñôåðû 

îñíîâàíû íà ðåøåíèè îáðàòíûõ çàäà÷ ñêàëÿðíîãî  
è âåêòîðíîãî óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ (ÓÏÈ, 
ÂÓÏÈ). Îáðàòíûå çàäà÷è, êàê ïðàâèëî, ðåøàþòñÿ 

íà îñíîâå ðåøåíèÿ ïðÿìûõ çàäà÷, ÷òî ïðåäúÿâëÿåò 
æåñòêèå òðåáîâàíèÿ ê íèì. Ñîâðåìåííûé ýòàï ðàçâè-
òèÿ òåõíè÷åñêèõ ñðåäñòâ îïòè÷åñêèõ ìåòîäîâ ÄÇ îï-
ðåäåëÿåò òî÷íîñòü ðåøåíèÿ íå õóæå 1% [1]. Øèðî-
êîå ðàçâèòèå ãèïåðñïåêòðàëüíûõ ñèñòåì îïòè÷åñêîãî 
ÄÇ (íàïðèìåð, äàò÷èê TANSO ìèññèè GOSAT èìå-
åò áîëåå 18 000 ñïåêòðàëüíûõ ëèíèé) îïðåäåëÿåò 
òðåáîâàíèÿ ïî ñêîðîñòè ñ÷åòà ñîîòâåòñòâóþùèõ àë-
ãîðèòìîâ. 

Ñðàâíåíèå ðàçëè÷íûõ êîäîâ ðåøåíèÿ ñêàëÿðíî-
ãî è âåêòîðíîãî óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ ïîêà-
çûâàåò ïîðàçèòåëüíîå ñîâïàäåíèå ðåçóëüòàòîâ ðàñ÷å-
òîâ ðàçëè÷íûõ ïðîãðàìì íà óðîâíå ìàøèííîé òî÷-
íîñòè [2, 3]. Ýòî ïîçâîëÿåò ïðåäïîëîæèòü, ÷òî âñå 

àëãîðèòìû ðàñ÷åòà ïîëåé ïîëÿðèçàöèè â ìóòíîé ñðå-
äå ÿâëÿþòñÿ, ïî ñóòè, âàðèàíòàìè åäèíîãî ìåòîäà 
ðåøåíèÿ ÂÓÏÈ [4–7]. Îäíàêî ñðàâíåíèå âðåìåíè 
ñ÷åòà ðàçëè÷íûìè ïðîãðàììàìè ïîêàçûâàåò ðàçáðîñ 
áîëåå ÷åì íà ïîðÿäîê, ÷òî â ðåàëèçàöèè åäèíîãî àë-
ãîðèòìà ñóùåñòâóþò âàæíûå îñîáåííîñòè, îïðåäå- 
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ëÿþùèå âðåìÿ ñ÷åòà. Â íàñòîÿùåé ñòàòüå ïîëó÷åíî 
îáùåå àíàëèòè÷åñêîå ðåøåíèå äèñêðåòèçîâàííîãî 

ÂÓÏÈ â ñëó÷àå ïëîñêîãî ñëîÿ ìóòíîé ñðåäû, ïðî-
àíàëèçèðîâàíû îñîáåííîñòè êîìïüþòåðíîé ðåàëèçà-
öèè ýòîãî ðåøåíèÿ, à òàêæå ïðîâåäåí àíàëèç âëèÿ-
íèÿ àïïàðàòíî-ïðîãðàììíûõ ñðåäñòâ íà ýôôåêòèâ-
íîñòü êîäà. Ïîñòðîåíèå îáùåãî ðåøåíèÿ ïðîâåäåì 
íà ôèçè÷åñêîì óðîâíå ñòðîãîñòè íà îñíîâå âûâîäà 
àíàëèòè÷åñêîãî ðåøåíèÿ ñ óêàçàíèåì âñåõ ñîîòâåò-
ñòâóþùèõ îãðàíè÷åíèé. 

 

1. Âûäåëåíèå àíèçîòðîïíîé ÷àñòè 
ðåøåíèÿ 

 

Ðàññìîòðèì êðàåâóþ çàäà÷ó ÂÓÏÈ äëÿ ïëîñ-
êîãî ñëîÿ ìóòíîé ñðåäû îïòè÷åñêîé òîëùè τ0, êîòî-
ðûé îáëó÷àåòñÿ ïëîñêèì ìîíîíàïðàâëåííûì èñòî÷-

íèêîì ïîëÿðèçîâàííîãî ñâåòà â íàïðàâëåíèè €0l  [8]: 
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Ââåäåì äåêàðòîâó ñèñòåìó êîîðäèíàò OXYZ, â êîòî-
ðîé îñü OZ íàïðàâëåíà âíèç ïåðïåíäèêóëÿðíî ãðà-

íèöå ñëîÿ, €z  – åäèíè÷íûé âåêòîð âäîëü OZ; 
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è € €×( ).l z  Åäèíè÷íûå âåêòîðû áóäåì îòìå÷àòü çíà-
êîì «^», âåêòîð-ñòîëáöû ïðàâîé ñòðåëêîé, âåêòîð-
ñòðîêè ëåâîé ñòðåëêîé, à ìàòðèöû äâîéíîé ñòðåëêîé 
íàä ñîîòâåòñòâóþùèìè ñèìâîëàìè. 

Äëÿ ÷èñëåííîãî ðåøåíèÿ ÂÓÏÈ íåîáõîäèìî çà-
ìåíèòü èíòåãðàë êîíå÷íîé ñóììîé, ÷òî âîçìîæíî 

îäíèì èç äâóõ ìåòîäîâ: ìåòîä ñôåðè÷åñêèõ ãàðìî-
íèê (ÑÃ) è ìåòîä äèñêðåòíûõ îðäèíàò (ÄÎÌ) [9]. 
ÄÎÌ ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì äëÿ ÷èñëåííîé 
ðåàëèçàöèè, ïîñêîëüêó ðåøåíèå ÂÓÏÈ ïðèîáðåòàåò 
ÿñíóþ ëó÷åâóþ òðàêòîâêó, ÷òî îñîáåííî óïðîùàåò 
ôîðìóëèðîâêó ñëîæíûõ ãðàíè÷íûõ óñëîâèé. 

Ôèçè÷åñêîé îñíîâîé òåîðèè ïåðåíîñà ÿâëÿåòñÿ 
ëó÷åâîå ïðèáëèæåíèå, ÷òî íåèçáåæíî ïîðîæäàåò ïðî-
ñòðàíñòâåííûå îñîáåííîñòè â ðåøåíèè: ëþáîé ðàçðûâ 
â ãðàíè÷íûõ óñëîâèÿõ ðàñïðîñòðàíÿåòñÿ â ãëóáü ñðå-
äû. Ïðîñòåéøèé ïðèìåð – ñêà÷îê â óãëîâîì ðàñïðå-
äåëåíèè ÿðêîñòè íà ãðàíèöå «ñâåò–òåíü». Ïîýòîìó ðå- 
øåíèå êðàåâîé çàäà÷è (1) íåîáõîäèìî èñêàòü â ïðî-
ñòðàíñòâå îáîáùåííûõ ôóíêöèé, ÷òî äåëàåò íåâîç-
ìîæíîé çàìåíó èíòåãðàëà ðàññåÿíèÿ ãàóññîâîé êâàä-
ðàòóðîé. Ñëåäîâàòåëüíî, ðåøåíèå äîëæíî áûòü ïðåä- 
ñòàâëåíî â âèäå ñóììû äâóõ ÷àñòåé: àíèçîòðîïíîé 
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íåå òàêæå îïðåäåëÿåòñÿ àíàëèòè÷åñêè – ìåòîä àíàëè-
òè÷åñêîãî âûäåëåíèÿ ñèíãóëÿðíîñòåé ïðè ÷èñëåííîì 
âû÷èñëåíèè èíòåãðàëà [10]. Ïîäñòàíîâêà (2) â (1) 
ìîäèôèöèðóåò èñõîäíóþ êðàåâóþ çàäà÷ó â çàäà÷ó 
äëÿ îïðåäåëåíèÿ ðåãóëÿðíîé ÷àñòè 

 

€
L €

L

€ € € € €
R R L

€ €
L    L

00, 0 , <0

( , )
+ ( , )=

= ( ) ( , ) ( ) ( , ) ( , );
4

( , ) =0; ( , ) =0

r

r

r

r r

x d

τ= μ> τ=τ μ

⎧ ∂ τ
μ τ⎪

∂τ⎪
⎪

Λ⎪ ′ ′ ′ ′χ χ τ + Δ τ⎨
π⎪

⎪
τ τ⎪

⎪⎩

∫

l
l

l l l l l

l l

�

�

� � � �

�

� �� �

�
 (3) 
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Â ñêàëÿðíîì âàðèàíòå ðàçëîæåíèå èíäèêàòðè-
ñû ðàññåÿíèÿ ïî ïîëèíîìàì Ëåæàíäðà ïðèâîäèò íà 
îñíîâå òåîðåìû ñëîæåíèÿ äëÿ ñôåðè÷åñêèõ ôóíêöèé 
ê ðàçäåëåíèþ â ÓÏÈ (ôàêòîðèçàöèè) çàâèñèìîñòåé 
îò àçèìóòàëüíîãî è çåíèòíîãî óãëîâ [9], ÷òî ïðåîá-
ðàçóåò äâóêðàòíûé èíòåãðàë ðàññåÿíèÿ ê îäíîêðàò-
íîìó è ïîçâîëÿåò åãî çàìåíèòü ÷åðåç ãàóññîâó êâàä-
ðàòóðó. Îäíàêî â ñëó÷àå ïåðåíîñà ïîëÿðèçîâàííîãî 
èçëó÷åíèÿ ïëîñêîñòè ðåôåðåíöèè ïàäàþùåãî è ðàñ-
ñåÿííîãî ëó÷åé, à òàêæå ïëîñêîñòü ðàññåÿíèÿ íå ñîâ-
ïàäàþò, ÷òî òðåáóåò ïðèìåíåíèÿ ðîòàòîðà, êîòîðûé 
èñêàæàåò óãëîâóþ ñèììåòðèþ ïîäûíòåãðàëüíîãî óðàâ-
íåíèÿ è íå ïîçâîëÿåò ïðèìåíÿòü òåîðåìó ñëîæåíèÿ 
äëÿ ñôåðè÷åñêèõ ôóíêöèé [8]. 

 

2. Äèñêðåòèçàöèÿ ÂÓÏÈ 
 

Kuščer è Ribarič [11] ïðåäëîæèëè âìåñòî ïðè-
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ãäå I, Q, U, V – ïàðàìåòðû Ñòîêñà ïî ×àíäðàñå-
êàðó [8]. 

Òàêîå ïðåäñòàâëåíèå èçìåíÿåò ôîðìó ðîòàòîðà, 
÷òî ïîçâîëÿåò èñïîëüçîâàòü äëÿ ïðåäñòàâëåíèÿ ìàò-
ðèöû ðàññåÿíèÿ îáîáùåííûå ñôåðè÷åñêèå ôóíêöèè 

θ(cos ),k
mnP  äëÿ êîòîðûõ ñïðàâåäëèâà ñâîÿ ôîðìà òåî-

ðåìû ñëîæåíèÿ, ñîîòâåòñòâóþùàÿ ñèììåòðèè ðîòà-
òîðà â ïðåäñòàâëåíèè CP [8]: 
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Îäíàêî â ðåçóëüòàòå ïðèìåíåíèÿ òåîðåìû ñëî-
æåíèÿ âñå êîýôôèöèåíòû â ÂÓÏÈ ñòàíîâÿòñÿ êîì-
ïëåêñíûìè, ÷òî çàòðóäíÿåò èñïîëüçîâàíèå ýôôåêòèâ-
íûõ ÷èñëåííûõ àëãîðèòìîâ ïðè íàõîæäåíèè ãëàäêîé 
÷àñòè ðåøåíèÿ. Ïîýòîìó ïîñëå ïðèìåíåíèÿ òåîðåìû 
ñëîæåíèÿ äëÿ îáîáùåííûõ ñôåðè÷åñêèõ ôóíêöèé 

ñëåäóåò âåðíóòüñÿ ê ïðåäñòàâëåíèþ SP. 
Ðàññìîòðèì îòäåëüíî ìàòðèöó ëîêàëüíîãî ïðå-

îáðàçîâàíèÿ 

(6)
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 € € € €
S R R′ ′ ′≡ χ χ
� � �

�

( , ) ( ) ( , ) ( )=xl l l l  

 €€
T T R T T T T R T T′ ′χ χ
� � � � � � � � � �

�

SC CS SC CS SC CS SC CS= ( ) ( , ) ( ) =x l l  

   €€ €€
T R R T T S T′ ′ ′χ χ ≡

�� � � � � �

�

SC CP CP CP CS SC CP CS= ( ) ( , ) ( ) ( , ) ,x l l l l  (7) 

ãäå €€ €€
T T′ ′≡

� �

� �

CP CS SP SC( , ) ( , )x xl l l l  – ìàòðèöà ðàññåÿíèÿ; 

χ = χ

� �� �

CP CS SCR ( ) T R( )T  – ðîòàòîð â ïðåäñòàâëåíèè CP. 

  Äàëåå, ïðåäñòàâèì ýëåìåíòû ìàòðèöû ðàññåÿíèÿ 
â âèäå ðàçëîæåíèÿ ïî îáîáùåííûì ñôåðè÷åñêèì 

ôóíêöèÿì 

 CP ,

max( , )

(cos ) (2 1) (cos ).

K

k k
rs r s

rs

k r s

x k x P

=

γ = + γ⎡ ⎤⎣ ⎦ ∑
�

 (8) 

Çäåñü r è s ïðèíèìàþò òîëüêî çíà÷åíèÿ ± 0 è ± 2; K – 
êîëè÷åñòâî ãàðìîíèê â ðàçëîæåíèè ìàòðèöû ïî îáîá-
ùåííûì ñôåðè÷åñêèì ôóíêöèÿì. 

Ïðèíèìàÿ âî âíèìàíèå òåîðåìó ñëîæåíèÿ (6), 
ïîëó÷èì äëÿ ýëåìåíòîâ ìàòðèöû ëîêàëüíîãî ïðåîá-
ðàçîâàíèÿ â ïðåäñòàâëåíèè CP 

 €€
S⎡ ⎤′
⎣ ⎦

�

CP
,

( , ) =
r s

l l  

 ′ϕ ϕ

= =

⎡ ⎤
⎢ ⎥′= + μ μ
⎢ ⎥
⎣ ⎦
∑ ∑ ( – )

0 –

(2 1) (–1) e ( ) ( ) .
K k

q iq k k k
rs rq qs

k q k

k x P P  (9) 

Îïðåäåëèì äèàãîíàëüíóþ ìàòðèöó 

  ( )2, 0, 0, 2,Y ( ) Diag ( ), ( ), ( ), ( )q l l l l
q q q ql P P P P

− − + +
µ = µ µ µ µ

�

 (10) 

è, ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå âçàèìíîñòè 
µ = µ

, ,
( ) ( ),k k

m n n mP P  ïîëó÷èì ñ ó÷åòîì (7) 

 €€
S ′

�

( , ) =l l

=

+ ×∑
0

(2 1)

K

k

k  

 ′ϕ ϕ

=−

′× μ μ ≡∑
� � � �

�( – )
SC CS(–1) e T Y ( ) Y ( )T

k
q iq q q

kk k

q k

x  

 ′ϕ ϕ

= =−

′≡ + μ μ∑ ∑
�

( – )

0

(2 1) e S ( , ),
K k

iq q
k

k q k

k  (11) 

ãäå ≡

�

[ ].k
rskx x  

Òîãäà 

 ′ ′μ μ = μ μ =
� � � � �

�

SC CSS ( , ) (–1) T Y ( ) Y ( )Tq q q q
kk k kx  

 ′= μ μ =
� � � � � � � �

�

SC CS SC SC CS CS(–1) T Y ( )T T T T Y ( )Tq q q
kk kx  

 P ( ) P ( ).k k
n nk ′= μ χ μ
� �

�

 (12) 

Çäåñü χ =
� �

��

SC CST Tk kx  – òàê íàçûâàåìàÿ «ãðå÷åñêàÿ 

ìàòðèöà» [12]; 

 µ = µ =

� � � �

SC CSP ( ) (– ) T Y ( )Tl n n
n li  

   

( ) 0 0 0

0 ( ) – ( ) 0
P P ,

0 ( ) ( ) 0

0 0 0 ( )

n
l

n n
l l

R I
n n
l l

n
l

Q

R iT
i

iT R

Q

⎡ ⎤μ
⎢ ⎥

μ μ⎢ ⎥
= ≡ +⎢ ⎥

μ μ⎢ ⎥
⎢ ⎥μ⎣ ⎦

� �

 (13) 

�

P ,R  

�

PI  – äåéñòâèòåëüíûå ÷àñòè ìàòðèöû µ

�

P ( )l
n  [13], 

 

 ( )µ = µ + µ,2 ,–2( ) 0,5 ( ) ( ) ,n m k k
m mlR i P P  

 ( )µ = µ µ,2 ,–2( ) 0,5 ( ) – ( ) ,n m k k
m mlT i P P  (14) 

 µ = µ
+

( – )!
( ) ( ).

( )!

n m
l k

k m
Q P

k m
 

Îêîí÷àòåëüíî ÂÓÏÈ (1) ìîæåò áûòü çàïèñàíî 
â ôîðìå 

 € €
L L

∂
μ τ τ
∂τ

� �

( , )+ ( , )=
r r

l l

=

Λ
+ ×

π
∑

0

(2 1)
4

K

k

k  

 
–

€ € €
P P L

Δϕ

=

′ ′ ′× μ χ μ τ Δ τ∑ ∫
� � � �

�

�
( ) e ( ) ( , ) + ( , ).

k
k iq k
n n rk

q k

dl l l  (15) 

Â ýòîì ñëó÷àå óæå âîçìîæíî ïðåîáðàçîâàíèå 

èíòåãðàëà ðàññåÿíèÿ â îäíîêðàòíûé èíòåãðàë, íî îí 
ñîäåðæèò êîìïëåêñíûå âûðàæåíèÿ, îäíàêî ñàìî âû-
ðàæåíèå (15) ÿâëÿåòñÿ äåéñòâèòåëüíûì. Ñ ó÷åòîì ñèì-
ìåòðèè ââåäåííûõ ôóíêöèé 

 −

µ = µ( ) ( ),n n
l lR R  −

µ = µ( ) – ( )n n
l lT T  (16) 

ìîæíî ïîëó÷èòü âûðàæåíèå [13]: 

 € €
L L

∂
μ τ τ
∂τ

� �

( , )+ ( , )=
r r

l l

= =

Λ
+ δ ×

π
∑ ∑ 0,

0 0

(2 1) (2 – )
4

K k

m

k m

k  

( ) € € €
C cos S sin L′ ′ ′ ′× μ μ Δϕ μ μ Δϕ τ Δ τ∫
� � � �

�
( , ) + ( , ) ( , ) + ( , ),m m

rk km m dl l l

 

  (17) 

ãäå 

 C ( , ) P ( ) P ( ) –P ( ) P ( );n l l l l
R R I Il l l

′ ′ ′μ μ = μ χ μ μ χ μ
� � � � �

� �

 

 ′ ′ ′μ μ = μ χ μ + μ χ μ
� � � � �

� �

S ( , ) P ( ) P ( ) P ( ) P ( ).n l l l l
I R R Il l l  

Ïîëó÷åííîå âûðàæåíèå ñïðàâåäëèâî äëÿ âñåõ ìàò- 
ðèö ðàññåÿíèÿ. Îäíàêî äëÿ àýðîçîëüíîé áëî÷íî-äèà- 
ãîíàëüíîé ìàòðèöû îíî ìîæåò áûòü óïðîùåíî [12, 13]. 
Ïðåäñòàâèì ðåøåíèå çàäà÷è (3) â ôîðìå [13, 14]: 
 

 €
τ( , ) =

r
L l  

   L L

=

⎡ ⎤= δ φ ϕ τ μ + φ ϕ τ μ⎣ ⎦∑
� �

0, 1 1 2 2

0

(2 – ) ( ) ( , ) ( ) ( , ) ,
M

m m

m

m

m m  (19) 

÷òî ïðèâåäåò ÂÓÏÈ ê ñëåäóþùåé ôîðìå: 

 
∂ τ μ

μ + τ μ =
∂τ

�

�L ( , )
L ( , )

m
mc
c  

 

1

0 1

(2 1) ( ) ( )L ( , ) ( , ),
2

K

m m m
ck k k

k

k d

=
−

Λ
′ ′ ′= + Π μ χ Π μ τ μ μ + Δ τ μ∑ ∫
� �� �

�

 

 1, 2.c =  

Çäåñü M – êîëè÷åñòâî àçèìóòàëüíûõ ÷ëåíîâ ðÿäà 

Ôóðüå, 0, ;m M∈  

(18)

(20)
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( ) 0 0 0

0 ( ) – ( ) 0
( ) ;

0 – ( ) ( ) 0

0 0 0 ( )

m
k

m m
k kk

m
m m
k k

m
k

Q

R T

T R

Q

⎡ ⎤μ
⎢ ⎥

μ μ⎢ ⎥
Π μ = ⎢ ⎥

μ μ⎢ ⎥
⎢ ⎥μ⎣ ⎦

�

 

 
φ ϕ = ϕ ϕ ϕ ϕ

φ ϕ = − ϕ − ϕ ϕ ϕ

1

2

( ) diag(cos ,cos , sin , sin ),

( ) diag( sin , sin ,cos ,cos ).
 

Äëÿ ðåøåíèÿ ïîëó÷åííîãî óðàâíåíèÿ ïî ìåòîäó 
äèñêðåòíûõ îðäèíàò ïðåäñòàâèì èíòåãðàëû, âõîäÿ-
ùèå â óðàâíåíèå (20), ïðèíèìàÿ âî âíèìàíèå ïëîñêóþ 

ñèììåòðèþ ñëîÿ, â âèäå äâîéíîé ãàóññîâîé êâàäðàòó-
ðû [15]: 

 + +

=

′ ′ ′Π μ τ μ μ ≈ Π μ τ μ +∑∫
� �� �

1 2

1–1

( )L ( , ) 0,5 ( )L ( , )

N

m m m m
c j j c jk k

j

d w  

 − −

=

+ Π μ τ μ∑
��

2

1

0,5 ( )L ( , ).

N

m m
j j c jk

j

w  (22) 

Çäåñü 

±μ = ζ ±0,5( 1),j j  ïðè÷åì ζj, wj – íóëè è âåñà ãà-

óññîâîé êâàäðàòóðû ïîðÿäêà N/2. Îòìåòèì, ÷òî îáî-
çíà÷åíèå ±

µ j  ñîîòâåòñòâóåò íèñõîäÿùåìó «+» è âîñ-

õîäÿùåìó «–» ïîòîêàì. 
Ñîîòâåòñòâåííî äëÿ ôèêñèðîâàííûõ çíà÷åíèé m 

è c (ïîýòîìó ìû áóäåì îïóñêàòü èõ â äàëüíåéøåé 

çàïèñè) ïîëó÷èì ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé 

 ± ± ± ±

= =

Λ
μ τ + τ = + Π μ ×

τ ∑ ∑
� �

�

2

1 0

L ( ) L ( ) (2 1) ( )
4

N K
m

i i i j ik

j k

d
w k

d
 

 ( )+ + − − ±
×χ Π μ τ + Π μ τ + Δ τ

� � �� �

�

( )L ( ) ( )L ( ) ( ),m m
j i j i ik k k  (23) 

ãäå 

 L ( ) L ( , );m

i c i

± ±τ ≡ τ μ
� �

 ± ±
Δ τ ≡ Δ τ μ
� �

( ) ( , ).m

i c i  

Îïðåäåëèì ñëåäóþùèå âåêòîðû è ìàòðèöû: 

 
+

−

⎡ ⎤τ
≡ ⎢ ⎥

τ⎢ ⎥⎣ ⎦

�

�

�

L ( )
L ,

L ( )
 

+

−

⎡ ⎤Δ τ
Δ ≡ ⎢ ⎥

Δ τ⎢ ⎥⎣ ⎦

�

�

�

( )
,

( )
 

 
+

+

⎡ ⎤μ
≡ ⎢ ⎥

μ⎢ ⎥⎣ ⎦

� 0
M ,

0 –

i

i

 
⎡ ⎤Λ

≡ ⎢ ⎥
⎣ ⎦

� 0
W ,

04

i

i

w

w

 

 A ≡

�

 

0 0

0 0

(2 1) ( ) ( ) (2 1) ( ) ( )

.

(2 1) ( ) ( ) (2 1) ( ) ( )

K K
m m m m

i j i jk k k k k k

k k

K K
m m m m

i j i jk k k k k k

k k

k k

k k

+ + + −

= =

− + − −

= =

⎡ ⎤
+ Π μ χ Π μ + Π μ χ Π μ⎢ ⎥

⎢ ⎥
≡ ⎢ ⎥
⎢ ⎥

+ Π μ χ Π μ + Π μ χ Π μ⎢ ⎥
⎢ ⎥⎣ ⎦

∑ ∑

∑ ∑

� � � �

� �

� � � �

� �

 

  (25) 

Çäåñü 

 ± ± ± ±

±
⎡τ = τ μ τ μ τ μ τ μ⎣

�

…1 1 1 1L ( ) ( , ), ( , ), ( , ), ( , ), ,I Q U V  

 
T

/2 /2 /2 /2, ( , ), ( , ), ( , ), ( , ) ,N N N NI Q U V± ± ± ± ⎤τ μ τ μ τ μ τ μ ⎦  

à îñòàëüíûå ìàññèâû óïîðÿäî÷åíû àíàëîãè÷íî. 
Ïîñêîëüêó ðåãóëÿðíàÿ ÷àñòü ÿâëÿåòñÿ ãëàäêîé 

ôóíêöèåé óãëà, òî âñå ìàòðèöû êîíå÷íûå. Ýòî ïî-
çâîëÿåò ïåðåïèñàòü (23) â ìàòðè÷íîé ôîðìå 

  
τ

= τ + Δ τ
τ

�

� � � �

–1L( )
–BL( ) M ( ),

d

d
 ≡

�� � � �

–1B M (1–AW).  (26) 

Äàííàÿ çàäà÷à ÿâëÿåòñÿ äâóõòî÷å÷íîé êðàåâîé 
äëÿ ìàòðè÷íîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî íåîä-
íîðîäíîãî óðàâíåíèÿ (26), êîãäà çàäàåòñÿ ïàäàþùåå 

íà ñëîé èçëó÷åíèå 

+

�

L (0)  è 

−

τ

�

0L ( ),  à òðåáóåòñÿ îïðå-

äåëèòü âûõîäÿùåå èç ñëîÿ îòðàæåííîå 
−

�

L (0)  è ïðî-

øåäøåå 
+
τ

�

0L ( )  èçëó÷åíèå. 

 

3. Ðåãóëÿðíàÿ ÷àñòü ðåøåíèÿ 
 

Ïîëó÷åííàÿ ñèñòåìà èìååò àíàëèòè÷åñêîå ðåøå-
íèå â ìàòðè÷íîé ôîðìå [15]: 

 

τ

τ τ

+ τ = Δ τ μ τ∫
� �

� � � �

0

0B B –1

0 0

0

–L(0) e L( ) e M ( , ) .d  (27) 

Äàííîå âûðàæåíèå (27) ýêâèâàëåíòíî ïðåäñòàâ-
ëåíèþ ðåøåíèÿ â âèäå ñóììû îáùåãî ðåøåíèÿ îäíî-
ðîäíîé ñèñòåìû è ÷àñòíîãî íåîäíîðîäíîé, èñïîëü-
çóåìîé ïðè àíàëèçå ðåøåíèÿ â [12, 16, 17]. Ìàòðè÷-
íîå ïðåäñòàâëåíèå áîëåå óäîáíî äëÿ àíàëèòè÷åñêèõ 
ïðåîáðàçîâàíèé è ïðè ðåàëèçàöèè ðåøåíèÿ íà êîì-
ïüþòåðå. Ïðè ýòîì ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ 
 

  τ

τ = ≡ τ

�

� � � �

0–B

0 0L( ) e L(0) P( )L(0) : 
P( )

–BP( )
d

d

τ

= τ

τ

�

� �

 (28) 

ñâÿçûâàåò èçëó÷åíèå íà íèæíåé ãðàíèöå ñëîÿ ñ âû-
ðàæåíèåì íà âåðõíåé è íîñèò íàçâàíèå ïðîïàãàòî- 
ðà [4]. 

Îñíîâíàÿ ïðîáëåìà ðåøåíèÿ óðàâíåíèÿ (27) 
ñâÿçàíà ñ íàëè÷èåì îòðèöàòåëüíûõ è ïîëîæèòåëü-
íûõ ýêñïîíåíò â ðåøåíèè, ÷òî ïðèâîäèò ê áûñòðî-
ìó óõóäøåíèþ îáóñëîâëåííîñòè ñèñòåìíîé ìàòðè-
öû. Äëÿ óñòðàíåíèÿ äàííîãî ýôôåêòà âîñïîëüçóåì-
ñÿ ìàñøòàáíûì ïðåîáðàçîâàíèåì [15]. Ìàòðè÷íàÿ 
ýêñïîíåíòà ïðåäñòàâèìà â âèäå [15]: 

 0 0B –1
e Ue U .

τ Γτ
=

� �

� �

 (29) 

Çäåñü 

�

U  – ìàòðèöà ñîáñòâåííûõ âåêòîðîâ ñèñòåìíîé 

ìàòðèöû 

�

B ; 
− +

Γ = Γ Γ
� � �

diag( , )  – äèàãîíàëüíàÿ ìàòðè-

öà ñîáñòâåííûõ çíà÷åíèé, òàêàÿ ÷òî 
+

Γ = Γ
� �

–

– . 

Ñîîòâåòñòâåííî, óðàâíåíèå (27) ìîæåò áûòü ïå-
ðåïèñàíî â ôîðìå 

 
+ +

+

−Γ τ −Γ τ

−

⎡ ⎤⎡ ⎤
+⎢ ⎥⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

� �

�
� �

�

� �

0 0

11 12

21 22

u u L (0)
–

e u e u L (0)
 

 
− −

Γ τ Γ τ
+ −

− +

⎡ ⎤ ⎡ ⎤⎡ ⎤ τ
+ =⎢ ⎥ ⎢ ⎥⎢ ⎥

τ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

� � � �

� �

� �

� �

0 0
011 12

21 22 0

L ( ) Je u e u
,

u u L ( ) J
 (30) 

ãäå 

(21)

(24)

10. Îïòèêà àòìîñôåðû è îêåàíà, ¹ 12. 
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τ

− Γτ − −

+

⎡ ⎤
≡ = Δ τ μ τ⎢ ⎥
⎢ ⎥⎣ ⎦

∫
�

�

�� � � �

�

0

1 1

0

0

J
J S e U M ( , ) ,

J
d  

 −

⎡ ⎤
≡ ⎢ ⎥
⎣ ⎦

� �

�

� �

11 121

21 22

u u
U .

u u
 

Îòìåòèì, ÷òî óðàâíåíèå (30) ñîäåðæèò ýêñïî-
íåíòû òîëüêî ñ îòðèöàòåëüíûìè ïîêàçàòåëÿìè. Âû-
ðàæàÿ â óðàâíåíèè (30) âûõîäÿùåå èç ñëîÿ èçëó÷å-

íèå 
−

�

L (0),  
+
τ

�

0L ( )  ÷åðåç ïàäàþùåå 
+

�

L (0),  
−

τ

�

0L ( ),  

ïîëó÷èì ðåãóëÿðíóþ ãëàäêóþ ÷àñòü ðåøåíèÿ â âèäå 
òàê íàçûâàåìûõ ðàññåèâàòåëåé [4]: 

 
− − − − +

+ + −

⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= + ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥

τ τ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦
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Àíàëîãè÷íîå âûðàæåíèå â ñêàëÿðíîì âèäå äà-
íî â [6]. 

Ïîëó÷åííîå ðåøåíèå â ôîðìå ðàññåèâàòåëåé (32) 
èìååò ôóíêöèîíàëüíûé õàðàêòåð è ïîçâîëÿåò ââî-
äèòü ôîòîìåòðè÷åñêîå ïîíÿòèå êîýôôèöèåíòà ñëîÿ 
ÿðêîñòè ïî îòðàæåíèþ èëè ïðîïóñêàíèþ. Ýòî äàåò 
âîçìîæíîñòü, â ÷àñòíîñòè, ñðàçó ñôîðìóëèðîâàòü 

ìàòðè÷íî-îïåðàòîðíûé ìåòîä, ïîçâîëÿþùèé çàìå-
íèòü äâà ñìåæíûõ ñëîÿ îäíèì ýêâèâàëåíòíûì, îïè-
ñûâàåìûì âûðàæåíèåì, èäåíòè÷íûì (32), íî ñ ýô-
ôåêòèâíûìè ïàðàìåòðàìè [6], à òàêæå óòâåðæäàòü, 
÷òî ðåøåíèå â ôîðìå ðàññåèâàòåëåé îáëàäàåò ñâîé-
ñòâîì èíâàðèàíòíîñòè. 

Âûðàæåíèå (32) ìîæíî ðåîðãàíèçîâàòü òàê, ÷òî-
áû îíî èìåëî âèä, ïîäîáíûé ïðîïàãàòîðó (28): 
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Ïîäîáíîãî ðîäà ïðåîáðàçîâàíèå ïîëó÷èëî íà-
çâàíèå çâåçäíîãî ïðîèçâåäåíèÿ [4]. Ïîñêîëüêó äëÿ 
ïðîïàãàòîðà èçâåñòíî äèôôåðåíöèàëüíîå óðàâíåíèå 
(28), òî ìîæíî ïîëó÷èòü îäíîòî÷å÷íûå çàäà÷è ñ íà-
÷àëüíûìè óñëîâèÿìè ìàòðè÷íîãî óðàâíåíèÿ Ðèêêàòè 
äëÿ ýëåìåíòîâ ìàòðèöû ðàññåèâàòåëåé [4], íàïðèìåð 
îòðàæåíèÿ: 
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Íåòðóäíî âèäåòü, ÷òî (35) ýêâèâàëåíòíî óðàâíå-
íèÿì Àìáàðöóìÿíà–×àíäðàñåêàðà [16], ïîëó÷àåìûì 

ñ ïîìîùüþ ïðèíöèïà èíâàðèàíòíîãî ïîãðóæåíèÿ. Òåì 

ñàìûì ïîñëå âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè è äèñ-
êðåòèçàöèè ìû èìååì îäíî åäèíñòâåííîå àíàëèòè-
÷åñêîå ðåøåíèå â ìàòðè÷íîé ôîðìå (32). 

 

4. Àëãîðèòì ðåøåíèÿ 
 

Àëãîðèòì ðåàëèçàöèè ðåøåíèÿ (32) íà êîìïüþ-
òåðå äîëæåí âêëþ÷àòü â ñåáÿ ñëåäóþùèå îñíîâíûå 

îïåðàöèè: 
– îïðåäåëåíèå íóëåé è âåñîâ êâàäðàòóðíîé ôîð-

ìóëû äèñêðåòèçàöèè ÂÓÏÈ (22); 
– âû÷èñëåíèå ôóíêöèè èñòî÷íèêîâ (4); 
– ðåøåíèå çàäà÷è íà ñîáñòâåííûå âåêòîðû è çíà-

÷åíèÿ (29); 
– âû÷èñëåíèå ìàòðè÷íûõ ïðîèçâåäåíèé (32). 

  Â íàñòîÿùåå âðåìÿ âñå ìàòðè÷íûå îïåðàöèè îï-
òèìàëüíûì îáðàçîì ðåàëèçîâàíû â âèäå ñîîòâåòñò-
âóþùèõ ïàêåòîâ ëèíåéíîé àëãåáðû: LAPACK, IMSL, 
NAG è äðóãèõ, ýêâèâàëåíòíûõ èì. Ïîýòîìó ñóùåñòâó-
åò íå òîëüêî îäíî ðåøåíèå äèñêðåòèçîâàííîãî ÂÓÏÈ, 
íî è îäèí âîçìîæíûé àëãîðèòì, îñíîâàííûé íà óêà-
çàííûõ áèáëèîòåêàõ [18]. Òðóäîåìêîñòü ðåøåíèÿ ïî 
ñôîðìóëèðîâàííîìó àëãîðèòìó îïðåäåëÿåòñÿ â îñ-
íîâíîì ðàçìåðàìè âõîäÿùèõ â âûðàæåíèÿ ìàòðèö. 
Â îáùåì ñëó÷àå èìååì M ≈ N ≈ K, ò.å. îïðåäåëÿåòñÿ 
ìàòðèöåé ðàññåÿíèÿ ñðåäû. Îäíàêî â ñëó÷àå ïðàâèëü-
íîãî âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè, êîãäà ðåãóëÿð-
íàÿ áëèçêà ê èçîòðîïíîìó ïî óãëó ðàñïðåäåëåíèÿ, 
ñîîòíîøåíèå çàâèñèò íå îò ïàðàìåòðîâ ñðåäû, à îï-
ðåäåëÿåòñÿ ìåòîäîì âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè. 
Ïðè ýòîì âîçìîæíà ñèòóàöèÿ, êîãäà M << N << K, 
÷òî ñóùåñòâåííî óëó÷øàåò ýôôåêòèâíîñòü àëãîðèò-
ìà. Ñ ýòèõ ïîçèöèé ðàçëè÷íûå ïðîãðàììíûå ðåàëè-
çàöèè àëãîðèòìà ðàñ÷åòà ïåðåíîñà ïîëÿðèçîâàííîãî 
èçëó÷åíèÿ ÷åðåç ïëîñêèé ñëîé îòëè÷àþòñÿ ìåòîäàìè 
âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè ðåøåíèÿ. 

 

5. Ìåòîäû âûäåëåíèÿ àíèçîòðîïíîé 
÷àñòè ðåøåíèÿ 

5.1. Âûäåëåíèå ïðÿìîãî  
íåðàññåÿííîãî èçëó÷åíèÿ 

 

Âïåðâûå âûäåëåíèå àíèçîòðîïíîé ÷àñòè íà îñ-
íîâå âû÷èòàíèÿ ïðÿìîãî íåðàññåÿííîãî èçëó÷åíèÿ íà 

îñíîâå çàêîíà Áóãåðà áûëî ïðåäëîæåíî Eddington [19], 
ðàçâèòî Milne [20] è ïîëó÷èëî çàâåðøåíèå â ðàáî-
òàõ Chandrasekhar [16]. Â ñëó÷àå ïåðåíîñà ïîëÿðè-
çîâàííîãî ñâåòà âûðàæåíèå äëÿ ïðÿìîãî íåðàññåÿí-
íîãî èçëó÷åíèÿ â ïëîñêîñòè ðåôåðåíöèè, ñîâïàäàþ-
ùåé ñ ïëîñêîñòüþ ïàäåíèÿ, èìååò âèä 
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(31)

(33)

(36)



 

 Ñðàâíèòåëüíûé àíàëèç àëãîðèòìîâ ðåøåíèÿ âåêòîðíîãî óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ… 1093 
 

ãäå 
�

0
L  – âåêòîð-ïàðàìåòð Ñòîêñà ïàäàþùåãî èçëó-

÷åíèÿ; E0 – íîðìàëüíàÿ îáëó÷åííîñòü; p, q – ñòåïåíü 
ëèíåéíîé è êðóãîâîé ïîëÿðèçàöèè ñîîòâåòñòâåííî; 
ϕ0 – àçèìóò ïîëÿðèçàöèè ïàäàþùåãî ïó÷êà. 

Â ñîîòâåòñòâèè ñ (4) â ýòîì ñëó÷àå íåòðóäíî ïî-
ëó÷èòü ôóíêöèþ èñòî÷íèêîâ â óðàâíåíèè äëÿ ðåãó-
ëÿðíîé ÷àñòè 
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Äàëüíåéøåå ðàçâèòèå òåîðèè ïåðåíîñà èçëó÷åíèÿ 

áûëî íàïðàâëåíî íà ðåøåíèå çàäà÷ â ðåàëüíûõ ìóò-
íûõ ñðåäàõ òèïà «àòìîñôåðà» èëè «ìîðñêàÿ âîäà», 
äëÿ êîòîðûõ õàðàêòåðíû âçâåøåííûå ÷àñòèöû ðàç-
ìåðîì ìíîãî áîëüøå äëèíû âîëíû, ÷òî â ñîîòâåòñòâèè 

ñ òåîðèåé Ìè ïðèâîäèò ê ñèëüíî àíèçîòðîïíîìó ðàñ-
ñåÿíèþ ñâåòà íà íèõ. Â ýòèõ óñëîâèÿõ èçëó÷åíèå, 
ðàññåÿííîå â ìàëûå óãëû, ìàëî îòëè÷àåòñÿ îò ïðÿìî-
ãî èçëó÷åíèÿ è äàííûé ìåòîä ñòàíîâèòñÿ íåýôôåê-
òèâíûì. Ñèëüíî àíèçîòðîïíîå ðàññåÿíèå ïðèâîäèò  

ê ñóùåñòâåííîìó óâåëè÷åíèþ êîëè÷åñòâà ÷ëåíîâ â ðàç-
ëîæåíèè ìàòðèöû ðàññåÿíèÿ â ðÿä ïî îáîáùåííûì 

ñôåðè÷åñêèì ôóíêöèÿì K, ÷òî ñîîòâåòñòâåííî óâåëè-
÷èâàåò êîëè÷åñòâî àçèìóòàëüíûõ ãàðìîíèê M è ðàç-
ìåðû ìàòðèö N â ðåøåíèè (32). Íàïðèìåð, K ∼ 300 

äëÿ èíäèêàòðèñû ðàññåÿíèÿ Õåíüè–Ãðèíñòåéíà ñ ïàðà-
ìåòðîì g = 0,9, è K ∼ 3000 óæå íåîáõîäèìî ïðè g = 0,99. 
 

5.2. Ìåòîä delta-M 
 

Íå æåëàÿ íàðóøàòü ñõåìó òåîðèè, ñîçäàííóþ 

âåëèêèì ×àíäðàñåêàðîì, èññëåäîâàòåëè íàïðàâèëè 
óñèëèÿ íà áîðüáó ñ àíèçîòðîïèåé ðàññåÿíèÿ, ÷òî ïðè-
âåëî ê ñîçäàíèþ ìíîãî÷èñëåííûõ ìåòîäîâ óñå÷åíèÿ 
èíäèêàòðèñû ðàññåÿíèÿ, ñðåäè êîòîðûõ, íåñîìíåííî, 
íàèëó÷øèì ÿâëÿåòñÿ ìåòîä delta-M [21]. Åãî íåòðóä-
íî îáîáùèòü íà âåêòîðíîå ðàñïðîñòðàíåíèå ïîëÿðè-
çîâàííîãî èçëó÷åíèÿ. Àíàëîãè÷íî ñêàëÿðíîìó ñëó÷àþ 

ìàòðèöà ðàññåÿíèÿ ïðåäñòàâëÿåòñÿ â âèäå ñóììû äåëü-
òà-ôóíêöèè è ãëàäêîé ôóíêöèè ïî óãëó ðàññåÿíèÿ: 
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ãäå f – äîëÿ àíèçîòðîïíîãî ðàññåÿíèÿ; 
�

1  – åäèíè÷-
íàÿ ìàòðèöà. 

Âûðàæåíèå (38) äëÿ ãðå÷åñêîé ìàòðèöû (12) 

ïðèìåò âèä 
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Ïîäîáíîå ïðåîáðàçîâàíèå ìàòðèöû ðàññåÿíèÿ 

ïðèâîäèò ê ìàñøòàáíîìó ïðåîáðàçîâàíèþ è çàìåíå 
ðåàëüíûõ ïàðàìåòðîâ ñðåäû íà ýôôåêòèâíûå: 

 τ = Λ τ
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 (41) 

Ìåòîä delta-M ïîçâîëÿåò çíà÷èòåëüíî ñíèçèòü K. 
Îäíàêî òàêîé ïîäõîä èñêàæàåò èñõîäíóþ êðàåâóþ 

çàäà÷ó, ÷òî ïðèâîäèò èíîãäà ïðè íåïðàâèëüíîì âû-
áîðå ïàðàìåòðà f ê ñèëüíûì îñöèëëÿöèÿì â ðåøå-
íèè è âñåãäà ê èñêàæåíèþ ðàñïðåäåëåíèÿ â îáëàñòè 
ìàëûõ óãëîâ âèçèðîâàíèÿ, ÷òî ýêâèâàëåíòíî ïðåíåá-
ðåæåíèþ ãðóáîé ôðàêöèåé àýðîçîëÿ. 

Ñ èñïîëüçîâàíèåì ìåòîäà delta-M ðåàëèçîâàíà 
ïðîãðàììà DISORT [22] ðåøåíèÿ ñêàëÿðíîãî ÓÏÈ, 
êîòîðàÿ íàõîäèòñÿ â ñâîáîäíîì ïîëüçîâàíèè ïî àä-
ðåñó [23]. 

 

5.3. Ìåòîä TMS 
 

Äëÿ óñòðàíåíèÿ òàêîãî ðîäà ïðîáëåì Nakajima, 
Tanaka [24] ïðåäëîæèëè âåðíóòüñÿ ê èäåå âûäåëå-
íèÿ àíèçîòðîïíîé ÷àñòè ðåøåíèÿ íà îñíîâå ïðè-
áëèæåííîãî àíàëèòè÷åñêîãî ïðåäñòàâëåíèÿ óãëîâîãî 
ðàñïðåäåëåíèÿ ïàðàìåòðîâ Ñòîêñà äëÿ ïåðâûõ äâóõ 
êðàòíîñòåé ðàññåÿíèÿ: 
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Óãëîâûå ðàñïðåäåëåíèÿ ÿðêîñòè ïåðâûõ äâóõ 

êðàòíîñòåé ðàññåÿíèÿ óäîâëåòâîðÿåò óðàâíåíèÿì: 
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Â ñîîòâåòñòâèè ñ (4) ìîäèôèöèðóþòñÿ âûðàæå-

íèå äëÿ ôóíêöèè èñòî÷íèêîâ 
€

Δ τ
�

( , )l  è âåêòîð-ñòîëáåö 

− +

� �

[F F ]T  â âûðàæåíèè (32). Îòìåòèì, ÷òî èäåÿ ðàñ-

÷åòà ñâåòîâûõ ïîëåé â àòìîñôåðå íà îñíîâå òî÷íîãî 
âûðàæåíèÿ äëÿ ÿðêîñòè ïåðâîé êðàòíîñòè è ïðèáëè-
æåííî ìíîãîêðàòíî ðàññåÿííîãî áûëà ïðåäëîæåíà 
Â.Â. Ñîáîëåâûì [25]. 

Óðàâíåíèÿ (43) è (44) èìåþò àíàëèòè÷åñêèå ðå-
øåíèÿ. Îäíàêî ðåøåíèå óðàâíåíèÿ (44) ïðåäñòàâëÿ-
åò ñîáîé òðåõêðàòíûé èíòåãðàë, âðåìÿ âû÷èñëåíèÿ 
êîòîðîãî ñóùåñòâåííî ïðåâûøàåò ðàñ÷åò âûðàæåíèÿ 
(32). Îäíàêî äëÿ âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè 
ðåøåíèÿ íå òðåáóåòñÿ óãëîâîå ðàñïðåäåëåíèå ÿðêî-
ñòè äëÿ âñåõ óãëîâ âèçèðîâàíèÿ, äîñòàòî÷íî òîëüêî 
â îáëàñòè ìàëûõ óãëîâ îò íàïðàâëåíèÿ ïàäåíèÿ. 
Ïîýòîìó íà ïðàêòèêå èñïîëüçóåòñÿ ìàëîóãëîâîå ïðè-
áëèæåíèå [26, 27]. Ýòî ïðèáëèæåíèå ýêâèâàëåíòíî 
çàìåíå µ â (43), (44) íà µ0. 

Ñ èñïîëüçîâàíèåì ìåòîäà TMS ðåàëèçîâàíà ïðî-
ãðàììà Pstar [28] ðåøåíèÿ ÂÓÏÈ, êîòîðàÿ íàõîäèò-
ñÿ â ñâîáîäíîì ïîëüçîâàíèè ïî àäðåñó [29]. 

 

5.4. Ìàëîóãëîâàÿ ìîäèôèêàöèÿ ìåòîäà 
ñôåðè÷åñêèõ ãàðìîíèê 

 

Åñòåñòâåííûì îáîáùåíèåì ìåòîäà TMS ÿâëÿåò-

ñÿ âêëþ÷åíèå â 
€

L τ

�

( , )
a

l  ÿðêîñòåé âñåõ êðàòíîñòåé 

ðàññåÿíèÿ íà îñíîâå ìàëîóãëîâîãî ïðèáëèæåíèÿ 

10*. 
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[13, 27, 30]. Íàèáîëåå îáùåé ôîðìîé ìàëîóãëîâîãî 
ïðèáëèæåíèÿ ÿâëÿåòñÿ ìàëîóãëîâàÿ ìîäèôèêàöèÿ 

ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê – ìîäèôèöèðîâàí-
íûå ñôåðè÷åñêèå ãàðìîíèêè (ÌÑÃ). 

Â ýòîì ñëó÷àå àíèçîòðîïíàÿ ÷àñòü óãëîâîãî ðàñ-
ïðåäåëåíèÿ ïàðàìåòðîâ Ñòîêñà â CP-ïðåäñòàâëåíèè 
ðàñêëàäûâàåòñÿ â ðÿä ïî îáîáùåííûì ñôåðè÷åñêèì 

ôóíêöèÿì îòíîñèòåëüíî íàïðàâëåíèÿ ïàäåíèÿ €
0l : 

 

 €
L τ =

�

( , )
a

l Y f

∞ ∞

=−∞ =

+
ν τ ψ

π
∑∑

��

0

2 1
( ) ( )exp( ),

4
m m
k k

m k

k
im  (45) 

ãäå 
€€

ν 0=( , )l l ; ψ – àçèìóò 
€
l  â ñèñòåìå îòíîñèòåëüíî 

íàïðàâëåíèÿ €0l . 

Óãëîâîé ñïåêòð f τ

�

( )m
k  àíèçîòðîïíîé ÷àñòè óãëî-

âîãî ðàñïðåäåëåíèÿ ÿâëÿåòñÿ ìåäëåííîé ìîíîòîííî 
óáûâàþùåé ôóíêöèåé èíäåêñà k, ÷òî ïîçâîëÿåò äî-
ïóñòèòü íåïðåðûâíóþ çàâèñèìîñòü f τ

�

( , ),m

k  ðàçëî-

æèòü åå â ðÿä Òåéëîðà ïî k ñ ñîõðàíåíèåì äâóõ ïåð-
âûõ [13, 27, 30] ÷ëåíîâ, ÷òî ïðèâåäåò ê ñèñòåìå óðàâ-
íåíèé äëÿ êîýôôèöèåíòîâ ðÿäà (45): 

 
∂ τ

μ + Λ τ =
∂τ

�

�� �

�

0

f ( , )
(1 – )f ( , ) 0,

m
m

k

k
x k  (46) 

èìåþùåé ïðîñòîå àíàëèòè÷åñêîå ðåøåíèå 

 ( )τ = Λ τ μ
� ��

�

0f ( , ) exp –(1– ) f (0, ).m m
kk x k  (47) 

Îòìåòèì, ÷òî (46) ýêâèâàëåíòíî çàìåíå â ÂÓÏÈ 
(1) µ íà µ0, ÷òî îïðåäåëÿåò âûäåëåíèå àíèçîòðîï-
íîé ÷àñòè íà îñíîâå ÌÑÃ êàê ðàçâèòèå ìåòîäà TMS. 
  Ïîñëå ïåðåõîäà â ÌÑÃ ê SP-ïðåäñòàâëåíèþ 
àíèçîòðîïíàÿ ÷àñòü ðåøåíèÿ â ñèñòåìå êîîðäèíàò 
îòíîñèòåëüíî íîðìàëè ê ãðàíèöå ñëîÿ ïðèìåò âèä 

[13, 27, 30]: 

 €€
L τ

�

0( , , ) =
a

l l

= =

δ φ ϕ ×∑∑
�

,0

1,2 0

(2 – ) ( )

M

m c

c m

m  

 
=

+
× Π μ τ Π μ

π∑
� � �

� �

0

0

0

2 1
( )Z ( ) ( )D L ,

4

K

m m
ck k k

k

k
 (48) 

ãäå 1D = diag(1 1 0 0),
�

 2D = diag(0 0 1 1);
�

 Z ( )k τ =

�

 

0exp(–d ),k= τ μ

�

 = Λχ
� �

�

d 1– .k k  

Ïîñëå ïîäñòàíîâêè (48) â (4) è íåêîòîðûõ ïðå-
îáðàçîâàíèé [13, 27, 30] ïîëó÷àåòñÿ âûðàæåíèå äëÿ 
ôóíêöèè èñòî÷íèêîâ 

 
=

μ Δ τ μ = + μ − μ Π μ τ ×∑
�

�� �

0 0( , ) (2 1)( ) ( )d Z ( )
K

m k
c i i m i k k

k m

k  

 ×Π μ +
� ��

0 0( )D Lk
m c

+

+ + +
⎡Π μ τ Π μ⎣

�
� �� �

1

1 1 1 0A ( )d Z ( ) ( ) –m K K

K m i K K m  

 + ⎤Π μ τ Π μ ⎦

�
� � �� �

1

0 0– ( )d Z ( ) ( ) D L ,K K
m i K K m c  (49) 

ãäå 

 = δ

�

2 2 2 21
[A ] ( – )( – ) .k

m rs rsk m k s
k

 

Îïèñàííûé ïîäõîä ðåøåíèÿ ñêàëÿðíîãî ÓÏÈ 
ðåàëèçîâàí â âèäå êîäà MDOM, à ðåøåíèÿ ÂÓÏÈ –  
â âèäå êîäà MVDOM [30], êîòîðûå íàõîäÿòñÿ â ñâî-
áîäíîì ïîëüçîâàíèè ïî àäðåñó [31]. Êàê ïîêàçàëè 
òåñòîâûå ðàñ÷åòû, ðåãóëÿðíàÿ ÷àñòü ðåøåíèÿ â ýòîì 
ñëó÷àå ÿâëÿåòñÿ ïî÷òè èçîòðîïíîé ôóíêöèåé óãëî-
âûõ ïåðåìåííûõ, ÷òî ñóùåñòâåííî óìåíüøàåò M, 
N, è îíè ïðàêòè÷åñêè íå çàâèñÿò îò K. 

 
5.5. ×èñëåííîå ñðàâíåíèå  

ýôôåêòèâíîñòè ðàçëè÷íûõ ìåòîäîâ  
âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè ðåøåíèÿ 

 

Ñðàâíåíèå ïðîãðàìì ïî âðåìåíè ñ÷åòà ÿâëÿåòñÿ 

äîñòàòî÷íî òðóäíîé çàäà÷åé, ïîñêîëüêó îäíîâðåìåííî 
òðåáóåòñÿ ðàâíàÿ òî÷íîñòü. Îäíàêî íà òî÷íîñòü ðàñ-
÷åòîâ âëèÿåò ìíîæåñòâî ôàêòîðîâ, ìíîãèå èç êîòîðûõ 

ëèøü îïîñðåäîâàííî ñâÿçàíû ñ ðåøåíèåì ÂÓÏÈ, 
êàê, íàïðèìåð, âû÷èñëåíèå îáîáùåííûõ ñôåðè÷å-
ñêèõ ôóíêöèé. Ïðè ñðàâíåíèè MDOM è DISORT 
ìàêñèìàëüíîå îòëè÷èå áûëî îêîëî 10–4, íî ïðè óâå-
ëè÷åíèè M ðàçíèöà â ðåçóëüòàòàõ òàêæå óâåëè÷èâà-
ëàñü, ÷òî ìû ñâÿçûâàåì ñ óâåëè÷åíèåì îøèáêè â âû-
÷èñëåíèÿõ ñôåðè÷åñêèõ ôóíêöèé. Ïîýòîìó î÷åíü âàæ-
íî íàéòè îïòèìàëüíîå ñîîòíîøåíèå ìåæäó ÷èñëàìè 
N, M è K. Ê ñîæàëåíèþ, î÷åíü òðóäíî çäåñü ñôîð-
ìóëèðîâàòü êàêîå-òî îáùåå ïðàâèëî. 

Êîä DISORT2.0 èñïîëüçóåò îáà ìåòîäà – delta-M 
è TMS, ÷òî ñóùåñòâåííî óëó÷øèëî ðàñ÷åò óãëîâîãî 
ðàñïðåäåëåíèÿ ÿðêîñòè äëÿ ñèëüíî àíèçîòðîïíîãî 

ðàññåÿíèÿ. Íà ðèñ. 1 ïðåäñòàâëåíî ñðàâíåíèå ðàñ÷å-
òîâ äëÿ èíäèêàòðèñû Õåíüè–Ãðèíñòåéíà ñ ïàðàìåò-
ðîì g = 0,99. Ïðè ýòîì MDOM äàåò ãëàäêîå ðåøå-
íèå ñ N = 401, M = 8 ìåíåå ÷åì 10 ñ, â òî âðåìÿ êàê 
â ðåçóëüòàòàõ ðàñ÷åòà DISORT c N = 300 äëÿ âðåìå-
íè ñ÷åòà áîëåå 700 ñ åùå ñîõðàíÿþòñÿ îñöèëëÿöèè. 
 

 
Ðèñ. 1. Ñðàâíåíèå ïðîãðàìì MDOM è DISORT (îòðàæåíèå) 
 

 
Íåîáõîäèìî îòìåòèòü, ÷òî âðåìÿ ñ÷åòà DISORT 

ìîæíî ñóùåñòâåííî óìåíüøèòü, åñëè ñäåëàòü íåêî-
òîðûå èçìåíåíèÿ â ïðîãðàììå ZEROIT, – ïðè ýòîì 
â óêàçàííîì ñëó÷àå âðåìÿ ñ÷åòà óìåíüøàåòñÿ ïðè-
ìåðíî äî 100 ñ. Â ýòîì ñëó÷àå äëÿ ãëàäêèõ èíäèêàò-
ðèñ ðàññåÿíèÿ g < 0,9 îáå ïðîãðàììû ïðèáëèçèòåëü-
íî îäèíàêîâû ïî âñåì ïàðàìåòðàì. 
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Î÷åíü ïîõîæèå ðåçóëüòàòû èìååì äëÿ âåêòîðíî-
ãî èçëó÷åíèÿ ïðè ñðàâíåíèè Pstar è MVDOM, êî-
òîðîå ìû ïðîâåëè äëÿ äâóõ ñëó÷àåâ: 

1) ñðàâíèòåëüíî ãëàäêàÿ ìàòðèöà ðàññåÿíèÿ äëÿ 
ëîãíîðìàëüíîãî ðàñïðåäåëåíèÿ ñ ïàðàìåòðàìè r0 = 5, 
s = 0,4; θ0 = 85°,  τ0 = 1,0 (ðèñ. 2); 

2) ñèëüíî àíèçîòðîïíàÿ ìàòðèöà ðàññåÿíèÿ Wa-
ter Cloud C1, θ0 = 85°,  τ0 = 10,0 (ðèñ. 3). 

Â ïåðâîì ñëó÷àå îáåèì ïðîãðàììàì òðåáóåòñÿ ïðèá- 
ëèçèòåëüíî îäèíàêîâîå âðåìÿ (îêîëî 15 ñ). Âî âòîðîì 

ñëó÷àå ñ óâåëè÷åíèåì àíèçîòðîïèè ðàññåÿíèÿ è òîë-
ùè ñðåäû ðàçíèöà â ðåøåíèÿõ ñòàíîâèòñÿ çàìåòíîé. 
Ïðè ýòîì äëÿ MVDOM âðåìÿ ñ÷åòà îêîëî 50 ñ äëÿ 
N = 121, M = 32 è K = 120; ïðîãðàììà Pstar òðå-
áóåò 150 ñ ïðè 30 ïîòîêàõ. Ñ ó÷åòîì íàøåãî àíàëè-
çà è ñðàâíåíèÿ ñ DISORT ìîæíî óòâåðæäàòü, ÷òî  
 

 

      
 a á 

Ðèñ. 2. Ñðàâíåíèå ïðîãðàìì MVDOM è Pstar: ëîãíîðìàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðàìè r0 = 5, s = 0,4; θ0 = 85°, τ0 = 1,0,  
  ϕ = 30°: à – âîñõîäÿùåå èçëó÷åíèå; á – íèñõîäÿùåå èçëó÷åíèå 

 

      
 a á 

Ðèñ. 3. Ñðàâíåíèå ïðîãðàìì MVDOM è Pstar: ìîäåëü ñðåäû – Water Cloud C1; θ0 = 85°, τ0 = 10,0, ϕ = 30°: à – âîñõîäÿùåå 
  èçëó÷åíèå; á – íèñõîäÿùåå èçëó÷åíèå 
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òî÷íîñòü ÌÑÃ ñóùåñòâåííî ëó÷øå TMS äëÿ ñèëüíîé 
àíèçîòðîïèè è áóëüøèõ òîëù. 

 

6. Âëèÿíèå àïïàðàòíî-ïðîãðàììíûõ 
ñðåäñòâ íà ýôôåêòèâíîñòü àëãîðèòìà 

 
Ñ îäíîé ñòîðîíû, ÌÑÃ ïîêàçàë ñåáÿ íàèáîëåå 

ýôôåêòèâíûì ìåòîäîì âûäåëåíèÿ àíèçîòðîïíîé ÷àñ-
òè ðåøåíèÿ, à ñ äðóãîé, ïðîãðàììà MVDOM ÿâëÿ- 
åòñÿ íàøåé ðàçðàáîòêîé. Ýòî îïðåäåëèëî òî, ÷òî âëèÿ-
íèå ðàçëè÷íûõ àñïåêòîâ íà ýôôåêòèâíîñòü ðàñ÷åòà 
ïåðåíîñà èçëó÷åíèÿ ÷åðåç ñëîé ìû èññëåäîâàëè íà 
îñíîâå MVDOM. 

Ïðåæäå âñåãî îòìåòèì, ÷òî íåçàâèñèìî îò ñïîñî-
áà âûäåëåíèÿ àíèçîòðîïíîé ÷àñòè ðåøåíèÿ ïðè ðåà-
ëèçàöèè (32) íåîáõîäèìî ðåøèòü òðè îñíîâíûå ïðî-
áëåìû ëèíåéíîé àëãåáðû: óìíîæåíèå ìàòðèö, ðåøåíèå 

çàäà÷è íà ñîáñòâåííûå âåêòîðû è çíà÷åíèÿ è âû÷èñ-
ëåíèå îáðàòíîé ìàòðèöû. Òàêèå îïåðàöèè íà ñåãîäíÿ 
íàèáîëåå îïòèìàëüíî ðåàëèçîâàíû â ïàêåòàõ ëèíåé-
íîé àëãåáðû: LAPACK, IMSL, NAG è íåêîòîðûõ äðó-
ãèõ. Ýòè áèáëèîòåêè ñóùåñòâóþò äëÿ ëþáîé ïëàò-
ôîðìû. Îäíàêî ñóùåñòâóþò ñïåöèàëèçèðîâàííûå 

áèáëèîòåêè, îïòèìèçèðîâàííûå äëÿ îïðåäåëåííîãî 
ïðîöåññîðà. Íàïðèìåð, áèáëèîòåêà MKL (Math Ker-
nel Library) [32] åñòü LAPACK, îïòèìèçèðîâàííàÿ 
ïðîèçâîäèòåëåì Intel äëÿ ïðîöåññîðîâ Intel. MKL 
èìååò âåðñèè äëÿ îáåèõ îïåðàöèîííûõ ñèñòåì: Win-
dows è Linux. Âàæíåéøèìè äîñòîèíñòâàìè MKL ÿâ- 
ëÿþòñÿ ïîääåðæêà ìíîãîÿäåðíîñòè è ìíîãîïðîöåñ-
ñîðíîñòè è àâòîìàòè÷åñêîå ðàñïàðàëëåëèâàíèå âñåõ 
îïåðàöèé, ÷òî ñóùåñòâåííî óâåëè÷èâàåò ñêîðîñòü âû-
ïîëíåíèÿ ïðîãðàììû. Â íåå âêëþ÷åíî âåêòîðíîå âû-
ïîëíåíèå ýëåìåíòàðíûõ îïåðàöèé â ïàðàëëåëüíîì 

ðåæèìå. Ñïåöèàëèçèðîâàííûå ìàòåìàòè÷åñêèå ïàêå-
òû, òàêèå êàê Matlab, Maple, Mathematica, èñïîëü-
çóþò MKL, èãðàÿ ðîëü îáåðòêè áèáëèîòåêè. 

Ñóùåñòâåííîå óñêîðåíèå è áîëåå ðàöèîíàëüíîå 
èñïîëüçîâàíèå ïàìÿòè âîçìîæíî ïðè èñïîëüçîâàíèè 
àëãîðèòìîâ ðàçðåæåííûõ ìàòðèö (sparse matrices). 
Ïðè ðàáîòå ñ ìàòðèöàìè, ó êîòîðûõ çíà÷èòåëüíîå êî-
ëè÷åñòâî íóëåâûõ ýëåìåíòîâ, ýôôåêòèâíî õðàíèòü 
òîëüêî íåíóëåâûå ýëåìåíòû è äîïîëíèòåëüíóþ èí-
ôîðìàöèþ îá èíäåêñàõ. Ñóùåñòâóåò íåñêîëüêî ôîð-
ìàòîâ õðàíåíèÿ ðàçðåæåííûõ ìàòðèö: compressed 

sparse row (CSR) format, compressed sparse column 
format (CSC) è Coordinate Format. Âûáîð ôîðìàòà 
îïðåäåëÿåòñÿ òèïîì îïåðàöèé ñ ìàòðèöàìè: íàïðè-
ìåð CSC ôîðìàò íàèáîëåå óäîáåí, åñëè ýëåìåíòû 

ìàòðèöû õðàíÿòñÿ â ïàìÿòè ïî êîëîíêàì. 
Ïðîãðàììà MVDOM áûëà ðåàëèçîâàíà êàê íà 

ÿçûêå FORTRAN, òàê è â ñèñòåìå Matlab. Âëèÿíèå 
ðàçëè÷íûõ ôàêòîðîâ íà âðåìÿ ñ÷åòà ïðîãðàììû ñâå-
äåíî â òàáëèöó äëÿ äâóõ òåñòîâ: òåñò ¹ 1: N = 101, 
K = 500, M = 32; òåñò ¹ 2: N = 101, K = 1000, M = 32. 
Òåñòû âûïîëíÿëèñü íà êîìïüþòåðå IntelCore 2 Duo 
3 ÃÃö, 2 Ãá RAM, Intel Fortran Compiler 11.1 ñ áèá-
ëèîòåêîé MKL 10.2. Èñïîëüçîâàëèñü äâà êîìïèëÿ-
òîðà (gfortran è ifort) ñ ïîëíîé îïòèìèçàöèåé. 

Îòìåòèì, ÷òî áèáëèîòåêà MKL èñïîëüçóåò ýôôåê-
òèâíî âñå âû÷èñëèòåëüíûå ÿäðà êîìïüþòåðà (2 ÿäðà   

â íàøåì ñëó÷àå), ÷òî óìåíüøàåò âðåìÿ ñ÷åòà âäâîå. 
Åùå áîëåå ýôôåêòèâíî èñïîëüçîâàíèå àëãîðèòìà ðàç-
ðåæåííûõ ìàòðèö äëÿ âû÷èñëåíèÿ ôóíêöèè èñòî÷íè-
êîâ (49) è îïåðàöèé ñ íåé – â íàøåì ñëó÷àå â 4–6 ðàç. 
 

Ñðàâíåíèå âðåìåíè ñ÷åòà äëÿ äâóõ òåñòîâ 

Óñëîâèÿ ðåàëèçàöèè êîäà 
Âðåìÿ  

ñ÷åòà I, ñ 
Âðåìÿ 

ñ÷åòà II, ñ

gfortran + LAPACK  240 530 

gfortran + LAPACK + optimization 230 505 

ifort + LAPACK  210 490 

ifort + MKL 115 250 

ifort + MKL + optimization  105 230 

ifort + MKL + optimization + 
sparse matrix  33 44 

MATLAB 2010b  27 45 

MATLAB 2010b + CUDA 22 33 
 

 
Òàêîå âëèÿíèå îáúÿñíèìî – âñå òåñòû îòíîñÿòñÿ  

ê àýðîçîëüíîìó ðàññåÿíèþ, èìåþùåìó áëî÷íî-äèàãî- 
íàëüíûé òèï ìàòðèöû ðàññåÿíèÿ, ÷òî îïðåäåëÿåò íå 
ìåíåå ïîëîâèíû ýëåìåíòîâ ìàòðèö íóëåâûìè. Íàìè 
ïðîâåäåíî îòäåëüíîå èññëåäîâàíèå ýôôåêòèâíîñòè 
èñïîëüçîâàíèÿ àëãîðèòìà ðàçðåæåííûõ ìàòðèö: íà 
ðèñ. 4 ïîêàçàíà çàâèñèìîñòü âðåìåíè ñ÷åòà îò K. 
Áëàãîäàðÿ ýòîìó àëãîðèòìó îïåðàöèè ñ äâóìåðíûìè 
ìàññèâàìè ñòàíîâÿòñÿ ýêâèâàëåíòíî îäíîìåðíûìè, 
÷òî îïðåäåëÿåò ëèíåéíóþ çàâèñèìîñòü âðåìåíè ñ÷å-
òà îò K â îòëè÷èå îò K2 â îáû÷íîì ñëó÷àå. 

 

 
Ðèñ. 4. Çàâèñèìîñòü âðåìåíè ñ÷åòà îò K 

 
Ïåðñïåêòèâíûì ñðåäñòâîì óñêîðåíèÿ êîäà ÿâ-

ëÿåòñÿ èñïîëüçîâàíèå ãðàôè÷åñêèõ ïðîöåññîðîâ îá-
ùåãî íàçíà÷åíèÿ (graphics processing units, GPUs). 
Ïðîãðàììíî-àïïàðàòíàÿ àðõèòåêòóðà (Compute Uni-
fied Device Architecture, CUDA) ïîçâîëÿåò ïðîâîäèòü 

âû÷èñëåíèÿ íà ãðàôè÷åñêèõ ïðîöåññîðàõ nVIDIA 
GPUs, ÷òî îòêðûâàåò âîçìîæíîñòü ïðîâåäåíèÿ ñòàí-
äàðòíûõ ïðîöåäóð áèáëèîòåêè LAPACK â ðàìêàõ àð-
õèòåêòóðû CUDA. Äëÿ ýòîãî ñóùåñòâóåò ñïåöèàëü-
íàÿ ðåàëèçàöèÿ LAPACK äëÿ ãðàôè÷åñêèõ êàðò – 
CULA. MATLAB 2010b ïîääåðæèâàåò nVIDIA CUDA 
GPUs, îäíàêî äîñòîèíñòâà âû÷èñëåíèé íà GPU 
ñóùåñòâåííû ïðè èñïîëüçîâàíèè áîëüøèõ ìàññèâîâ, 
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â ïðîòèâíîì ñëó÷àå âû÷èñëåíèÿ íà CPU áîëåå ýô-
ôåêòèâíû. Â íàøåì êîäå MVDOM èñïîëüçîâàëñÿ 
àëãîðèòì âûäåëåíèÿ àíèçîòðîïèè íà îñíîâå ÌÑÃ, 
÷òî ñóùåñòâåííî ñíèçèëî ðàçìåðû âñåõ ìàññèâîâ. 
Ïðè òåñòèðîâàíèè íàì íå ïðèõîäèëîñü áðàòü ÷èñëî 
ïîòîêîâ N áîëåå 300. Îöåíêà âðåìåíè ñ÷åòà ñ ïî-
ìîùüþ ïðîôàéëåðà ïîêàçûâàåò, ÷òî ïîëîâèíà âðåìå-
íè àëãîðèòìà óõîäèò íà çàäà÷ó íà ñîáñòâåííûå çíà-
÷åíèÿ. Ê ñîæàëåíèþ, ýòà ïðîöåäóðà íå ðåàëèçîâàíà 
â ïàêåòå MATLAB GPU. Íàì óäàëîñü ñíèçèòü âðå-
ìÿ ñ÷åòà íà 20% çà ñ÷åò ïåðåìíîæåíèÿ ìàòðèö íà 
nVIDIA GeForce 480 GTX GPU. 

 

Çàêëþ÷åíèå 

 
Äèñêðåòèçîâàííîå ÂÓÏÈ äëÿ ïëîñêîãî ñëîÿ 

èìååò åäèíñòâåííîå àíàëèòè÷åñêîå ðåøåíèå â ìàòðè÷-
íîé ôîðìå. Âûñîêèé óðîâåíü îïòèìèçàöèè ïàêåòîâ 

ëèíåéíîé àëãåáðû äîïóñêàåò åäèíñòâåííûé àëãîðèòì 

ðåøåíèÿ ÂÓÏÈ íà êîìïüþòåðå. Ðàçëè÷íûå ðåàëèçà-
öèè îòëè÷àþòñÿ ìåòîäàìè âûäåëåíèÿ àíèçîòðîïíîé 

÷àñòè ðåøåíèÿ, ñðåäè êîòîðûõ íàèáîëåå ýôôåêòèâ-
íûì ÿâëÿåòñÿ ìåòîä íà îñíîâå ÌÑÃ. Ïðè ðåàëèçà-
öèè àëãîðèòìà íåîáõîäèìî èñïîëüçîâàòü àëãîðèòì 
ðàçðåæåííûõ ìàòðèö, à ïðè èñïîëüçîâàíèè ïðîöåñ-
ñîðà Intel î÷åíü ñóùåñòâåííî ïðèìåíåíèå áèáëèîòå-
êè MKL. 
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V.P. Budak, D.S. Efremenko, O.V. Shagalov. Comparative analysis of algorithms of vectorial radia-
tive transfer equation for slab by solution efficiency. 

The numerical solution of the vectorial radiative transfer equation (VRTE) is possible only after its discre-
tization, which is impossible without the separation of anisotropic part in the solution, including all the singu-
larities. Discretized VRTE for the turbid medium slab has unique analytical solution in the matrix form.  
Modern packages of matrix (linear) algebra allow only one possible algorithm of VRTE computer solution. 
Various realizations of such algorithm differ by the method of the solution anisotropic part separation. Methods 
of the anisotropic part separation are analyzed in the paper. It is shown that the most effective method is based 
on the small angle modification of the spherical harmonics (MSH). The codes, created by the authors, of these 
methods in the simple situation in order to define the effect of the method on the code efficiency are analyzed. 
The influence of different properties of hard and software on the code, based on MSH, is analyzed more in  
detail. 

 


