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Ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ðÿäà ýêñïîíåíò s(g) â ñëó÷àå îäíîé ëèíèè  

ñ ëîðåíòöåâñêèì, äîïëåðîâñêèì è ôîéãòîâñêèì êîíòóðàìè. Ïðåäëîæåí ñïîñîá îöåíêè ôóíêöèè ïîãëîùåíèÿ 
ïðè ìàëûõ äàâëåíèÿõ, îñíîâàííûé íà àñèìïòîòè÷åñêîé îöåíêå ïðåäñòàâëÿþùåãî åå èíòåãðàëà, çàïèñàííîãî 
ñ ïîìîùüþ ðÿäà ýêñïîíåíò äëÿ îäíîé ëèíèè è äëÿ ïðîèçâîëüíîãî ÷èñëà ëèíèé. Íà ÷èñëåííûõ ïðèìåðàõ 
ïîêàçàíî, ÷òî àñèìïòîòè÷åñêèå îöåíêè ìîãóò áûòü èñïîëüçîâàíû â øèðîêîé îáëàñòè äàâëåíèé è ïðîñòû  
â ïðèìåíåíèè. Ïðèâåäåíû êà÷åñòâåííûå îöåíêè îáëàñòè èõ ïðèìåíèìîñòè. Ïîêàçàíî íàëè÷èå íà êðèâîé 
s(g) òî÷åê ïåðåãèáà â òî÷êàõ, îòâå÷àþùèõ ìàêñèìóìàì ëèíèé, è îòìå÷åíî èõ âîçìîæíîå âëèÿíèå íà òî÷-
íîñòü ðàñ÷åòà ïðè ìàëûõ äàâëåíèÿõ. 

 

Êëþ÷åâûå ñëîâà: ðÿäû ýêñïîíåíò, ìàëûå äàâëåíèÿ, àñèìïòîòè÷åñêèå îöåíêè ïðîïóñêàíèÿ. 

 
Ââåäåíèå 

Êëèìàòè÷åñêèå ìîäåëè ïðåäúÿâëÿþò âûñîêèå 
òðåáîâàíèÿ ê ðàñ÷åòàì ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ 
â àòìîñôåðå. 

Line-by-line-ðàñ÷åòû ïîãëîùåíèÿ àòìîñôåðíû-
ìè ãàçàìè ñ ïðàâèëüíûì êîíòóðîì ñïåêòðàëüíûõ 
ëèíèé ÿâëÿþòñÿ ïîäõîäÿùèìè ïî òî÷íîñòè, îäíàêî 
ñîâåðøåííî íåïðèåìëåìû â ðàäèàöèîííûõ áëîêàõ 
êëèìàòè÷åñêèõ ìîäåëåé, òàê êàê òðåáóþò íåîáîçðè-
ìîãî êîëè÷åñòâà âðåìåíè.  

Ðåøåíèå ïðîáëåìû òî÷íîãî ðàñ÷åòà îêàçàëîñü 
âîçìîæíûì ïðè èñïîëüçîâàíèè ðàçëîæåíèé ðàäèà-
öèîííûõ âåëè÷èí â ðÿäû ýêñïîíåíò. Ýòîò ïðèåì, 
íàçûâàåìûé òàêæå ìåòîäîì k-ðàñïðåäåëåíèÿ, ÿâëÿ-
åòñÿ ñåé÷àñ íàèáîëåå ðàñïðîñòðàíåííûì ïðè ðàñ-
ñìîòðåíèè ðàäèàöèîííûõ ñâîéñòâ àòìîñôåðû. Êàê 
ïðàâèëî, ñïîñîáû íàõîæäåíèÿ êîýôôèöèåíòîâ òà-
êèõ ðàçëîæåíèé ñâîäÿòñÿ ê ðàçëè÷íûì ìåòîäàì 
ìèíèìèçàöèè, ò.å. ê ÷èñòî âû÷èñëèòåëüíîé ïðîöå-
äóðå. Àëãîðèòìû, èñïîëüçóþùèå ðÿäû ýêñïîíåíò  
â áîëüøèõ ìîäåëÿõ, ñòàëêèâàþòñÿ ñ íåêîòîðûìè 
òðóäíîñòÿìè, êîãäà íåîáõîäèìî ïðîèçâîäèòü ðàñ÷å-
òû ïðè ìàëûõ äàâëåíèÿõ â âûñîêèõ ñëîÿõ àòìî-
ñôåðû. Ýòî ñâÿçàíî ñ òåì, ÷òî èç-çà ñïåöèôè÷åñêî-
ãî ïîâåäåíèÿ óïîðÿäî÷åííûõ êîýôôèöèåíòîâ ïî-
ãëîùåíèÿ ïðè ìàëûõ äàâëåíèÿõ íóæíî ó÷èòûâàòü 
áîëüøîå ÷èñëî ÷ëåíîâ ðÿäà ýêñïîíåíò äëÿ äîñòèæå-
íèÿ íåîáõîäèìîé òî÷íîñòè. 

Íàèáîëåå ðåëüåôíî ýòà ïðîáëåìà î÷åð÷åíà  
â ðàáîòå Chou et al. [1]. Òàê, ïðè âû÷èñëåíèè 
ôóíêöèè ïðîïóñêàíèÿ äëÿ âîäÿíîãî ïàðà áûëî  
 

 
 

*  Còàíèñëàâ Äìèòðèåâè÷ Òâîðîãîâ ; Îëüãà Áîðèñîâ-
íà Ðîäèìîâà (rod@iao.ru). 

ïîêàçàíî, ÷òî âêëàä â ñêîðîñòü âûõîëàæèâàíèÿ ïðè 
äàâëåíèÿõ ìåíüøå 1 ìáàð ïðîèñõîäèò îò î÷åíü ìà-
ëîé äîëè (< 0,005) ñïåêòðà âáëèçè öåíòðîâ ïîëîñ 
ïîãëîùåíèÿ, ãäå êîýôôèöèåíòû ïîãëîùåíèÿ ìåíÿ-
þòñÿ íà 4 ïîðÿäêà âåëè÷èíû. Ýòî òðåáóåò ïî êðàé-
íåé ìåðå 100 ÷ëåíîâ â k-ðàñïðåäåëåíèè, ÷òîáû òî÷-
íî âû÷èñëèòü ñêîðîñòü âûõîëàæèâàíèÿ.  

Â îäíîé èç íàèáîëåå ðàçðàáîòàííûõ ìîäåëåé 
ðàäèàöèîííîãî ïåðåíîñà [2] ÈÊ-äèàïàçîí (10–
3000 ñì–1) äåëèòñÿ íà 16 ó÷àñòêîâ-ïîëîñ. Êàæäàÿ 
ñïåêòðàëüíàÿ ïîëîñà ðàçäåëåíà, â ñâîþ î÷åðåäü, íà 
16 èíòåðâàëîâ â g ïðîñòðàíñòâå. Èç íèõ 7 èíòåðâà-
ëîâ ïîìåùåíû ìåæäó g = 0,98 è g = 1,0, ÷òî ñäå-
ëàíî äëÿ òîãî, ÷òîáû òî÷íî îïðåäåëèòü ñêîðîñòü 
âûõîëàæèâàíèÿ â îáñòîÿòåëüñòâàõ, êîãäà îñíîâíîé 
âêëàä âíîñÿò öåíòðû ëèíèé â ïîëîñå, èíûìè ñëî-
âàìè, äîëÿ k-ðàñïðåäåëåíèÿ, èìåþùàÿ çíà÷åíèÿ g 
îêîëî 1. Î÷åâèäíûì îáðàçîì ïîëó÷àåòñÿ, ÷òî âû-
÷èñëèòåëüíûå óñèëèÿ ñòàíîâÿòñÿ òåì áîëüøå, ÷åì 
ìåíüøå êîýôôèöèåíò ïîãëîùåíèÿ è, ñîîòâåòñòâåí-
íî, ìåíüøå åãî âêëàä â ôóíêöèþ ïðîïóñêàíèÿ. Òà-
êîå ïîëîæåíèå âûçûâàåò îùóùåíèå íåðàöèîíàëüíî-
ñòè ïðîèñõîäÿùåãî, êîãäà äëÿ ðàñ÷åòà ìàëûõ âåëè-
÷èí òðåáóåòñÿ áîëüøå âðåìåíè, ÷åì äëÿ áîëüøèõ. 
 Òèïè÷íûé âèä êîýôôèöèåíòà ïîãëîùåíèÿ ïî-
êàçàí íà ðèñ. 1 äëÿ ÷àñòè ñïåêòðà ÑÎ2 ïðè áîëü-
øèõ è ìàëûõ äàâëåíèÿõ. Ïðè ìàëûõ äàâëåíèÿõ, 
î÷åâèäíî, ïîãëîùåíèå îïðåäåëÿåòñÿ óçêèìè ó÷àñò-
êàìè ñïåêòðà âáëèçè ñèëüíûõ ëèíèé. Ýòî îòðàæà-
åòñÿ è â ðàçëè÷èè ïîâåäåíèÿ s(g) (ðèñ. 2) äëÿ òîãî 
æå ó÷àñòêà ñïåêòðà.  

Ñ óìåíüøåíèåì äàâëåíèÿ (ñì. ðèñ. 1 è 2) êðè-
âûå s(g) (îñòàâàÿñü, åñòåñòâåííî, ìîíîòîííûìè) 
ðåçêî âîçðàñòàþò â îêðåñòíîñòè g = 1, êàê è ãîâî-
ðèëîñü âûøå, è îïðåäåëÿþòñÿ «âåðøèíàìè» íàèáî-
ëåå  ñèëüíûõ  â  ðàññìàòðèâàåìîì  èíòåðâàëå  ëèíèé. 
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Ðèñ. 1. Êîýôôèöèåíò ïîãëîùåíèÿ ÑÎ2. Ò = 296 Ê, ëîðåíò-
öåâñêèé êîíòóð äî 10 ñì–1, øàã = 0,001 ñì–1; èíòåðâàë  
 780–800 ñì–1 
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Ðèñ. 2. Ôóíêöèÿ s(g) äëÿ CO2. Ò = 296 Ê, ëîðåíòöåâñêèé  
 êîíòóð äî 10 ñì–1, øàã = 0,001 ñì–1; èíòåðâàë 780–800 ñì–1 

 

Çäåñü ñëåäóåò îòìåòèòü, ÷òî â îòëè÷èå îò îáû÷-
íî ïðèìåíÿåìîé äëÿ íàõîæäåíèÿ s(g) ìèíèìèçàöèè 
ñóùåñòâóþò òî÷íûå ôîðìóëû äëÿ êîýôôèöèåíòîâ 
ðàçëîæåíèÿ ðàäèàöèîííûõ âåëè÷èí â ðÿäû ýêñïî-
íåíò [3], âûðàæàþùèå èõ ÷åðåç êîýôôèöèåíòû ïî-
ãëîùåíèÿ, êîòîðûå ïîçâîëÿþò çíà÷èòåëüíî óïðî-
ñòèòü íåîáõîäèìûå âû÷èñëåíèÿ. Áîëåå òîãî, ðàçâè-
âàåìûé àâòîðàìè [3] ïîäõîä ïîçâîëÿåò ïî-íîâîìó 
ðàññìîòðåòü è ïðîáëåìû, ñâÿçàííûå ñ ñèòóàöèåé 
ìàëûõ äàâëåíèé â ñðåäíåé è âåðõíåé àòìîñôåðå.  
 Â ðàçä. 1 ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ 
äëÿ s(g) äëÿ ëîðåíòöåâñêîãî, äîïëåðîâñêîãî è ôîéã-
òîâñêîãî êîíòóðîâ â ñëó÷àå îäíîé ëèíèè. Â ðàçä. 2 
ïðåäñòàâëåíà àñèìïòîòè÷åñêàÿ îöåíêà äëÿ ôóíêöèè 
ïðîïóñêàíèÿ îäíîé ëèíèè ñ èñïîëüçîâàíèåì s(g), 
ïîëó÷åííûõ â ðàçä. 1. Â ðàçä. 3 ïðåäëàãàåìûé 
àñèìïòîòè÷åñêèé ïðèåì îáîáùåí íà ñëó÷àé íàëè÷èÿ 
â ðàññìàòðèâàåìîì èíòåðâàëå ïðîèçâîëüíîãî ÷èñëà 
ëèíèé. 

1. Çíà÷åíèÿ s(g)  

äëÿ èçîëèðîâàííîé ëèíèè 

Ïðèâåäåì îáùèå ôîðìóëû äëÿ êîýôôèöèåíòîâ 
ðàçëîæåíèÿ ðàäèàöèîííûõ âåëè÷èí â ðÿäû ýêñïî-
íåíò, âûðàæàþùèå èõ ÷åðåç êîýôôèöèåíòû ïîãëî-
ùåíèÿ (ñì., íàïðèìåð, [3–5]).  

Ôóíêöèÿ ïðîïóñêàíèÿ P(ω) â èíòåðâàëå ÷àñòîò 
Δω = ω″ – ω″ èìååò âèä 
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ãäå z – îïòè÷åñêàÿ òîëùà; κ(ω) – ñïåêòðàëüíûé 
êîýôôèöèåíò ïîãëîùåíèÿ; f(s) – ïðåîáðàçîâàíèå 
Ëàïëàñà P(z); g(s) – ïðåîáðàçîâàíèå Ëàïëàñà 
ôóíêöèè P(z)/z; s(g) – ôóíêöèÿ, îáðàòíàÿ g(s); 
s(g) åñòü óïîðÿäî÷åííûå ïî âåëè÷èíå çíà÷åíèÿ κ(ω) 

äëÿ [ ];ω ∈ Δω  b
ν
, g

ν
 – îðäèíàòû è àáñöèññû ñîîò-

âåòñòâóþùåé êâàäðàòóðíîé ôîðìóëû. Ïîñòðîåíèå 
ôóíêöèè g(s) èëëþñòðèðóåò ðèñ. 3.  

 

 
Ðèñ. 3. Ñõåìà èíòåãðèðîâàíèÿ äëÿ g(s). Äëÿ çàäàííîãî s 
çíà÷åíèå g ïðåäñòàâëÿåò ñîáîé ñóììó èíòåðâàëîâ, â êîòî- 
 ðûõ κ(ω) < s 

 

Ñîîòíîøåíèå (3) ïîçâîëÿåò ïîëó÷èòü àíàëèòè-
÷åñêèå âûðàæåíèÿ äëÿ s(g) îäíîé ëèíèè â ñëó÷àå 
íàèáîëåå óïîòðåáèòåëüíûõ êîíòóðîâ – ëîðåíòöåâ-
ñêîãî, äîïëåðîâñêîãî è ôîéãòîâñêîãî. Ðàññìîòðèì 
íåñêîëüêî ñïîñîáîâ ïîëó÷åíèÿ s(g). Îäèí èç íèõ – 
èñïîëüçîâàíèå â ñîîòíîøåíèè (3) îïðåäåëåíèÿ g 
êàê ñóììû èíòåðâàëîâ ÷àñòîò, â êîòîðûõ κ(ω) < s. 
 Ïóñòü èìååì ëîðåíòöåâñêèé êîíòóð (ðèñ. 4), 
Q, α, ω0 – èíòåíñèâíîñòü, ñòîëêíîâèòåëüíàÿ ïîëó-
øèðèíà è öåíòð ñïåêòðàëüíîé ëèíèè; Δω = ω2 – ω1 – 
ñïåêòðàëüíûé èíòåðâàë, â êîòîðîì ðàññìàòðèâàåòñÿ 
ïîãëîùåíèå: 
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Ðèñ. 4. Ê ðàñ÷åòó s(g) äëÿ ëîðåíòöåâñêîãî êîíòóðà 
 
Äëÿ íåêîòîðîãî çíà÷åíèÿ s  êîýôôèöèåíòà ïî-

ãëîùåíèÿ 

 
2 2

0

1
,

( )

Q
s

α
=

π ω − ω + α

 

îòêóäà  

 ( ) 2

0

Q

s

α
ω − ω = ± − α

π

 è 2 1.
Q

s
′ ′′ω − ω = α −

π α
 

Äîëÿ èíòåðâàëà, â êîòîðîé k > s: 

 
2

( ) 1.
Q

g s
s

′ ′′ω − ω α
= = −

Δω Δω π α
  (5) 

Îòñþäà òî÷íàÿ ôîðìóëà äëÿ s(g)  â ñëó÷àå îä-
íîé ëèíèè ñ ëîðåíòöåâñêèì êîíòóðîì 

 
2

2

1
( ) .

1 (1 )
2

Q
s g

g

=
πα Δω⎛ ⎞

+ −⎜ ⎟
α⎝ ⎠

  (6) 

Äëÿ äîïëåðîâñêîé ëèíèè ñ ïîëóøèðèíîé DΔω  
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Âûðàæåíèå (6) ìîæåò áûòü òàêæå ïîëó÷åíî 
íåïîñðåäñòâåííî èç ôîðìóëû (3) ñ ïîìîùüþ îïðå-
äåëåíèÿ g êàê èíòåãðàëà îò P(z)/z ïóòåì çàìåíû 
ïåðåìåííûõ  
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è îöåíêè çàòåì ïîëó÷èâøåãîñÿ êîíòóðíîãî èíòåãðà-
ëà. Îäíàêî èìååòñÿ åùå áîëåå ïðîñòîé ñïîñîá çàïè-
ñè s(g), ïðèìåíèìûé äëÿ ëþáîãî ñèììåòðè÷íîãî 
êîíòóðà. 

Ïóñòü s = ϕ(x) – ÷åòíàÿ ôóíêöèÿ áåçðàçìåð-
íîé ïåðåìåííîé x (ðèñ. 5). Î÷åâèäíî, âåëè÷èíà 
ïðîìåæóòêà [a, b] = 2x [x = ϕ–1(s) ïî îïðåäåëåíèþ 
îáðàòíîé ôóíêöèè]. 

 

 
Ðèñ. 5. Ê ïîñòðîåíèþ s(g) äëÿ ïðîèçâîëüíîé ÷åòíîé  
 ôóíêöèè ϕ(x) 
 

Ñ äðóãîé ñòîðîíû, [a, b] = 1 – g [ïî îïðåäå-
ëåíèþ (3)], îòêóäà  

 ( )11

2

g
s

−

−
= ϕ  èëè 

1

2

g
s

−⎛ ⎞= ϕ⎜ ⎟
⎝ ⎠

.  

Åñëè òåïåðü ðàññìîòðåòü êîíòóð ëèíèè f(ω – ω0) 
è ïåðåéòè â íåì ê ïåðåìåííîé x:  

 0 ,axω − ω =   òî 0( ) ( ) ( ).f f ax xω − ω = ≡ ϕ   

Ìîæíî çàïèñàòü 
1

2

g

a

− Δω
= , ãäå Δω  – èíòåðâàë 

ðàññìàòðèâàåìûõ ÷àñòîò. Òîãäà  

 0

(1 )
( ) ,

2

g
f f

− Δω⎛ ⎞
ω − ω = ⎜ ⎟

⎝ ⎠
  

(1 )
( ) ,

2

g
s g f

− Δω⎛ ⎞
= ⎜ ⎟

⎝ ⎠
  (9) 

ò.å. ôóíêöèÿ s(g) ïîëó÷àåòñÿ ïðè çàìåíå â âûðàæå-

íèè äëÿ êîíòóðà ðàçíîñòè 0ω − ω  íà 
(1 )

.
2

g− Δω
  

Êàê âèäíî, âûðàæåíèÿ äëÿ ëîðåíòöåâñêîãî è äîï-
ëåðîâñêîãî êîíòóðîâ ïîäòâåðæäàþò ýòî ïðàâèëî. 
Òåïåðü ìîæåò áûòü íåïîñðåäñòâåííî çàïèñàíî âû-
ðàæåíèå äëÿ s(g) â ñëó÷àå ôîéãòîâñêîãî êîíòóðà.  
 Êîíòóð Ôîéãòà èìååò âèä 
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2

1/2
2

0 2 2
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e
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∞
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∞
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⎛ ⎞ ⎛ ⎞κ ω − ω = =⎜ ⎟ ⎜ ⎟ω π π + ξ −⎝ ⎠⎝ ⎠

⎛ ⎞= ⎜ ⎟β π + ξ −⎝ ⎠

∫

∫

 

(10)
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= =⎜ ⎟
ω π Δω⎝ ⎠
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Çäåñü α è ΔωD – ñòîëêíîâèòåëüíàÿ è äîïëåðîâñêàÿ 
ïîëóøèðèíû ñïåêòðàëüíîé ëèíèè;  

 ( ) ( )
( )

2

1/2

22

e
ln2 ,

y

D

Q a
s g dy

a y

∞
−

−∞

⎛ ⎞= ⎜ ⎟Δω π⎝ ⎠ + ξ −∫   (11) 

ãäå  
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1/2
2
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ln2
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(1 )
ln2 .
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D

D

mc

kT

g

⎛ ⎞ω − ω ω − ω
ξ = = =⎜ ⎟

ω π Δω⎝ ⎠

− Δω
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Çíà÷åíèÿ s(g), âû÷èñëåííûå ïî ïîëó÷åííûì 
çäåñü ôîðìóëàì è íåïîñðåäñòâåííî ñ ïîìîùüþ ñî-
îòíîøåíèé (3) ÷åðåç êîýôôèöèåíò ïîãëîùåíèÿ, 
ñîâïàäàþò ïîëíîñòüþ, êîãäà ðàññìàòðèâàåòñÿ ÷àñ-
òîòíûé èíòåðâàë, â êîòîðîì ëèíèÿ ðàñïîëîæåíà 
ñèììåòðè÷íûì îáðàçîì â åãî öåíòðå.  

2. Àñèìïòîòè÷åñêàÿ îöåíêà  
äëÿ ôóíêöèè ïðîïóñêàíèÿ îäíîé ëèíèè 

Îñîáåííîñòè ïîâåäåíèÿ s(g) ïðè âûñîêèõ è ìà-
ëûõ äàâëåíèÿõ ìîæíî áûëî óâèäåòü íà ðèñ. 2. Äëÿ 
îäíîé ëèíèè ýòè îñîáåííîñòè, êîíå÷íî, îñòàþòñÿ,  
è çíà÷åíèå ïðîïóñêàíèÿ ïðè ìàëûõ äàâëåíèÿõ îï-
ðåäåëÿåòñÿ íåáîëüøîé îáëàñòüþ îêîëî çíà÷åíèÿ 
g = 1.  

Ôîðìóëû äëÿ s(g), ïîëó÷åííûå â ïðåäûäóùåì 
ðàçäåëå, ïîçâîëÿþò äåòàëüíî ïðîàíàëèçèðîâàòü ïî-
âåäåíèå s(g) â îêðåñòíîñòè òî÷êè g = 1.  

Äëÿ ðàññìîòðåííûõ â ðàçä. 1 êîíòóðîâ ïðè 
g = 1  

 ( )1 0,s′ =  ( )1 0.s′′ <   (12) 

Äëÿ ëîðåíòöåâñêîãî êîíòóðà (6) èìååì 

 ( )1 ,
Q

s =

πα

 ( )
2

3
1 .

2

Q
s

Δω
′′ = −

πα
  

Äëÿ äîïëåðîâñêîãî êîíòóðà (7) 

 ( )1 ,
D

Q
s =

πΔω
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2 D
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Δω
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Â ñëó÷àå ôîéãòîâñêîãî êîíòóðà (10) 
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Δω
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Δω
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1 ln2 .
D

Q a⎛ ⎞γ = ⎜ ⎟Δω π⎝ ⎠
 

Óñëîâèÿ (12) ïîçâîëÿþò èñïîëüçîâàòü àñèìïòî-
òè÷åñêóþ îöåíêó ôóíêöèè ïðîïóñêàíèÿ â îêðåñòíî-

ñòè g = 1 ïðè ìàëûõ äàâëåíèÿõ. ×òîáû ñîáëþñòè 
óñëîâèÿ ïðèìåíåíèÿ ìåòîäà ïåðåâàëà, ðàññìîòðèì 
âûðàæåíèå A, ñâÿçàííîå èçâåñòíûì îáðàçîì ñ èñ-
êîìîé ôóíêöèåé ïðîïóñêàíèÿ: 

 ( )
1

0

e ,
gA dg ϕ

= ∫  ( ) ( )( )ln 1 e .
us g

g
−

ϕ = −   (13) 

Ýòà çàìåíà îðèåíòèðîâàíà íà ôèçèêó çàäà÷è, 
íà ìàëûå äàâëåíèÿ â âåðõíèõ ñëîÿõ àòìîñôåðû, 
ò.å. ïðåäïîëàãàåò ìàëîñòü u. Äàëåå ñîîòâåòñòâóþ-
ùàÿ ìåòîäó ïåðåâàëà ñòàíäàðòíàÿ ïðîöåäóðà [6]  
è ñëåäóþùåå èç (13) ñîîòíîøåíèå P = 1 – A äàþò 
 

 ( )( )
( )

( )
1

3/2 1
1 21 1 e e / 1 .

2

us
us

as
P u s

−

π
′′= − −  (14) 

Ïðè u → 0 ôîðìóëà (14) ïðèâîäèò ê Pas = 1.  
Ïðèâåäåì ïðèìåð ðàñ÷åòà ôóíêöèè ïîãëîùåíèÿ 

ñ ïîìîùüþ àñèìïòîòè÷åñêîé îöåíêè (14) (ðèñ. 6).  
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Ðèñ. 6. Ôóíêöèÿ ïîãëîùåíèÿ A = 1 – P äëÿ îäíîé ëèíèè, 
âû÷èñëåííàÿ ñ ïîìîùüþ àñèìïòîòè÷åñêîé îöåíêè (13) 
(êðèâûå) è ìåòîäîì lbl (òî÷êè): 1 – ïîëíîå äàâëåíèå 
p = 0,1 ìáàð, T = 230 Ê; 2 – p = 0,001 ìáàð, T = 190 Ê;  
 3 – p = 0,0001 ìáàð, T = 230 Ê; äîëÿ ÑÎ2 3 ⋅ 10

-4 

 

Âûáðàííûå óñëîâèÿ ðàñ÷åòà îòíîñÿòñÿ ê ñòàí-
äàðòíîé àòìîñôåðå ëåòà ñðåäíèõ øèðîò. Âèäíî, ÷òî 
àñèìïòîòè÷åñêàÿ îöåíêà, êîòîðàÿ íå çàâèñèò îò 
òî÷íîñòè ðàñ÷åòà êîýôôèöèåíòà ïîãëîùåíèÿ, ñîâ-
ïàäàåò ñ ðàñ÷åòîì line-by-line ïðè ñðåäíèõ äàâëå-
íèÿõ è íà÷èíàåò îòêëîíÿòüñÿ îò íåãî ïðè ìàëûõ 
äàâëåíèÿõ è ðàññòîÿíèÿõ. Îòìåòèì, ÷òî â àñèìïòî-
òè÷åñêîì ðàñ÷åòå èñïîëüçîâàëàñü äîïëåðîâñêàÿ 
ôîðìà êîíòóðà.  

Ïðè ìàëûõ äàâëåíèÿõ èìåííî îáëàñòü áûñòðî-
ãî èçìåíåíèÿ s(g) äàåò ïðåîáëàäàþùèé âêëàä â âå-
ëè÷èíó èíòåãðàëà P. Ýòà îáëàñòü – «çîíà âëèÿíèÿ» 
Δg (â òåðìèíàõ àñèìïòîòè÷åñêîãî àíàëèçà), îöåíè-
âàåòñÿ ñòàíäàðòíûì îáðàçîì [7]: 
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Âåëè÷èíà ( )2/ 1′′ϕ  äëÿ ðàññìîòðåííîãî íà ðèñ. 6 

ñëó÷àÿ ðàâíà 0,01 ñì–1. 
Îòñþäà òàêæå ñëåäóåò îãðàíè÷åíèå äëÿ u, îï-

ðåäåëÿþùåå â íåêîòîðîé ñòåïåíè ãðàíèöû ïðèìå-
íèìîñòè (14): 
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  (16) 

Ââåäåì îáîçíà÷åíèÿ 
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Óñëîâèåì ïðèìåíèìîñòè àñèìïòîòèêè áóäåò 1 2.f f>  

Êàê âèäíî èç ðèñ. 7 äëÿ ñïåêòðàëüíîãî èíòåðâàëà 
780,567–780,7, îáëàñòü ïðèìåíèìîñòè àñèìïòîòèêè 
ðàñïðîñòðàíÿåòñÿ ïðèìåðíî îò L*κ = 10–5 â ñòîðî-
íó ìåíüøèõ L*κ. 
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Ðèñ. 7. Îãðàíè÷åíèÿ íà ïîãëîùàþùèå ìàññû, âûòåêàþùèå 
èç (16). Ïóíêòèðíûå ëèíèè f1, f2 îòâå÷àþò ïîëíîìó äàâ-
ëåíèþ 10 ìáàð, äàâëåíèþ ÑÎ2 3 ⋅ 10–3 ìáàð, Ò = 238; 
ñïëîøíûå êðèâûå f1, f2 îòâå÷àþò ïîëíîìó äàâëåíèþ 
1 ìáàð, äàâëåíèþ ÑÎ2 3 ⋅ 10–4 ìáàð, Ò = 275 Ê. Êðèâûå 
f1, f2 ïðè áîëåå íèçêèõ äàâëåíèÿõ ïðàêòè÷åñêè íå îòëè÷à- 
 þòñÿ îò òàêîâûõ ïðè 1 ìáàð 

3. Àñèìïòîòè÷åñêàÿ îöåíêà  
äëÿ ôóíêöèè ïðîïóñêàíèÿ  

ïðè ïðîèçâîëüíîì ÷èñëå ëèíèé  
â ðàññìàòðèâàåìîì èíòåðâàëå 

Ïðè ìàëîì äàâëåíèè áóôåðíîãî ãàçà ëèíèè íå 
ñëèøêîì ïåðåêðûâàþòñÿ èç-çà íåáîëüøîé èõ ïîëó-
øèðèíû. Ïîýòîìó, ÷òîáû îòìåòèòü íåêîòîðûå õà-
ðàêòåðíûå äëÿ ïîäîáíîé ñèòóàöèè äåòàëè, ìîæíî 
ãîâîðèòü î ïðåäåëüíîì ñëó÷àå íåïåðåêðûâàþùèõñÿ 
ëèíèé (ðèñ. 8). Çäåñü j – èíäåêñ ëèíèè. 

Â ýòîì ñëó÷àå [ïðÿìîå ñëåäñòâèå (1)]: 

 ( ) exp[ ( )],
j j

j j

j j

P P z b zs g
ν ν

ν

Δω Δω
= = −

Δω Δω
∑ ∑ ∑   (17) 

ãäå g(s) ñòðîèòñÿ äëÿ êàæäîé ëèíèè è ïåðåõîä  
ê ðÿäó ýêñïîíåíò îñóùåñòâëÿåòñÿ äëÿ Pj-ôóíêöèè 
ïðîïóñêàíèÿ îòäåëüíîé ëèíèè.  
 

 
Ðèñ. 8. Ñõåìàòè÷åñêèé ñïåêòð äëÿ ñèòóàöèè ìàëûõ äàâëåíèé 

 

Ïîíÿòíî, ÷òî (17) óâåëè÷èâàåò ÷èñëî ÷ëåíîâ 
ðÿäà. Äàëåå, ñëåäñòâèåì (2) è (3) áóäåò (äëÿ ñïåê-
òðà íà ðèñ. 8) 

 ( ) ( ).j

j

g s g s=∑   (18) 

Íî, êîíå÷íî æå,  

 ( ) ( ).j

j

s g s g≠∑   (19) 

Çäåñü g(s) è s(g) ïîñòðîåíû äëÿ ïîëíîãî ñïåêòðà. 
Â ýòèõ æå îáîçíà÷åíèÿõ ïðèìåíåíèå êâàäðàòóðíûõ 
ôîðìóë äàåò 

 ( ) ( )
e e .

jzs gj zs g

j

b bν ν
− −

ν ν

ν ν

Δω
=

Δω
∑ ∑ ∑   (20) 

Íî (20) íå ñíèìàåò íåðàâåíñòâî (19). Èíûìè ñëî-
âàìè, äàæå àñèìïòîòè÷åñêîå (ñì. ðèñ. 8) ïðåäïîëî-
æåíèå îá èçîëèðîâàííûõ ëèíèÿõ íå óñòðàíÿåò ïðî-
öåäóðó ïîñòðîåíèÿ s(g) ñâåäåíèåì åå ê sj(g).  

Èòàê, s(g) äëÿ èíòåðâàëà, ñîäåðæàùåãî îò-
äåëüíûå ëèíèè, íå âûðàæàåòñÿ ÷åðåç sj äëÿ îòäåëü-
íûõ ëèíèé. Õîòÿ è ìîæíî ñòðîèòü ðàçëîæåíèÿ äëÿ 
îòäåëüíûõ ëèíèé âî âñåì èíòåðâàëå Δω è èñïîëüçî-
âàòü èõ â (20), íî ïðè ýòîì ñèëüíî âîçðàñòàåò ÷èñëî 
÷ëåíîâ ðàçëîæåíèÿ (ïðîïîðöèîíàëüíî ÷èñëó ëè-
íèé). Îäíàêî, êàê âèäíî èç ðèñ. 1 è 8, ïðîïóñêà-
íèå ïðè ìàëûõ äàâëåíèÿõ îïðåäåëÿåòñÿ ñóììîé 
íàèáîëåå ñèëüíûõ ëèíèé: 

 ,

j
j

j

P P
Δω

=
Δω

∑  

è â ñëó÷àå àñèìïòîòè÷åñêîé îöåíêè èìååì 

 .

j
as jas

j

P P
Δω

=
Δω

∑   (21) 

Ïðèìåð ðàñ÷åòà ôóíêöèè ïîãëîùåíèÿ ïî ôîðìó-
ëå (21) ñ ïîñëåäîâàòåëüíûì ó÷åòîì íàèáîëåå ñèëü-
íûõ ëèíèé â èíòåðâàëå 780–790 ñì–1 ïðèâåäåí íà 
ðèñ. 9 äëÿ íåñêîëüêèõ íàáîðîâ óñëîâèé, ñîîòâåòñò-
âóþùèõ àòìîñôåðå ëåòà ñðåäíèõ øèðîò.  

Ðàñ÷åò lbl è àñèìïòîòè÷åñêàÿ îöåíêà ñîâïàäà- 
þò äëÿ ïðîìåæóòî÷íûõ ðàññòîÿíèé è äàâëåíèé.  
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Îòêëîíåíèÿ íàáëþäàþòñÿ ïðè áîëüøèõ äàâëåíèÿõ  
è ðàññòîÿíèÿõ (êðèâàÿ 1) è, íàïðîòèâ, – äëÿ ìà-
ëûõ äàâëåíèé è ðàññòîÿíèé (êðèâûå 2, 3). Àñèì-
ïòîòè÷åñêèå îöåíêè ïî ñâîåìó ñìûñëó ñïðàâåäëèâû 
äëÿ ìàëûõ äàâëåíèé è ïðåäïî÷òèòåëüíåå â ýòèõ óñ-
ëîâèÿõ, ÷åì lbl-ðåçóëüòàòû. Âðÿä ëè ìîæíî óêàçàòü 
òî÷íûå ÷èñëåííûå êðèòåðèè èõ ïðèìåíèìîñòè. 
Âî âñÿêîì ñëó÷àå îíè ìîãóò áûòü ïðèìåíåíû, åñëè 
ëèíèè ìîæíî ñ÷èòàòü äîïëåðîâñêèìè è, êàê ïîêà-
çûâàåò ðèñ. 9, èõ ñîâïàäåíèå ñ lbl-ðàñ÷åòîì ïîçâî-
ëÿåò óòâåðæäàòü èõ ñïðàâåäëèâîñòü è äëÿ íå ñëèø-
êîì ìàëûõ äàâëåíèé. Ðàñ÷åò æå ñ ïîìîùüþ àñèì-
ïòîòè÷åñêèõ îöåíîê ìîæåò áûòü ïðîâåäåí, êàê âèä-
íî èç ïðèâåäåííûõ âûøå ôîðìóë, ïðîñòî è áûñòðî.  
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Ðèñ. 9. Ôóíêöèÿ ïîãëîùåíèÿ A = 1 – P äëÿ èíòåðâàëà 
780–790 ñì–1, âû÷èñëåííàÿ ñ ïîìîùüþ àñèìïòîòè÷åñêîé 
îöåíêè (13) (êðèâûå) è ìåòîäîì lbl (òî÷êè): 1 – ïîëíîå 
äàâëåíèå p = 0,1 ìáàð, T = 230 Ê; 2 – p = 0,01 ìáàð, 

T = 170 Ê; 3 – p = 0,0001 ìáàð, T =230 Ê; äîëÿ ÑÎ2  
 3 ⋅ 10–4 

 
Îòìåòèì îñîáåííîñòè ïîâåäåíèÿ s(g), êîòîðûå 

ìîãóò áûòü ñóùåñòâåííû äëÿ ìàëûõ äàâëåíèé. Äëÿ 
j -é ëèíèè 

 ( ) 1 ( ).j jg s f s= −   

Äëÿ íåñêîëüêèõ ëèíèé 

 ( ) ( ).j

j

g s N f s= −∑  

Íàéäåì ïðîèçâîäíóþ îò s(g) êàê ïðîèçâîäíóþ îò 
îáðàòíîé ôóíêöèè:  
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j

s

g g s

f s

∂
= = −
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Òî÷êå s = sjmax äëÿ j -é ëèíèè îòâå÷àåò g = 1. 

Â ýòîé òî÷êå 
s

g′ = ∞  è ñîîòâåòñòâóþùèé ÷ëåí  

â ñóììå îáðàùàåòñÿ â íóëü, ò.å. 0gs′ = . Âòîðàÿ 

ïðîèçâîäíàÿ â ýòîé òî÷êå 
( )

2 2 2

2 2

/

/

s g s

g g s

∂ ∂ ∂
= −

∂ ∂ ∂

 òàêæå 

îáðàùàåòñÿ â íóëü. Ðèñ. 10 ïîÿñíÿåò ñèòóàöèþ. 

    
Ðèñ. 10. Ê ïîñòðîåíèþ îáðàòíîé ôóíêöèè äëÿ s(g) 
 

Èçëîæåííîå îçíà÷àåò, ÷òî íà ôóíêöèè s(g) áó-
äóò âîçíèêàòü òî÷êè ïåðåãèáà. Ñëó÷àé äâóõ ëèíèé 
íà ÷àñòîòàõ 780,633483 è 780,756586 ñì–1 â èíòåð-
âàëå 780,6 – 780,8 ñì–1 ïðèâåäåí íà ðèñ. 11. 
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Ðèñ. 11. Ñïåêòðàëüíûå ëèíèè â èíòåðâàëå 780,6–
780,8 ñì–1 (à) è ñîîòâåòñòâóþùàÿ ôóíêöèÿ s(g), èìåþùàÿ  
 òî÷êó ïåðåãèáà (á) 

 
Íàëè÷èå òàêèõ òî÷åê ïåðåãèáà íà êðèâîé s(g) 

ìîæíî âèäåòü âáëèçè åå ìàêñèìóìà ïðè ëþáûõ 
äàâëåíèÿõ (ðèñ. 12).  

Äëÿ áîëüøèõ äàâëåíèé ñóùåñòâîâàíèå òî÷åê 
ïåðåãèáà íå èìååò áîëüøîãî çíà÷åíèÿ â âû÷èñëè-
òåëüíîì îòíîøåíèè, òàê êàê âêëàä áîëüøèõ g îòíî-
ñèòåëüíî íåâåëèê. Â ñëó÷àå æå ìàëûõ äàâëåíèé îíè 
ìîãóò èìåòü çíà÷åíèå, òàê êàê ïðîïóñêàíèå îïðåäå-
ëÿåòñÿ èìåííî îáëàñòüþ g âáëèçè ìàêñèìóìà. 



 Ðàñ÷åò ôóíêöèé ïðîïóñêàíèÿ ïðè ìàëûõ äàâëåíèÿõ 921 
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Ðèñ. 12. Ôóíêöèÿ ïðîïóñêàíèÿ ÑÎ2 â èíòåðâàëå 780–
880 ñì–1, ïîëíîå äàâëåíèå ð = 1000,0 ìáàð, øàã 10–3 ñì–1;  
 à – èíòåðâàë g âáëèçè ìàêñèìóìà; á – èíòåðâàë g [0, 1] 

Çàêëþ÷åíèå 

Ðàíåå àâòîðàìè áûë ðàçðàáîòàí îðèãèíàëüíûé 
ïîäõîä ê ïîëó÷åíèþ ðàçëîæåíèé ðàäèàöèîííûõ 
âåëè÷èí â ðÿäû ýêñïîíåíò íà îñíîâå òåîðèè ðÿäîâ 
Äèðèõëå (ñì., íàïðèìåð, [3–5] è ññûëêè â íèõ).  
Ñ åãî ïîìîùüþ áûëè ïîëó÷åíû àíàëèòè÷åñêèå âû-
ðàæåíèÿ äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ ôóíêöèé 
ïðîïóñêàíèÿ â ðÿäû ýêñïîíåíò ÷åðåç êîýôôèöèåí-
òû ïîãëîùåíèÿ äëÿ îäíîðîäíûõ [ñì. (3)] è íåîäíî-
ðîäíûõ ñðåä, äëÿ èíòåãðàëîâ ñ ôóíêöèåé èñòî÷íè-
êà, à òàêæå íåïîñðåäñòâåííî äëÿ ðàäèàöèîííûõ 
ïîòîêîâ. Ïîìèìî ÷èñòî ðàñ÷åòíûõ ïðåèìóùåñòâ ïî 
ñðàâíåíèþ ñ ïîëó÷åíèåì s(g) ïóòåì ìèíèìèçàöèè, 
àíàëèòè÷åñêèå âûðàæåíèÿ òèïà (3) ïîçâîëèëè ïðî-
âåñòè áîëåå ãëóáîêèé àíàëèç ñâîéñòâ êîýôôèöèåí-
òîâ k-ðàñïðåäåëåíèÿ.  

Òàê, èñõîäÿ èç îïðåäåëåíèÿ (3) âåëè÷èíû g 
êàê ñóììû èíòåðâàëîâ ÷àñòîò, â êîòîðûõ κ(ω) < s,  
 

óäàëîñü ïîëó÷èòü ôîðìóëû äëÿ êîýôôèöèåíòîâ 
ðÿäà ýêñïîíåíò s(g) â ñëó÷àå îäíîé ëèíèè ñ ëî-
ðåíòöåâñêèì, äîïëåðîâñêèì è ôîéãòîâñêèì êîíòó-
ðàìè. Àíàëèç ïðîèçâîäíîé ôóíêöèè s(g) âûÿâèë 
áîëåå äåòàëüíóþ ñòðóêòóðó ýòîé êðèâîé. Îêàçà-
ëîñü, ÷òî îíà, ïðè îáùåì âîçðàñòàþùåì õàðàêòåðå, 
èìååò òî÷êè ïåðåãèáà â ìåñòàõ, ñîîòâåòñòâóþùèõ 
ìàêñèìóìàì ëèíèé, ÷òî ìîæåò ñêàçàòüñÿ íà òî÷íî-
ñòè ðàñ÷åòà ïðè ìàëûõ äàâëåíèÿõ. 

Ñòðóêòóðà ôóíêöèè s(g) ïðè ìàëûõ äàâëåíèÿõ 
ïîçâîëèëà çàïèñàòü àñèìïòîòè÷åñêóþ îöåíêó äëÿ 
èíòåãðàëà, ïðåäñòàâëÿþùåãî ôóíêöèþ ïðîïóñêàíèÿ 
äëÿ îäíîé è äëÿ ïðîèçâîëüíîãî ÷èñëà ëèíèé. Ïðî-
âåäåííûå äëÿ ïîãëîùåíèÿ ÑÎ2 â îáëàñòè 15 ìêì 
ðàñ÷åòû ïîêàçàëè, ÷òî àñèìïòîòè÷åñêèå îöåíêè ìî-
ãóò áûòü èñïîëüçîâàíû â øèðîêîé îáëàñòè äàâëå-
íèé, ãäå èõ ðåçóëüòàòû ñîâïàäàþò ñ line-by-line-
ðàñ÷åòàìè, èìåÿ ïðåèìóùåñòâî â ïðîñòîòå ôîðìóë 
è â ñêîðîñòè ðàñ÷åòà.  

Â öåëîì ïîëó÷åííûå ðåçóëüòàòû óáåæäàþò  
â òîì, ÷òî ñóãóáî ìàòåìàòè÷åñêèå ïîäõîäû ñêîðåå 
ìîãóò â ðÿäå ñëó÷àåâ ïðèâîäèòü ê èíòåðåñíûì ðå-
çóëüòàòàì è ê ïîíèìàíèþ, ÷åì ïðÿìîå ÷èñëåííîå 
ìîäåëèðîâàíèå. 

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà Ðîññèéñêèì ôîí-
äîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé, ãðàíò ¹ 08-
05-00317. 
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 S.D. Tvorogov , O.B. Rodimova. Calculation of transmission functions for small pressures.  
Analytical expressions for the expansion coefficients of a series of exponents s(g) are derived for the case 

of an individual line with Lorentzian, Dopler and Voigt line contours. The way of estimation of the absorption 
function at small pressures is suggested for an individual line and for an arbitrary number of lines, based on  
asymptotic value of the corresponding integral written with the use of a series of exponents. It is shown  
numerically that asymptotic estimations may be used in a wide range of pressures and are simple in applica-
tions. Qualitative evaluations of their areas of applicability are given. Availability of bending points on the 
s(g) curve in places associated with the line maxima and their possible influence on the calculation accuracy at 
small pressures is noted. 
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