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Ïðåäñòàâëåíà ñèììåòðèçîâàííàÿ ôîðìà êîëåáàòåëüíîé êèíåòè÷åñêîé ýíåðãèè (ÊÝ) ïÿòèàòîìíûõ ìîëå-
êóë ñ òðåìÿ îäèíàêîâûìè àòîìàìè âî âíóòðåííèõ êîîðäèíàòàõ. Ñèììåòðèçîâàííàÿ ôîðìà KÝ ïîçâîëÿåò 
ïðèìåíèòü òåîðåìó Âèãíåðà–Ýêêàðòà, ÷òî ìîæåò ñóùåñòâåííî óïðîñòèòü âû÷èñëåíèå ìàòðè÷íûõ ýëåìåíòîâ. 
 

Ââåäåíèå 
 
Ïîëíûé îïåðàòîð êèíåòè÷åñêîé ýíåðãèè ïðåîá-

ðàçóåòñÿ ïî ïîëíîñèììåòðè÷íîìó ïðåäñòàâëåíèþ. Âî 
ìíîãèõ ñëó÷àÿõ ýòèì óòâåðæäåíèåì îãðàíè÷èâàåòñÿ 
èññëåäîâàíèå ñèììåòðèéíûõ ñâîéñòâ îïåðàòîðà êè-
íåòè÷åñêîé ýíåðãèè. Òåì íå ìåíåå â ñëó÷àå, êîãäà âîë-
íîâûå ôóíêöèè ïðåäñòàâëåíû â âèäå ñóììû áîëüøî-
ãî ÷èñëà ñëàãàåìûõ, ïðåäñòàâëåíèå îïåðàòîðà êèíå-
òè÷åñêîé ýíåðãèè â ñèììåòðèçîâàííîì âèäå ïîçâî-
ëÿåò îïòèìèçèðîâàòü âû÷èñëåíèå ìàòðè÷íûõ ýëå-
ìåíòîâ. Ñëåäóåò îòìåòèòü, ÷òî ñëîæíîñòü ñèììåò-
ðèçàöèè îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè ñèëüíî 
çàâèñèò îò èñïîëüçóåìûõ âíóòðåííèõ êîîðäèíàò 
[1–4]. Âåçäå íèæå âíóòðåííèå êîîðäèíàòû çàäàþò-

ñÿ ÷åòûðüìÿ âåêòîðàìè r1, r2, r3, r4, êàæäûé èç êî-
òîðûõ ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ðàäèóñîâ-
âåêòîðîâ ïÿòèàòîìíîé ìîëåêóëû â íåêîòîðîé ñèñ-

òåìå êîîðäèíàò [1]. Ïåðåñòàíîâêà òðåõ âåêòîðîâ r2, 

r3, r4 ñâîäèòñÿ ê ïåðåñòàíîâêå ýêâèâàëåíòíûõ àòî-
ìîâ. Â êà÷åñòâå âíóòðåííèõ êîîðäèíàò ìû èñïîëü-

çóåì ÷åòûðå ðàññòîÿíèÿ r1, r2, r3, r4, òðè óãëà ìåæ-
äó q12, q13, q14 è äâà òîðñèîííûõ óãëà t23, t24. 
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Íà ðèñóíêå ïîêàçàíî ïðåîáðàçîâàíèå òîðñèîí-
íûõ êîîðäèíàò ïðè ïåðåñòàíîâêàõ (23)I. Èíâåðñèÿ 
I íåîáõîäèìà äëÿ ñîõðàíåíèÿ ïðàâîé îðèåíòàöèè 
êîîðäèíàòíûõ îñåé. Èç ðèñóíêà ìîæíî ïîëó÷èòü 
ïðàâèëà ïðåîáðàçîâàíèÿ, ïðèâåäåííûå âî âòîðîé 

ñòðîêå òàáëèöû. 
Àíàëîãè÷íûìè ðàññóæäåíèÿìè ìîæíî ïîëó÷èòü 

ïðàâèëà ïðåîáðàçîâàíèÿ òîðñèîííûõ êîîðäèíàò ïðè 
ïåðåñòàíîâêå (34)I, ïðèâåäåííûå â òðåòüåé ñòðîêå 
òàáëèöû. Ïðàâèëà ïðåîáðàçîâàíèÿ òîðñèîííûõ êî-
îðäèíàò ïðè äðóãèõ ïåðåñòàíîâêàõ ìîæíî ïîëó÷èòü 
èç (23)I è (34)I. Ïðåîáðàçîâàíèå òîðñèîííûõ êî-
îðäèíàò è èõ ïðîèçâîäíûõ ïðèâåäåíî â òàáëèöå. 
 

Ïîñòðîåíèå ñèììåòðèçîâàííûõ  
ôóíêöèé 
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ëþáîé ôóíêöèè f() ìîæíî ïîñòðîèòü òðè ôóíêöèè 
îò äâóõ òîðñèîííûõ óãëîâ t3 è t4, ïðåîáðàçóþùèõñÿ 
ïî íåïðèâîäèìûì ïðåäñòàâëåíèÿì E è A1. Â ÷àñò-
íîì ñëó÷àå f(t) = t ôóíêöèÿ A1 ðàâíà íóëþ: 
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Â êà÷åñòâå ñèììåòðèçîâàííûõ ôóíêöèé äëÿ óã-
ëîâ q áóäåì èñïîëüçîâàòü ñòàíäàðòíûå ñèììåòðèçî-
âàííûå ôóíêöèè:  

 2 3 4

1
( ) 2 ( ) ( ) ( ) ,

6
a iE f q f q f q f q= − −      

 

 3 4

1
( ) ( ) ( ) ;

2
ibE f q f q f q= − +        

 1 2 3 4

1
( ) ( ) ( ) ( ) ;

3
iA f q f q f q f q= + +        

 
2 3 2 4 3 4

( ) ( )

1
( ) ( ) ( ) ( ) 2 ( ) ( ) ,

6

a i jE f q f q

f q f q f q f q f q f q

  = 

= + −  

 

 
2 3 2 4

( ) ( )

1
( ) ( ) ( ) ( ) ;

2

i jbE f q f q

f q f q f q f q

  = 

= − +  

 

 
1

2 3 2 4 3 4

( ) ( )

1
( ) ( ) ( ) ( ) ( ) ( ) .

3

i jA f q f q

f q f q f q f q f q f q

  = 

= + +  

 

Àíàëîãè÷íûå ñèììåòðèçîâàííûå ôóíêöèè 
ìîæíî èñïîëüçîâàòü äëÿ êîîðäèíàò ri è ìàññ mi. 

 

Ñèììåòðèçàöèÿ êîëåáàòåëüíîé  
êèíåòè÷åñêîé ýíåðãèè 

 
Ïðåäñòàâèì ïîëíóþ êîëåáàòåëüíóþ êèíåòè÷å-

ñêóþ ýíåðãèþ â âèäå ñóììû 

1 2 31 2 3
,

QQ QQ QQ QT TT TT TT
H H H H H H H H= + + + + + +

 

ãäå 

 
4 2

1 2 2
1 1 2

1
cot( ) ,QQ

i
iii

H q
qm r q=

 ∂ ∂= +  ∂∂ 
∑  

  
4 2

2 2 2

2

1
cot( ) ;QQ

i
ii i ii

H q
qm r q=

 ∂ ∂= +  ∂∂ 
∑  

3 2
1 1

2 2 2

3 4 3 4

2 3 2 4 3 4

2

cos( ) cos( ) cos( ) ;

QQH
m r

t t t t
q q q q q q

= ×

 ∂ ∂ ∂× + + −  ∂ ∂ ∂ ∂ ∂ ∂ 
 

 

2

3 32
2 31 1

2

4 4

2 4

2
sin( ) cot( ) –

–sin( ) cot( ) ;

QT

QT QT

H t q
q tm r

t q A B
q t

 ∂= − ∂ ∂

∂ + + ∂ ∂ 

 

 

2

3 2

3 3

2 2

3 4 4 3 4

4 4 4 4

sin( ) cot( )

sin( ) cot( ) sin( ) cot( ) ;

QTA t q
q t

t t q t q
q t q t

∂= − +
∂ ∂

∂ ∂+ − −
∂ ∂ ∂ ∂

 

 

2

3 3 4

4 3

2 2

4 2 4 2

4 3 4 4

cot( ) sin( )

– sin( ) cot( ) sin( ) cot( ) ;

QTB q t t
q t

t q t q
q t q t

∂= − − −
∂ ∂

∂ ∂−
∂ ∂ ∂ ∂

 

 

2 2 2

1 2 2 2 2
3 42 2 2 3 4

2 2

2 2 2 2 2 2
3 3 3 3 4 4 4 4

1
2

sin ( )

1 1
;

sin ( ) sin ( )

TTH
t tm r q t t

m r q t m r q t

 ∂ ∂ ∂= + + +  ∂ ∂∂ ∂ 

∂ ∂+ +
∂ ∂

 



 Ñèììåòðèçîâàííàÿ ôîðìà îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè ïÿòèàòîìíûõ ìîëåêóë … 1009 

 

 

2

2 3 2 32 2
1 1 3

2

4 2 4 2
4

2
cos( ) cot( ) cot( )

cos( ) cot( ) cot( ) ;

TT

TT

H t q q
m r t

t q q C
t

− ∂= + ∂

∂+ + ∂ 

 

3 2 3 3 2 3

2

3 4 3 4

3 4

[cos( ) cot( ) cot( ) cos( ) cot( ) cot( )

–cos( ) cot( ) cot( )] ;

TTC t q q t q q

t t q q
t t

= + −

∂−
∂ ∂

 

 

2 2 2
2

3 22 2 2
3 41 1 3 3

2 2
2 2

3 42 2
3 4

1
cot ( ) 2

cot ( ) cot ( ) .

TTH q
t tm r t t

q q
t t

  ∂ ∂ ∂= + + +   ∂ ∂∂ ∂  

∂ ∂+ + 
∂ ∂ 
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ïðåîáðàçîâàíèÿ êîîðäèíàò è ïðîèçâîäíûõ ïðè ïå-
ðåñòàíîâêàõ (23)I è (34)I. Íèæå èñïîëüçóåòñÿ ñëå-
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A.V. Nikitin. Symmetrized form of the kinetic energy operator of pentatomic molecules with three 

identical atoms in internal coordinates. 
A symmetrized form of the vibrational kinetic energy (KE) for pentatomic molecules with three identical 

atoms in internal coordinates is presented. This form allows application of the Wigner–Eckart theorem, which 
can considerably facilitate calculation of the matrix elements. 

 
 


