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Òåîðåòè÷åñêè èññëåäîâàíî âëèÿíèå ïåðìàíåíòíîãî ñòîõàñòè÷åñêîãî âîçìóùåíèÿ íà çàðÿæåííûå ÷àñòè-

öû, íàõîäÿùèåñÿ â ñòàöèîíàðíîì ìàãíèòíîì ïîëå. Äëÿ ýòîãî ðåøàåòñÿ íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà. 
Âûÿâëåíî, ÷òî â ñëàáûõ ìàãíèòíûõ ïîëÿõ âîçáóæäàåòñÿ áîëüøîå ÷èñëî ãàðìîíèê öèêëîòðîííîãî èçëó÷åíèÿ. 
Ïðè óâåëè÷åíèè íàïðÿæåííîñòè ïîëÿ ÷èñëî ãàðìîíèê óìåíüøàåòñÿ è ïðè íåêîòîðîé âåëè÷èíå íàïðÿæåííî-
ñòè èçëó÷åíèå âîîáùå ìîæåò èñ÷åçíóòü. Ïîñòðîåíû êðèâûå çàâèñèìîñòè îò òåìïåðàòóðû âåðîÿòíîñòè çàñå-
ëåííîñòè êâàíòîâûõ óðîâíåé èíäóöèðîâàííûõ ïîëåì îñöèëëÿòîðîâ. 

 

Êëþ÷åâûå ñëîâà: îñöèëëÿòîð, íåëèíåéíîñòü, ìàãíèòíîå ïîëå. 
 
Ðàññìîòðèì âëèÿíèå ñòîõàñòè÷åñêîãî âîçìóùå-

íèÿ íà õàðàêòåð äâèæåíèÿ áåçñïèíîâûõ çàðÿæåííûõ 
÷àñòèö â ñòàöèîíàðíîì ìàãíèòíîì ïîëå. 

Äëÿ àíàëèçà ïîâåäåíèÿ ÷àñòèö â ìàãíèòíîì ïîëå 
ïðè âîçäåéñòâèè íà íèõ ïåðìàíåíòíîãî ñòîõàñòè÷å-
ñêîãî âîçìóùåíèÿ èñïîëüçóåòñÿ íåëèíåéíîå óðàâíå-
íèå Øðåäèíãåðà, ïîñòðîåííîå ìåòîäîì èíòåãðàëîâ ïî 

òðàåêòîðèÿì äëÿ ñèñòåì, èñïûòûâàþùèõ ïåðìàíåíò-
íîå ñòîõàñòè÷åñêîå âîçìóùåíèå [1, 2]. Åñëè â ýòîì 
óðàâíåíèè ïîëîæèòü ñêàëÿðíûé ïîòåíöèàë è ñêî-
ðîñòü äðåéôà ïîäñèñòåìû â òåðìîñòàòå ðàâíîé íóëþ, 
òî ïîëó÷èì 
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ãäå ˆP  – îïåðàòîð èìïóëüñà; À – âåêòîðíûé ïîòåí-
öèàë âíåøíåãî ïîëÿ; q – çàðÿä ÷àñòèöû; m – åå 
ìàññà; c – ñêîðîñòü ñâåòà; α – ìàëûé ïîëîæèòåëü-
íûé ïàðàìåòð, âåëè÷èíà êîòîðîãî çàâèñèò îò ïëîòíî-
ñòè îêðóæàþùåé ïîäñèñòåìó ñðåäû; χ = kT*/2 (k – 
ïîñòîÿííàÿ Áîëüöìàíà; T* – ýôôåêòèâíàÿ òåìïåðà-
òóðà îêðóæàþùåé ñðåäû). 

Ðåøåíèå ýòîãî óðàâíåíèÿ áóäåì èñêàòü â äâà 

ýòàïà. Íà ïåðâîì ýòàïå íàéäåì ðåøåíèå ñòàöèîíàð-
íîãî ðåäóöèðîâàííîãî óðàâíåíèÿ, â êîòîðîì îòñóò-
ñòâóåò íåëèíåéíîå ñëàãàåìîå. Íà âòîðîì – âûÿñíèì 
âëèÿíèå íåëèíåéíîñòè ïîëó÷åííîãî óðàâíåíèÿ íà óñ-
òîé÷èâîñòü ýòèõ ñîñòîÿíèé. Ââåäåì äåêàðòîâó ñèñòåìó  
______________  

 

* Èãîðü Âÿ÷åñëàâîâè÷ Èâàíîâ; Âÿ÷åñëàâ Íèêîëàåâè÷ 
Èâàíîâ (ivanovvn@phys.omsu.omskreg.ru). 

êîîðäèíàò è áóäåì ñ÷èòàòü, ÷òî ìàãíèòíîå ïîëå 
îðèåíòèðîâàíî âäîëü îñè Z. Â ýòîì ñëó÷àå âåêòîð-
íûé ïîòåíöèàë áóäåò èìåòü ñëåäóþùèå êîìïîíåíòû: 
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x
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Çäåñü Í – íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ. 
Ðåäóöèðîâàííîå ëèíåéíîå óðàâíåíèå, âûòåêàþ-

ùåå èç (1), èìååò âèä 
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Åñëè ïðåäñòàâèòü âîçìîæíîå ðåøåíèå óðàâíå-
íèÿ (3) â âèäå 
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(Å – êîíñòàíòà ðàñïðåäåëåíèÿ), òî äëÿ êîîðäèíàò-
íîé ôóíêöèè ψ(r) ñëåäóåò ñòàöèîíàðíîå óðàâíåíèå 
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Ðåøåíèå óðàâíåíèÿ (4) õîðîøî èçâåñòíî [3, 4]. 
Ïðåäñòàâëåíèå âîëíîâîé ôóíêöèè â âèäå ïðîèçâå-
äåíèÿ 
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y cp qH  

Óðàâíåíèå (5) ôîðìàëüíî ñîâïàäàåò ñ óðàâíå-
íèåì äëÿ ãàðìîíè÷åñêîãî îñöèëëÿòîðà, êîëåáëþùå-
ãîñÿ îêîëî òî÷êè ó0 ñ öèêëè÷åñêîé ÷àñòîòîé 

 ω = ( ) .qH mc  

Ñëåäîâàòåëüíî, âîëíîâûå ôóíêöèè ÷àñòèöû, íàõî-
äÿùåéñÿ â ñòàöèîíàðíîì ìàãíèòíîì ïîëå è èñïûòû-
âàþùåé ïåðìàíåíòíîå ñòîõàñòè÷åñêîå âîçìóùåíèå, 
âûðàæàþòñÿ ÷åðåç ïîëèíîìû Ýðìèòà: 
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Äëÿ êîíñòàíòû ðàçäåëåíèÿ �E  ñïðàâåäëèâî: 
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ãäå n = 0, 1, 2, … , òîãäà èñõîäíàÿ êîíñòàíòà ðàçäå-
ëåíèÿ â ðåäóöèðîâàííîì óðàâíåíèè Øðåäèíãåðà 
 

 

⎛ ⎞+ + + χ⎜ ⎟
⎝ ⎠=

+ α

�

2
1

2 2
.

1

z

n

qH p
n

mc m
E

i
 

Íåñìîòðÿ íà áëèçîñòü ïîëó÷åííûõ âûðàæåíèé 
ê ñîîòâåòñòâóþùèì ñîîòíîøåíèÿì, îïèñûâàþùèì ñî-
ñòîÿíèÿ ïåðìàíåíòíî âîçìóùàåìîãî îñöèëëÿòîðà [2], 
ïðè àíàëèçå óñòîé÷èâîñòè êâàíòîâûõ ñîñòîÿíèé ÷àñ-
òèöû â ìàãíèòíîì ïîëå âûÿâëÿþòñÿ íåêîòîðûå îñî-
áåííîñòè. Ðàññìîòðèì èõ ïîäðîáíåå. 

Ïðåäñòàâèì ðåøåíèå óðàâíåíèÿ (1) â âèäå 

 
∞

=

ψ = ψ∑
0

( , ) ( ) ( ).
n n

n

t C tr r  

Êîýôôèöèåíòû Cn(t) óäîâëåòâîðÿþò ñèñòåìå íåëè-
íåéíûõ óðàâíåíèé: 
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Àíàëèç, àíàëîãè÷íûé ïðîâåäåííîìó â [2], ïî-
êàçûâàåò, ÷òî íåçàïîëíåííûå ñîñòîÿíèÿ ïðè îòëè÷-
íûõ îò íóëÿ çíà÷åíèÿõ ïàðàìåòðà α ÿâëÿþòñÿ óñ-
òîé÷èâûìè. 

Ïåðåõîä ê ÷èñëàì çàïîëíåíèÿ Pn(t) = ⎪Cn(t)⎪ 

2 
ïîçâîëÿåò, èñõîäÿ èç (6), çàïèñàòü: 
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Ñèñòåìà óðàâíåíèé (7) ïîêàçûâàåò, ÷òî â ðàâíîâåñ-
íîì ñîñòîÿíèè ÷àñòèöà, íàõîäÿùàÿñÿ â ìàãíèòíîì 
ïîëå, èìååò îòëè÷íûì îò íóëÿ òîëüêî îäíî èç ÷èñåë 
çàïîëíåíèÿ. Òî åñòü, íåñìîòðÿ íà òî ÷òî ôîðìàëüíî 
�

n
E  ìîæåò èìåòü íåïðåðûâíûé ðÿä çíà÷åíèé, çàðÿ-

æåííàÿ ÷àñòèöà, íàõîäÿùàÿñÿ â ñòàöèîíàðíîì ìàã-
íèòíîì ïîëå, èìååò ýíåðãèþ, ñîîòâåòñòâóþùóþ ôèê-
ñèðîâàííîìó êâàíòîâîìó ÷èñëó n. 

Ðàññìîòðèì, êàêîâà äèíàìèêà èçìåíåíèÿ çàñå-
ëåííîñòè ðàçëè÷íûõ êâàíòîâûõ ñîñòîÿíèé ψn(r, t). 
Ïðè ýòîì ó÷òåì, ÷òî èçìåíåíèå íåçàïîëíåííîãî ñî-
ñòîÿíèÿ âîçìîæíî òîëüêî ïðè 
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ãäå δ – íåêîòîðîå ìàëîå ïîëîæèòåëüíîå ÷èñëî [1, 2]. 
  Âîñïîëüçóåìñÿ äâóõóðîâíåâûì ïðèáëèæåíèåì 
è ïåðåïèøåì ñèñòåìó (7) â âèäå 

∂ α ⎡ ⎤= − + χ + + χ + + χ =⎣ ⎦∂ + α
� � �

�
2

2
( ) ( ) ( )

(1 )

n
n n n n l l

P
P E E P E P

t
 

 = ( , ),n lF P P  

 
∂ α ⎡ ⎤= − + χ + + χ + + χ =⎣ ⎦∂ + α

� � �

�
2

2
( ) ( ) ( )

(1 )

l
n nl l l l

P
P E E P E P

t
 

 = Φ( , ).n lP P  

Ïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî ïåðâîíà÷àëüíî 
Ðn0 = 1; Ðl0 = 0. 

ßêîáèàí ñèñòåìû óðàâíåíèé (8) îòëè÷åí îò íóëÿ: 
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Ýòî ïîêàçûâàåò, ÷òî îêîëî âûäåëåííûõ òî÷åê íåò 

ðÿäîì äðóãèõ ïîëîæåíèé ðàâíîâåñèÿ [5]. 
Ïàðàìåòð 
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Îò åãî çíàêà çàâèñèò óñòîé÷èâîñòü òðàåêòîðèé,  
ïî êîòîðûì èíäóöèðîâàííûé îñöèëëÿòîð ìîæåò 
âûéòè èç ïîëîæåíèÿ ðàâíîâåñèÿ [5], ñ òî÷íîñòüþ 
äî ìàëûõ áîëåå âûñîêîãî ïîðÿäêà èìååò ñëåäóþùåå 
çíà÷åíèå: 
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Ïðè áîëüøèõ íàïðÿæåííîñòÿõ ìàãíèòíîãî ïîëÿ 
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Ïàðàìåòð σ äëÿ ñîñòîÿíèÿ ñ n = 0 ñòàíîâèòñÿ 
îòðèöàòåëüíûì. Â ýòîì ñëó÷àå òðàåêòîðèÿ ÿâëÿåòñÿ 
óñòîé÷èâîé è îñöèëëÿòîð âîçâðàùàåòñÿ â èñõîäíîå 
ñîñòîÿíèå. Äðóãèìè ñëîâàìè, äëÿ èíäóöèðîâàííûõ 

(8)
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îñöèëëÿòîðîâ äîëæíà íàáëþäàòüñÿ Áîçå-êîíäåíñà- 
öèÿ ñîñòîÿíèé, ò.å. äâèæóùèåñÿ â ìàãíèòíîì ïîëå 
çàðÿæåííûå ÷àñòèöû íå áóäóò èçëó÷àòü ýëåêòðîìàã-
íèòíûå âîëíû. Ýòîò ýôôåêò âîçìîæíîãî èñ÷åçíî-
âåíèÿ öèêëîòðîííîãî èçëó÷åíèÿ îáóñëîâëåí òåì, 
÷òî ñóììàðíàÿ ìåõàíè÷åñêàÿ ýíåðãèÿ íåäîñòàòî÷íà 
äëÿ âîçáóæäåíèÿ èíäóöèðîâàííûõ ìàãíèòíûì ïî-
ëåì îñöèëëÿòîðîâ. 

Îöåíêà îòíîñèòåëüíîé èíòåíñèâíîñòè ãàðìîíèê 
öèêëîòðîííîãî èçëó÷åíèÿ â äàííîé ñòàòüå ïðîâåäå-
íà ïî àëãîðèòìó, îïèñàííîìó â [2]. Ïðè ýòîì ó÷è-
òûâàëîñü, ÷òî ïåðåõîäû ñ íèæíåãî óðîâíÿ ñ íîìå-
ðîì «n» ââåðõ âîçìîæíû íà óðîâíè ñ íîìåðàìè, 
óäîâëåòâîðÿþùèìè íåðàâåíñòâó 
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Íà ðèñ. 1–3 ïðåäñòàâëåíû âåðîÿòíîñòè çàñåëåí-
íîñòè êîëåáàòåëüíûõ óðîâíåé äëÿ ðàçëè÷íûõ çíà÷å-

íèé îòíîøåíèé y = ω�/(kT) = 0,5 ïðè ðàçíûõ çíà÷å-

íèÿõ ïàðàìåòðà z = pz

2
/(mkT). Äëÿ ñðàâíåíèÿ ïðè-

âåäåíû ïîêàçàííûå ñïëîøíîé ëèíèåé ðàñïðåäåëåíèÿ 
Áîëüöìàíà.  
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Ðèñ. 3 

 

Èç ðèñ. 1–3 âèäíî, ÷òî óêàçàííûå çàâèñèìîñòè 
äîâîëüíî áëèçêè äðóã ê äðóãó. 

Íà ðèñ. 4–6 ïðèâåäåíû ðàññ÷èòàííûå ðàñïðå-
äåëåíèÿ èíòåíñèâíîñòè èçëó÷åíèÿ èíäóöèðîâàííûõ  
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ìàãíèòíûì ïîëåì îñöèëëÿòîðîâ ïðè òåõ æå çíà÷å-
íèÿõ ïàðàìåòðîâ y è z, ÷òî è íà ðèñ. 1–3. 

Èíòåíñèâíîñòè èçëó÷åíèÿ íåñêîëüêî îòëè÷àþò-
ñÿ äðóã îò äðóãà. Ýòî ñâÿçàíî ñ ðàçëè÷íîé âåëè÷è-
íîé âåðîÿòíîñòè ïåðåõîäà ñ îäíîãî óðîâíÿ ýíåðãèè 
íà äðóãîé. Äëÿ äðóãèõ ïàðàìåòðîâ y è z ñîîòâåòñò-
âóþùèå ðàñïðåäåëåíèÿ èìåþò òàêóþ æå ñòðóêòóðó.   

Íàéäåííûå òåîðåòè÷åñêè çàâèñèìîñòè ïîêàçûâà-
þò, ÷òî ïðè ìàëûõ íàïðÿæåííîñòÿõ ìàãíèòíûõ ïîëåé 

ñïåêòð èçëó÷åíèÿ ñîäåðæèò áîëüøîå ÷èñëî èíòåíñèâ-
íûõ ãàðìîíèê öèêëîòðîííîé ÷àñòîòû. Ïðè óâåëè÷å-
íèè íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ îòíîñèòåëüíàÿ 
èíòåíñèâíîñòü ãàðìîíèê óìåíüøàåòñÿ. Ýòè ðåçóëü-
òàòû íà êà÷åñòâåííîì óðîâíå ñîãëàñóþòñÿ ñ ýêñïåðè-
ìåíòîì. Áîëüøîå ÷èñëî öèêëîòðîííûõ ãàðìîíèê íà-
áëþäàåòñÿ â «ïîëÿðíîì» ñèÿíèè (èçëó÷åíèå, â òîì 
÷èñëå è öèêëîòðîííîå, çàðÿæåííûõ ÷àñòèö â ìàã-
íèòíîì ïîëå Çåìëè), à â ñèëüíûõ ïîëÿõ – ìàëîå 
÷èñëî ãàðìîíèê öèêëîòðîííîé ÷àñòîòû [6]. 
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I.V. Ivanov, V.N. Ivanov. Cyclotron radiation of charged particles exposed to permanent stochastic 
perturbation. 

Influence of permanent stochastic perturbation on charged particles which are taking place in a stationary 
magnetic field theoretically is explored. For this purpose the nonlinear equation Schrödinger is solved. It is  
obtained, that in feeble magnetic fields the major number of harmonics cyclotron radiation is raised. At magni-
fication of a field gradient the number of harmonics decreases and at some quantity of intensity the radiation 
generally can disappear. The curves of a temperature dependence of population probability of quantum levels 
by an induced field of oscillators are defined. 

 
 


