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Ïðåäëîæåíà ìîäèôèêàöèÿ ñïåêòðàëüíî-ôàçîâîãî ìåòîäà äëÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ èçìåíÿþ-

ùèõñÿ âî âðåìåíè ñëó÷àéíûõ ïðîöåññîâ è ïîëåé. Â àëãîðèòìå èñïîëüçóåòñÿ ìîäåëü àâòîðåãðåññèè ñî ñêîëü-
çÿùèì ñðåäíèì, îïèñûâàåìàÿ äèñêðåòíûì ðàçíîñòíûì óðàâíåíèåì. Ðåàëèçàöèÿ àëãîðèòìà îòëè÷àåòñÿ ïðî-
ñòîòîé è ýôôåêòèâíîñòüþ ïðè ìîäåëèðîâàíèè äèíàìè÷åñêèõ çàäà÷ àòìîñôåðíîé è àäàïòèâíîé îïòèêè. 

 

Êëþ÷åâûå ñëîâà: Âû÷èñëèòåëüíûå àëãîðèòìû, êîìïüþòåðíîå ìîäåëèðîâàíèå, ñëó÷àéíûå ïðîöåññû, 
àòìîñôåðíàÿ òóðáóëåíòíîñòü, àäàïòèâíàÿ îïòèêà; computational algorithms, computer simulations, random 
media, atmospheric turbulence, adaptive optics. 

 

Ìåòîäû âû÷èñëèòåëüíîé ôèçèêè ïðî÷íî çàâîå-
âàëè ëèäèðóþùèå ïîçèöèè â ñîâðåìåííûõ ðàçäåëàõ 
îïòèêè, òàêèõ, íàïðèìåð, êàê àòìîñôåðíàÿ è àäàï-
òèâíàÿ îïòèêà. Ïîñòîÿííûé ïðîãðåññ â êîìïüþòåð-
íîé òåõíèêå è èñïîëüçîâàíèå íîâûõ òåõíîëîãèé 
ïàðàëëåëüíîãî ïðîãðàììèðîâàíèÿ [1] ïîâûøàþò 
ýôôåêòèâíîñòü ÷èñëåííûõ àëãîðèòìîâ, ðàñøèðÿÿ 
òåì ñàìûì êðóã ïðîáëåì, äîñòóïíûõ äëÿ èññëåäî-
âàíèÿ. Â ÷àñòíîñòè, â àäàïòèâíîé îïòèêå ñòàíîâèò-
ñÿ âîçìîæíûì êîìïüþòåðíîå ìîäåëèðîâàíèå ñëîæ-
íûõ êîìïîíåíòîâ è ñèñòåì â öåëîì, ðàáîòàþùèõ  
â äèíàìè÷åñêîì ðåæèìå [2]. Äëÿ àòìîñôåðíûõ ïðè-
ëîæåíèé àäàïòèâíîé îïòèêè òàêæå òðåáóåòñÿ ðàç-
ðàáîòêà äèíàìè÷åñêèõ ìîäåëåé òóðáóëåíòíîñòè àò-
ìîñôåðû, ýâîëþöèîíèðóþùèõ âî âðåìåíè. 

Âîïðîñû ÷èñëåííîãî ìîäåëèðîâàíèÿ äèíàìèêè 
àòìîñôåðíûõ òóðáóëåíòíûõ íåîäíîðîäíîñòåé ðàíåå 
óæå îñâåùàëèñü â ëèòåðàòóðå. Ðàçðàáîòàí àëãîðèòì 
ãåíåðèðîâàíèÿ áåñêîíå÷íî ïðîòÿæåííîãî ýêðàíà [3], 
îäíàêî åãî ïðèìåíåíèå â äèíàìè÷åñêèõ çàäà÷àõ 
îñíîâàíî íà ãèïîòåçå Òåéëîðà î «çàìîðîæåííîñòè» 
òóðáóëåíòíîñòè, à ñàì àëãîðèòì ñëîæåí â ïðàêòè÷å-
ñêîé ðåàëèçàöèè. Àâòîðàìè [4] ïðåäëîæåíà ìîäè-
ôèêàöèÿ èçâåñòíîãî ñïåêòðàëüíî-ôàçîâîãî ìåòîäà 
[5], îñíîâàííàÿ íà îáîáùåíèè ãèïîòåçû Òåéëîðà  
ñ ïîìîùüþ ðåêóððåíòíîãî àëãîðèòìà. 

Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ äàëüíåéøåå 
îáîáùåíèå ñïåêòðàëüíî-ôàçîâîãî ìåòîäà äëÿ ìîäå-
ëèðîâàíèÿ èçìåíÿþùèõñÿ âî âðåìåíè äâóìåðíûõ 
ñëó÷àéíûõ ïîëåé ñ èçâåñòíûì âðåìåííûì ñïåêòðîì. 
Ìåòîä îñíîâàí íà ìîäåëè àâòîðåãðåññèè ñî ñêîëü-
çÿùèì ñðåäíèì (ÀÐÑÑ), îïèñûâàåìîé äèñêðåòíûì 
ðàçíîñòíûì óðàâíåíèåì, è ÷ðåçâû÷àéíî ïðîñò  
â ðåàëèçàöèè. 

 

* Ïåòð Àëåêñååâè÷ Êîíÿåâ (petrkonyaev@gmail.com). 

Ìîäèôèêàöèÿ ñïåêòðàëüíî-ôàçîâîãî 
ìåòîäà äëÿ ìîäåëèðîâàíèÿ 

äèíàìè÷åñêîé òóðáóëåíòíîñòè 

Èçâåñòåí ñïåêòðàëüíî-ôàçîâûé ìåòîä [5], ïðåä-
íàçíà÷åííûé äëÿ ìîäåëèðîâàíèÿ ïðîöåññîâ è ïîëåé 
ñ çàäàííîé ñòàòèñòèêîé (ñïåêòðàëüíîé ïëîòíîñòüþ). 
Äëÿ äâóìåðíîãî äèñêðåòíîãî ïîëÿ s(i, j) ýòîò ìåòîä 
ìîæåò áûòü ïðåäñòàâëåí â âèäå 
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Çäåñü FFT – îïåðàòîð äèñêðåòíîãî ïðåîáðàçîâàíèÿ 
Ôóðüå; g(l, m) – íåêîððåëèðîâàííîå äâóìåðíîå 
ñëó÷àéíîå ïîëå («áåëûé» øóì); S(l, m) – ñïåê-
òðàëüíàÿ àìïëèòóäà, óäîâëåòâîðÿþùàÿ óñëîâèþ 
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ãäå Φ(kl,m) – òðåáóåìàÿ ñïåêòðàëüíàÿ ïëîòíîñòü. 
Âèä ôóíêöèè ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí 
g(l, m) íå âëèÿåò íà ñïåêòðàëüíóþ ïëîòíîñòü ñãåíå-
ðèðîâàííîãî ïîëÿ s(i, j), íî äëÿ ñòàòèñòè÷åñêîé 
íåçàâèñèìîñòè âåùåñòâåííîé è ìíèìîé ÷àñòåé êîì-
ïëåêñíîé ôóíêöèè s(i, j) íåîáõîäèìî ðàâíîìåðíîå 
ðàñïðåäåëåíèå àðãóìåíòà â èíòåðâàëå (–π, π). 

×òîáû ñìîäåëèðîâàòü ýâîëþöèþ ïîëÿ s(k, l) âî 
âðåìåíè, íåîáõîäèìî ñîãëàñíî (1) çàäàòü ôóíêöèî-
íàëüíóþ ñâÿçü äâóìåðíûõ ìàññèâîâ ñëó÷àéíûõ ÷è-
ñåë g(l, m) = f(t) äëÿ äèñêðåòíûõ ìîìåíòîâ âðåìå-
íè tn = nT, ãäå T – èíòåðâàë âðåìåíè äèñêðåòèçà-
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öèè. Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ èñïîëüçîâàòü 
äëÿ ýòîãî ìîäåëü àâòîðåãðåññèè ñî ñêîëüçÿùèì 
ñðåäíèì, êîòîðàÿ øèðîêî ïðèìåíÿåòñÿ â òåîðèè 
ñëó÷àéíûõ ïðîöåññîâ è îïèñûâàåòñÿ äèñêðåòíûì 
ðàçíîñòíûì óðàâíåíèåì 
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ãäå r(nT) – äèñêðåòíûé áåëûé øóì ñ íîðìàëüíûì 
ðàñïðåäåëåíèåì, íóëåâûì ñðåäíèì çíà÷åíèåì è äèñ-

ïåðñèåé 2;
r

σ  NAP – ïîðÿäîê ìîäåëè àâòîðåãðåññèè; 

NCC – ïîðÿäîê ìîäåëè ñêîëüçÿùåãî ñðåäíåãî. 
Ñïåêòð ìîùíîñòè òàêîãî ïðîöåññà èìååò àíàëèòè÷å-
ñêîå âûðàæåíèå â âèäå [6]: 
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Ìåíÿÿ ïîðÿäêè ìîäåëè è êîýôôèöèåíòû ap  
è bq, ìîæíî âàðüèðîâàòü ïîâåäåíèå âðåìåííîãî 
ñïåêòðà F(ω) â øèðîêèõ ïðåäåëàõ. Ïîñêîëüêó ðåà-
ëèçàöèÿ ïðåäëàãàåìîãî ìåòîäà ñîãëàñíî (3) òðåáóåò 
ñîõðàíåíèÿ äâóìåðíûõ ìàññèâîâ çíà÷åíèé g(l, m) 
äëÿ ïðåäûäóùèõ ìîìåíòîâ âðåìåíè p, q = 1, …, 
max(NAP, NCC), òî èç ïðàêòè÷åñêèõ ñîîáðàæåíèé 
öåëåñîîáðàçíî èñïîëüçîâàòü ìîäåëü ÀÐÑÑ íåâûñî-
êîãî ïîðÿäêà. Â ÷àñòíîñòè, ïðåäñòàâëÿåò èíòåðåñ ìî-
äåëü 1-ãî ïîðÿäêà (p = 1, q = 1), êîòîðàÿ ïðåäúÿâ-
ëÿåò ìèíèìàëüíûå òðåáîâàíèÿ ê ïàìÿòè êîìïüþòåðà: 
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Ñâîéñòâà ýòîé ìîäåëè õîðîøî èçâåñòíû. Â ÷à-
ñòíîñòè, äèñïåðñèè è íîðìèðîâàííûå àâòîêîððåëÿ-
öèîííûå ôóíêöèè èìåþò âèä 
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Ìîäåëü (5à), (5á) â óçëàõ äâóìåðíîé ñåòêè 
g(l, m) ïîðîæäàåò íåçàâèñèìûå ïðîöåññû ýâîëþöèè 
ñëó÷àéíûõ íà÷àëüíûõ çíà÷åíèé ïîëÿ g0(l, m), êîòî-
ðûå áóäóò ñòàöèîíàðíûìè âî âðåìåíè ñ õàðàêòåðè-

ñòèêàìè (6à), (6á) ïðè âûïîëíåíèè óñëîâèé 1 1,a <   
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0 1[ ( , )] /(1 ).
z
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Ïðè ýòîì çíà÷åíèÿ g(l, m) îñòàþòñÿ íåêîððå-
ëèðîâàííûìè ìåæäó ñîáîé äëÿ ëþáîãî ìîìåíòà 
âðåìåíè.  

×òî æå êàñàåòñÿ ôóíêöèè ðàñïðåäåëåíèÿ ñëó-
÷àéíûõ âåëè÷èí g(l, m), òî îíà èç ðàâíîìåðíîé 
î÷åíü áûñòðî òðàíñôîðìèðóåòñÿ â ãàóññîâó (íîð-
ìàëüíóþ), ÷òî íå ÿâëÿåòñÿ ïðèíöèïèàëüíûì îãðà-
íè÷åíèåì, åñëè â êà÷åñòâå èñêîìîãî ñãåíåðèðîâàí-
íîãî ïîëÿ èñïîëüçîâàòü òîëüêî âåùåñòâåííóþ èëè 
ìíèìóþ ÷àñòü êîìïëåêñíîé ôóíêöèè s(i, j). 

Îïèñàíèå ïðåäëàãàåìîãî àëãîðèòìà 
äëÿ ìîäåëè ÀÐÑÑ ïåðâîãî ïîðÿäêà 

Øàã 1. Ïîëàãàåì n = 0. Çàäàåì äâóìåðíûé 
ìàññèâ ñïåêòðàëüíîé àìïëèòóäû S(l, m) ñîãëàñíî 
óñëîâèþ (2). Ôîðìèðóåì äâóìåðíûé ìàññèâ g(l, m), 
èñïîëüçóÿ ãåíåðàòîð ïñåâäîñëó÷àéíûõ ÷èñåë ñ ðàâ-
íîìåðíûì ðàñïðåäåëåíèåì â èíòåðâàëå (–2π, 2π). 
Ôîðìèðóåì äâóìåðíûé ìàññèâ äèñêðåòíîãî øóìà 
r0(l, m), èñïîëüçóÿ ãåíåðàòîð ïñåâäîñëó÷àéíûõ ÷è-
ñåë ñ íîðìàëüíûì ðàñïðåäåëåíèåì, íóëåâûì ñðåä-

íèì è äèñïåðñèåé 2.
r

σ  

Øàã 2. Ôîðìèðóåì ñëó÷àéíîå ïîëå s(i, j) ñî-
ãëàñíî âûðàæåíèþ (1). Èñïîëüçóåì â êà÷åñòâå ðå-
çóëüòàòà âåùåñòâåííóþ èëè ìíèìóþ ÷àñòè êîì-
ïëåêñíîãî ìàññèâà s(i, j). Ïðèìåíåíèå ïàðàëëåëüíî-
ãî àëãîðèòìà áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå 
ñóùåñòâåííî óñêîðÿåò âû÷èñëåíèÿ [1]. 

Øàã 3. Ïîëàãàåì n = n + 1. Ôîðìèðóåì íîâûé 
ìàññèâ äèñêðåòíîãî øóìà rn(l, m) è ìîäèôèöèðóåì 
êàæäûé ýëåìåíò ìàññèâà g(l, m) ñîãëàñíî ôîðìó-
ëå (5). 

Øàã 4. Âîçâðàùàåìñÿ íà øàã 2 ëèáî çàêàí÷è-
âàåì ïðîöåññ. 

Èëëþñòðàöèÿ ðàáîòû àëãîðèòìà  
äëÿ ìîäåëè ÀÐÑÑ ïåðâîãî ïîðÿäêà 

Íà ðèñ. 1 ïîêàçàíà ýâîëþöèÿ äâóìåðíîãî ñëó-
÷àéíîãî ïîëÿ s(i, j) ñî ñòåïåííûì ñïåêòðîì êîëìî-
ãîðîâñêîãî òèïà [2] äëÿ ìîäåëè (5) ñ êîýôôèöèåí-
òàìè a1 = 0,999, b1 = 0,9 è äèñïåðñèåé øóìà 
σ
2 = 0,01. Ïîñëåäîâàòåëüíîñòü êàäðîâ, ïðîíóìåðî-

âàííûõ îò 1 äî 9, èëëþñòðèðóåò ïëàâíûå èçìåíåíèÿ 
âî âðåìåíè, ïðîèñõîäÿùèå ñîãëàñíî ôîðìóëå (5). 
Â òî æå âðåìÿ, ñðàâíèâàÿ ïåðâûé è ïîñëåäíèé êàä-
ðû ñåðèè, ìîæíî çàìåòèòü, ÷òî çà 8 äèñêðåòíûõ øà-
ãîâ ïðîèçîøëî ïîëíîå èçìåíåíèå ïåðâîíà÷àëüíîãî 
êàäðà. Ïðè ýòîì âàæíî îòìåòèòü, ÷òî àëãîðèòì ýâî-
ëþöèè (5) íå íàðóøàåò óñëîâèÿ (2), òàê êàê íå èç-
ìåíÿåò ìîäóëü ñïåêòðàëüíîé àìïëèòóäû S(l, m). 
 Äëÿ ìîäåëèðîâàíèÿ ýâîëþöèè â ñðåäå, äâèæó-
ùåéñÿ ñî ñêîðîñòüþ V(võ, vy), íåîáõîäèìî ñëåãêà 
èçìåíèòü ôîðìóëó (1), ââåäÿ â íåå ýêñïîíåíöèàëü-
íûé ìíîæèòåëü ñäâèãà: 

 ( ) ( ){ }( )( , ) exp exp .( , ) x ynT v vs i j FFT S g l m += ii  (7) 

Íà ðèñ. 2 ïîêàçàíà ýâîëþöèÿ ïîëÿ ñ òåì æå 
ñòåïåííûì ñïåêòðîì â äâèæóùåéñÿ (ñëåâà íàïðàâî) 
ñðåäå.

(4)
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Ðèñ. 2. Ýâîëþöèÿ äâóìåðíîãî ñëó÷àéíîãî ïîëÿ ñî ñòåïåííûì ñïåêòðîì  â äâèæóùåéñÿ (ñëåâà íàïðàâî) ñðåäå 
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Çàêëþ÷åíèå 

Íà îñíîâå ìîäåëè ÀÐÑÑ ïðåäëîæåí ïðîñòîé 
àëãîðèòì ôîðìèðîâàíèÿ èçìåíÿþùèõñÿ âî âðåìåíè 
äâóìåðíûõ ñëó÷àéíûõ ïîëåé ñ èçâåñòíûì âðåìåí-
íûì ñïåêòðîì. Âîçìîæíà ðåàëèçàöèÿ ïðåäëîæåííî-
ãî ìåòîäà ñ èñïîëüçîâàíèåì ïàðàëëåëüíûõ àëãîðèò-
ìîâ, ÷òî äåëàåò ýòîò ìåòîä åùå áîëåå ýôôåêòèâíûì 
äëÿ ìîäåëèðîâàíèÿ äèíàìè÷åñêèõ çàäà÷ àòìîñôåð-
íîé è àäàïòèâíîé îïòèêè. 
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P.À. Konyaev. An algorithm for computer simulation of time-evolving turbulence in atmospheric and 
adaptive optics applications. 

A modified spectral-phase algorithm for computer generation of time-evolving random processes and fields 
has been developed. Use is made of a combined autoregressive moving-average model, described by a discrete 
difference equation. The implementation of the algorithm is shown to be simple and efficient in simulations of 
dynamic problems of atmospheric and adaptive optics. 
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