
«Îïòèêà àòìîñôåðû è îêåàíà», 29, ¹ 10 (2016) 

DOI: 10.15372/AOO20161012 

870 © Âîðîáüåâ Â.Â., 2016 
 

ÄÈÑÒÀÍÖÈÎÍÍÎÅ ÇÎÍÄÈÐÎÂÀÍÈÅ ÀÒÌÎÑÔÅÐÛ, ÃÈÄÐÎÑÔÅÐÛ  
È ÏÎÄÑÒÈËÀÞÙÅÉ ÏÎÂÅÐÕÍÎÑÒÈ 

ÓÄÊ 353.361:551.6:621.371 
 

Î ïðèìåíèìîñòè àñèìïòîòè÷åñêèõ ôîðìóë âîññòàíîâëåíèÿ 
ïàðàìåòðîâ «îïòè÷åñêîé» òóðáóëåíòíîñòè èç äàííûõ 

èìïóëüñíîãî ëèäàðíîãî çîíäèðîâàíèÿ.  
I. Óðàâíåíèÿ 

 

Â.Â. Âîðîáüåâ* 
 

Èíñòèòóò ôèçèêè àòìîñôåðû èì. À.Ì. Îáóõîâà ÐÀÍ 
119017, ã. Ìîñêâà, Ïûæåâñêèé ïåð., 3 

 

Ïîñòóïèëà â ðåäàêöèþ 20.07.2016 ã. 
 

Íàéäåíû àñèìïòîòè÷åñêèå ðåøåíèÿ çàäà÷è âîññòàíîâëåíèÿ ðàñïðåäåëåíèÿ ñòðóêòóðíîé õàðàêòåðèñòèêè 
ôëóêòóàöèé ïîêàçàòåëÿ ïðåëîìëåíèÿ èç äàííûõ èçìåðåíèé êîýôôèöèåíòà óñèëåíèÿ îáðàòíîãî ðàññåÿíèÿ. 
Ðåøåíèÿ çàïèñûâàþòñÿ ÷åðåç äðîáíûå ïðîèçâîäíûå êîýôôèöèåíòà óñèëåíèÿ â ñëó÷àå ïðèåìíèêîâ ñ ìàëîé 
àïåðòóðîé ëèáî ÷åðåç îáû÷íûå ïðîèçâîäíûå â ñëó÷àå ïðèåìíèêîâ ñ áîëüøîé àïåðòóðîé. Ïîäðîáíî èññëåäî-
âàíû ñâîéñòâà ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ, èç êîòîðîãî ñëåäóþò àñèìïòîòè÷åñêèå ôîðìóëû. Îáðàùåíî 
âíèìàíèå íà òî, ÷òî ÿäðî â îáùåì ñëó÷àå ÿâëÿåòñÿ îñöèëëèðóþùèì. Îñöèëëÿöèè ÿäðà ñëàáî ñêàçûâàþòñÿ 
íà âåëè÷èíå êîýôôèöèåíòà óñèëåíèÿ, íî èõ âëèÿíèå íà ïðîèçâîäíûå ýòîãî êîýôôèöèåíòà ìîæåò áûòü ñó-
ùåñòâåííûì. 

 

Êëþ÷åâûå ñëîâà: òóðáóëåíòíîñòü, ëèäàðû, óñèëåíèå îáðàòíîãî ðàññåÿíèÿ, óðàâíåíèÿ Âîëüòåððà è Àáåëÿ; 
lidar, turbulence, backscattering enhancement, Volterra equations and Abel equations. 

 

Ââåäåíèå 
 

Áîëåå 40 ëåò íàçàä áûë ïðåäñêàçàí è îòêðûò 
ýôôåêò óñèëåíèÿ îáðàòíîãî ðàññåÿíèÿ íàçàä (ÓÎÐ) 
ìîëåêóëàìè è àýðîçîëåì àòìîñôåðû òóðáóëåíòíûìè 
íåîäíîðîäíîñòÿìè ïîêàçàòåëÿ ïðåëîìëåíèÿ [1, 2]. 
Â ïîñëåäíåå âðåìÿ ïðîâîäÿòñÿ ìíîãî÷èñëåííûå òåî-
ðåòè÷åñêèå [3–10] èññëåäîâàíèÿ âîçìîæíîñòåé ïðè-
ìåíåíèÿ ýòîãî ýôôåêòà êàê äëÿ èçìåðåíèÿ âåëè÷èíû 
êîýôôèöèåíòà (ÓÎÐ), òàê è îïðåäåëåíèÿ èç ýòèõ èç- 
ìåðåíèé ðàñïðåäåëåíèÿ ïàðàìåòðà C 

2
n – ñòðóêòóðíîé 

ïîñòîÿííîé «îïòè÷åñêîé» òóðáóëåíòíîñòè ïî òðàññå. 
Â íàñòîÿùåå âðåìÿ óäàëîñü ïðåîäîëåòü ìíîãèå òåõ-
íè÷åñêèå òðóäíîñòè è ðåàëèçîâàòü èçìåðåíèÿ êî-
ýôôèöèåíòà óñèëåíèÿ îáðàòíîãî ðàññåÿíèÿ [11, 12]. 
Â èçìåðåíèÿõ íàäåæíî çàôèêñèðîâàíû ñóòî÷íûé õîä 
êîýôôèöèåíòà óñèëåíèÿ, åãî èçìåíåíèå ïî òðàññå 
çîíäèðîâàíèÿ. 

Íàñóùíîé ñòàëà çàäà÷à îïðåäåëåíèÿ èç èçìåðå-
íèé êîýôôèöèåíòà ÓÎÐ ðàñïðåäåëåíèÿ âåëè÷èíû C 

2
n. 

Îñíîâû äëÿ ðåøåíèÿ ýòîé çàäà÷è áûëè çàëîæåíû  
â ðàáîòå [7]. Â íåé ñôîðìóëèðîâàíî èíòåãðàëüíîå 
óðàâíåíèå, ñâÿçûâàþùåå êîýôôèöèåíò ÓÎÐ è ðàñ-
ïðåäåëåíèå C 

2
n. Â ðàáîòàõ [8, 9] ïîêàçàíà âîçìîæ-

íîñòü íàõîæäåíèÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ â òîì 
ñëó÷àå, êîãäà ðàçìåðû ïðèåìíèêà äîñòàòî÷íî ìàëû, 
òàêèå, ÷òî ïðèìåíèìî ïðèáëèæåíèå òî÷å÷íîãî ïðè-
åìíèêà äëÿ ÿäðà óðàâíåíèÿ. Îäíàêî ñàìè óñëîâèÿ 
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ïðèìåíèìîñòè ýòîãî ïðèáëèæåíèÿ äëÿ ðåøåíèÿ îá-
ðàòíîé çàäà÷è äî ñèõ ïîð íå èññëåäîâàëèñü. Âûÿñíå-
íèå âîïðîñà î ïðèìåíèìîñòè àñèìïòîòè÷åñêèõ ïðè-
áëèæåíèé äëÿ ðåøåíèÿ çàäà÷è âîññòàíîâëåíèÿ ÿâëÿ-
åòñÿ îñíîâíîé öåëüþ ïðåäñòàâëÿåìîé ðàáîòû. 

 

1. Ïîñòàíîâêà çàäà÷è è óðàâíåíèÿ 
 

Ðàññìàòðèâàåòñÿ òà æå ìîäåëü ñðåäû ðàñïðî-
ñòðàíåíèÿ è èçìåðåíèé, ÷òî è ïðè ïîñòàíîâêå çàäà÷ 
òåîðåòè÷åñêèõ èññëåäîâàíèé [7, 8] è â ýêñïåðèìåíòå 
[11, 12]: ðàñõîäÿùèéñÿ ëàçåðíûé ïó÷îê ôîðìèðóåò-
ñÿ â ïëîñêîñòè õ = 0. Ïðåäïîëàãàåòñÿ, ÷òî ðàñõî-
äèìîñòü ïó÷êà äîñòàòî÷íî áîëüøàÿ, òàêàÿ, ÷òî íà 
áîëüøåé ÷àñòè òðàññû ðàñïðîñòðàíåíèÿ ôëóêòóàöèè 
â ïó÷êå ìîæíî ðàññ÷èòûâàòü ïî ôîðìóëàì äëÿ ñôå-
ðè÷åñêîãî èñòî÷íèêà [13]. Çîíäèðîâàíèå ïðîèçâîäèò-
ñÿ êîðîòêèìè ëàçåðíûìè èìïóëüñàìè ñ ïðîñòðàíñòâåí- 
íîé ïðîòÿæåííîñòüþ ìíîãî ìåíüøåé, ÷åì ïðîäîëüíûå 

ìàñøòàáû ðàñïðåäåëåíèÿ ïàðàìåòðîâ òóðáóëåíòíî-
ñòè íà òðàññå ðàñïðîñòðàíåíèÿ. 

Ïðåäïîëàãàåòñÿ òàêæå, ÷òî îòíîñèòåëüíûå ôëóê-
òóàöèè èíòåíñèâíîñòè ñâåòà ñëàáûå, èõ äèñïåðñèÿ  
β 

2
I ≤ 1. Ðàññåÿííûé ñèãíàë ïðèíèìàåòñÿ äâóìÿ ïðè-

åìíèêàìè â ïëîñêîñòè x = 0 ñ îäèíàêîâûìè ðàäèó-
ñàìè R êðóãîâûõ àïåðòóð. Öåíòð îäíîãî èç ïðèåì-
íèêîâ ðàñïîëîæåí âáëèçè îñè ïó÷êà, äðóãîãî – íà 
ðàññòîÿíèè ρ0 îò îñè. 

Ñðåäíèå ìîùíîñòè ðàññåÿííîãî ñâåòà íà ïðè-
åìíèêàõ ïðè óêàçàííûõ ïðåäïîëîæåíèÿõ ìîæíî ðàñ-
ñ÷èòûâàòü ïî ôîðìóëå [7]: 
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ãäå P0 – ìîùíîñòü íà ïðèåìíèêå â îòñóòñòâèå òóð-
áóëåíòíîñòè; x = ct/2, c – ñêîðîñòü ñâåòà, t – âðå-
ìÿ, îòñ÷èòûâàåìîå îò âðåìåíè ãåíåðàöèè èìïóëüñà, 
äëèòåëüíîñòü êîòîðîãî ïðåäïîëàãàåòñÿ ïðåíåáðåæè-
ìî ìàëîé. Âåëè÷èíó q(x, R, ρ0) áóäåì íàçûâàòü ôàê-
òîðîì âëèÿíèÿ òóðáóëåíòíîñòè íà ñðåäíþþ ìîù-
íîñòü ðàññåÿííîãî ñâåòà íà ïðèåìíèêå. Â ñëó÷àå 
ñëàáûõ ôëóêòóàöèé âåëè÷èíà q îïðåäåëÿåòñÿ ñîîò-
íîøåíèåì [7]: 
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– ôóíêöèÿ êîððåëÿöèè ôëóêòóàöèé èíòåíñèâíîñòè 
â ñôåðè÷åñêîé âîëíå ïðè åå ðàñïðîñòðàíåíèè îò 
òî÷êè ñ êîîðäèíàòàìè (x = 0, ρ = 0) äî òî÷êè (x, ρ); 
S = πR2 – ïëîùàäü ïðèåìíîé àïåðòóðû; Φn(κ, x) – 
ñïåêòð ôëóêòóàöèé ïîêàçàòåëÿ ïðåëîìëåíèÿ; k0 = 
= 2π/λ, λ – äëèíà ñâåòîâîé âîëíû. (Ôîðìóëû (2) 
è (3) ÿâëÿþòñÿ îáîáùåíèåì àíàëîãè÷íûõ ôîðìóë 

ðàáîò [7, 8] íà ñëó÷àé êîíå÷íîãî ðàçíåñåíèÿ ρ0 ïðè-
åìíûõ àïåðòóð.) Åñëè ñïåêòð Φn(κ, x) èçîòðîïåí, 
èíòåãðèðóÿ (3) ïî óãëîâîé ïåðåìåííîé, ïîëó÷èì 

 2 2

0

0

( , ) 16

x

IB x k d= π ξ ×

∫
ρ  

 
2

0

0
0

( – )
( , 0, ) 1– cos ,n

x
J d

k x x

∞

⊥

⊥ ⊥ ⊥

⎡ ⎤⎡ ⎤κ ξ ξ ξ⎛ ⎞
× Φ ξ κ ρ κ⎢ ⎥⎢ ⎥ ⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦⎣ ⎦
∫

κ  (4) 

ãäå ÷åðåç κ
⊥
 îáîçíà÷åíà ïåðïåíäèêóëÿðíàÿ ê îñè õ 

ñîñòàâëÿþùàÿ âåêòîðà κ. Äëÿ âû÷èñëåíèÿ ôóíêöèè 
BI(x, ρ) óäîáíî âîñïîëüçîâàòüñÿ åå ïðåäñòàâëåíèåì 
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ãäå J0 è J1 – ôóíêöèè Áåññåëÿ íóëåâîãî è ïåðâîãî 
ïîðÿäêîâ. 

Íà ðèñ. 1, 2 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ 
ïî ïðèâåäåííûì ôîðìóëàì. Íà ðèñ. 1 ïðèâåäåíû çà- 
âèñèìîñòè ôàêòîðà q îò ðàäèóñà ïðèåìíîé àïåðòó-
ðû R è ðàññòîÿíèÿ äî îáëàñòè çîíäèðîâàíèÿ x. Ýòî 

çàâèñèìîñòè äëÿ ñëó÷àÿ ñòàòèñòè÷åñêè îäíîðîäíîé 

òóðáóëåíòíîé ñðåäû (ïðè C 

2
n(x) = const) ñî ñïåêòðîì 

ôëóêòóàöèé ïîêàçàòåëÿ ïðåëîìëåíèÿ âèäà 
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Ðèñ. 1. Çàâèñèìîñòè q(x, R) ïðè çíà÷åíèÿõ ïàðàìåòðîâ 
λ = 5,32 ⋅ 10–7 ì, C 

2
n = 10–14 ì–2/3 è ðàäèóñîâ ïðèåìíîé  

  àïåðòóðû R, óêàçàííûõ ó êðèâûõ 

 

Ïðè ìàëûõ, ïî ñðàâíåíèþ ñ ìàñøòàáîì rF, 
çíà÷åíèÿõ ðàäèóñà R èç ôîðìóëû (8) ñëåäóåò ïðè-
áëèæåíèå òî÷å÷íîãî ïðèåìíèêà, ïðè áîëüøèõ çíà-
÷åíèÿõ R p rF – ãåîìåòðî-îïòè÷åñêîå ïðèáëèæåíèå, 
â êîòîðîì âåëè÷èíà q(x, R, 0) íå çàâèñèò îò âîëíîâî-
ãî ÷èñëà k0. Ïðè ýòîì âåëè÷èíà q óìåíüøàåòñÿ ïðî-
ïîðöèîíàëüíî (R/rF)

–7/3
 ñ óâåëè÷åíèåì ðàäèóñà R. 

  Íà ðèñ. 2 ïðèâåäåíû ãðàôèêè çàâèñèìîñòåé 
ôàêòîðà q îò ðàññòîÿíèÿ ρ0 ìåæäó öåíòðàìè ïðè-
åìíûõ àïåðòóð. Ïðè ìàëûõ çíà÷åíèÿõ îòíîøåíèé 
R/rF, êàê èçâåñòíî, ïîëîæåíèå ρ0,0, ïðè êîòîðîì 
ôóíêöèÿ q(ρ0) îáðàùàåòñÿ â íóëü, îïðåäåëÿåòñÿ 
çíà÷åíèåì ðàäèóñà Ôðåíåëÿ rF è ðàâíî ρ0,0 ≈ 4,5rF, 
÷òî ïîäòâåðæäàåò è ðèñ. 2, à. Ïðè áîëüøèõ çíà÷åíè-
ÿõ îòíîøåíèÿ R/rF ïîëîæåíèå íóëÿ ôóíêöèè q(ρ0) 
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Ðèñ. 2. Íîðìèðîâàííûå ìîäóëè ôóíêöèé q(x, R, ρ0) äëÿ 
ðàäèóñîâ àïåðòóðû R, ðàâíûõ 1 (à) è 10 ñì (á). Ó êðè-
âûõ óêàçàíû ðàññòîÿíèÿ x îò ïðèåìíèêà äî çîíäèðóåìûõ 
îáëàñòåé. Ìàñøòàáû Ôðåíåëÿ rF äëÿ ðàññòîÿíèé 0,5; 1; 2; 
5 è 10 êì ðàâíû ñîîòâåòñòâåííî 0,6; 0,9; 1,3; 2,0 è 2,8 ñì. 
Ôóíêöèè q çíàêîïåðåìåííû. Çà òî÷êàìè ïåðåñå÷åíèÿ  
ñ ãîðèçîíòàëüíîé îñüþ (ρ0 ≈ 4,5rF ïðè R = 1 ñì è ρ0 ≈ 1,3R 
ïðè R = 10 ñì) îíè îòðèöàòåëüíû íà ðàñ÷åòíûõ ó÷àñòêàõ 
 

ïðèáëèçèòåëüíî ðàâíî ðàäèóñó R. Ïðè R = 10 ñì,  
â ÷àñòíîñòè, êàê âèäíî èç ðèñ. 2, á, çíà÷åíèå ρ0,0 ≈ 
≈ 1,3R. 

Ïîëîæåíèå ρ0,0 â ïîñëåäíåì ñëó÷àå ñëàáî ìåíÿ-
åòñÿ ïðè èçìåíåíèè ðàññòîÿíèÿ õ äî çîíäèðóåìîé 
îáëàñòè. Îòìåòèì, ÷òî îòðèöàòåëüíûé «õâîñò» çàâè-
ñèìîñòè q(ρ0) ïðè ðàäèóñå àïåðòóðû R = 10 ñì ìî-
æåò ñîñòàâëÿòü ïðèìåðíî 3–10% ïðè ñäâèãàõ ïðè-
åìíûõ àïåðòóð R ≤ ρ0 <

∼ 2R. 
Îòìåòèì òàêæå, ÷òî ïðè áîëüøèõ àïåðòóðàõ R 

ìàêñèìóì ôóíêöèè q(ρ0) ìîæåò ðàñïîëàãàòüñÿ íå ïðè 
ñîâìåùåííûõ àïåðòóðàõ (ρ0 = 0). Ïðè R = 10 ñì, 
x = 0,5 êì, íàïðèìåð, ìàêñèìóì çàâèñèìîñòè q(ρ0) 
ðàñïîëîæåí ïðè ρ0 ≈ 0,8R. 

 

2. Èíòåãðàëüíîå óðàâíåíèå 
 

Â ïðåäïîëîæåíèè î òîì, ÷òî ñìåùåíèå àïåðòóð 
ρ0 äîñòàòî÷íî âåëèêî, òàêîå, ÷òî ìîæíî ñ÷èòàòü 
q(õ, R, ρ0) = 0, èç èçìåðåíèé ìîùíîñòè íà äâóõ ïðèåì-
íûõ àïåðòóðàõ ìîæíî îïðåäåëèòü ôàêòîð q(õ, R, 0) = 
= P(õ, R, 0)/P(õ, R, ρ0) – 1. Èç ñîîòíîøåíèé (2)  
è (3) äëÿ ýòîé âåëè÷èíû ñëåäóåò ôîðìóëà 

 2

0

0

( ) 16

x

q x k d= π ξ ×

∫
 

2

2

1

0

( – )
( , ) 1– cos .

n

x x R
J k d

k x Rk x

∞ ∞

⊥

⊥ ⊥ ⊥

⊥

−∞−∞

⎡ ⎤⎡ ⎤κ ξ ξ ξ⎛ ⎞
× Φ ξ κ⎢ ⎥⎢ ⎥ ⎜ ⎟

ξ ⎝ ⎠⎢ ⎥⎣ ⎦⎣ ⎦
∫ ∫

κ  

   (10) 

(Â ïîñëåäóþùèõ ôîðìóëàõ àðãóìåíòû R è ρ0 ôóíê-
öèè q áóäåì îïóñêàòü). 

Ôîðìóëó (10) ìîæíî ðàññìàòðèâàòü êàê èíòå-
ãðàëüíîå óðàâíåíèå îòíîñèòåëüíî ñïåêòðà Φn(κ, x). 
Ýòî óðàâíåíèå òî æå ñàìîå, ÷òî è óðàâíåíèå (2) ðà-
áîòû [8]. Îòëè÷èå çàêëþ÷àåòñÿ ëèøü â òîì, ÷òî óðàâ-
íåíèå (10) çàïèñàíî â âèäå óðàâíåíèÿ Âîëüòåððà 
ïåðâîãî ðîäà, à íå óðàâíåíèÿ Ôðåäãîëüìà, êàê â ðà- 
áîòå [8]. 

Ñïåêòð Φn(κ, x), â îáùåì ñëó÷àå, îïðåäåëÿåòñÿ 
òàêèìè ïàðàìåòðàìè, êàê ñòðóêòóðíàÿ ïîñòîÿííàÿ  

C 

2
n, ïîêàçàòåëü γ ñòåïåííîãî ó÷àñòêà ñïåêòðà Φn(κ, x) 

äëÿ òîãî èíòåðâàëà, êîòîðûé îïðåäåëÿåò ôëóêòóà-
öèè ìîùíîñòè ðàññåÿííîãî ñâåòà íà ïðèåìíèêå, êî-
ýôôèöèåíò àíèçîòðîïèè, âíóòðåííèé ìàñøòàá òóð-
áóëåíòíîñòè. Íàçâàííûå ÷åòûðå ïàðàìåòðà â ñëó÷àå 
«êëàñòåðíîé» èëè îáëà÷íîé ñòðóêòóðû òóðáóëåíò-
íîñòè, à òàêæå ïðè íàëè÷èè îáëàñòåé èíòåíñèâíîé 
òóðáóëåíòíîñòè ÿñíîãî íåáà ìîãóò áûòü ôóíêöèÿìè 
êîîðäèíàòû õ. 

Êîíå÷íî, âîññòàíîâëåíèå ÷åòûðåõ çàâèñèìîñòåé 
èç èçìåðåíèé îäíîé ôóíêöèè q(x) – ýòî íåðåàëü-
íàÿ çàäà÷à. Ïðè ïîñòàíîâêå îáðàòíûõ çàäà÷ îáû÷íî 
ïðèíèìàåòñÿ ðÿä àïðèîðíûõ äîïóùåíèé. Â äàííîé 

ðàáîòå ïîëàãàåòñÿ, ÷òî ñïåêòð Φn(κ, x) ÿâëÿåòñÿ èçî-
òðîïíûì, ñòåïåííûì, ñ ïîñòîÿííûì ïî òðàññå ïîêà-
çàòåëåì ñòåïåíè γ, ò.å. èìååò âèä 
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Ïàðàìåòð ñïåêòðà 2
,

ˆ

n
C

γ
 â ýòîé ôîðìóëå ïîìå÷åí ãà-

ëî÷êîé, ÷òîáû îòëè÷àòü åãî îò ïàðàìåòðà 2
,11 3n

C  – 
ñòðóêòóðíîé ôóíêöèè ôëóêòóàöèé n Êîëìîãîðîâà–
Îáóõîâà [14]. 

Îáîçíà÷èì 
2 2
, ,

ˆ ˆ( ) ( ) (0).
n n

y x C x C
γ γ

=  Ôîðìóëà (10) 
ïðè ñïåêòðå (11) ïðèíèìàåò âèä 

 

0

( ) ( , ) ( ) ,

x
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 (12) 

ãäå ÷åðåç K(x, ξ) îáîçíà÷åíî ÿäðî èíòåãðàëüíîãî 

óðàâíåíèÿ: 
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= π  – )ïîñòîÿííàÿ . 

Ââåäåì îáîçíà÷åíèå 
2

0

–
( , )

x x
Q x

k R

ξ

ξ =

ξ

 è ïå-

ðåéäåì â èíòåãðàëå (13) ê íîâîé ïåðåìåííîé èíòåã-

ðèðîâàíèÿ .

R
t

x

ξ

= κ  Òîãäà ôîðìóëà äëÿ ÿäðà ïðèíè-

ìàåò âèä 
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Çäåñü 
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1

0

( ) exp[– ] 1– cos( ) ( ) .
e

F Q t l t Qt J t dt

∞

γ

⎡ ⎤=
⎣ ⎦∫

 (15) 

Â ôîðìóëó (15) äîáàâëåíà ãàóññîâà ôóíêöèÿ  

exp[–l 

2
et 

2] ñ ôèêòèâíûì âíóòðåííèì ìàñøòàáîì le äëÿ 
ïðèâåäåíèÿ èíòåãðàëà ê òàáëè÷íîìó: èíòåãðàë (15) 
ñîãëàñíî ñïðàâî÷íèêó [15] ðàâåí 
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 (16) 

ãäå Γ(z) – ãàììà-ôóíêöèÿ; i – ìíèìàÿ åäèíèöà; 
Re(z) – ðåàëüíàÿ ÷àñòü ÷èñëà z; Φ(α; β; z) – âûðîæ-
äåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ. 

Ôóíêöèÿ F(Q), âû÷èñëåííàÿ ïðè çíà÷åíèÿõ ïà-
ðàìåòðîâ γ = 11/3 è le = 10–10, è îòíîøåíèå u(Q) = 
= F(Q)/F0(Q) 

 (
2

0 7 122

0,5177
( )

(1 1,36 )

Q
F Q

Q
=

+

 – ðåïåðíàÿ )ôóíêöèÿ  (17) 

ïðåäñòàâëåíû íà ðèñ. 3. Ôóíêöèÿ F0(Q) ñîâïàäàåò 
ñ ôóíêöèåé F(Q) ñ îòíîñèòåëüíîé òî÷íîñòüþ, íå 
õóäøåé ÷åì 10–4, ïðè ìàëûõ (Q ≤ 0,001) è áîëüøèõ 
(Q ≥ 1000) çíà÷åíèÿõ àðãóìåíòà. 

Èç ðèñ. 3, á âèäíî, ÷òî ôóíêöèÿ u(Q) = 
= F(Q)/F0(Q) ÿâëÿåòñÿ îñöèëëèðóþùåé. Ïåðèîä 
îñöèëëÿöèé óìåíüøàåòñÿ ñ óìåíüøåíèåì àðãóìåíòà  
 

 
à 

 
á 

Ðèñ. 3. Ôóíêöèÿ F(Q) – òîíêàÿ ñïëîøíàÿ ëèíèÿ, è ðåïåð-
íàÿ ôóíêöèÿ F0(Q), îïðåäåëÿåìàÿ ôîðìóëîé (17), – øòðè- 
õîâàÿ ëèíèÿ (à); ôóíêöèÿ u(Q) = F(Q)/F0(Q) – ñïëîøíàÿ 
  ëèíèÿ (á) 

 

â ñîîòâåòñòâèè ñ àñèìïòîòè÷åñêîé ôîðìóëîé 

1– ; 2; – exp –
2 4 4

i i

Q Q

⎛ ⎞ ⎛ ⎞γ
Φ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

∼  ïðè Q ` 1. 

Âñëåäñòâèå îñöèëëÿöèé ôóíêöèè u(Q) îñöèë-
ëèðóþùèìè ÿâëÿþòñÿ êàê ñàìà ôóíêöèÿ F(Q), òàê 
è îïðåäåëÿåìûå åþ ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ  

 

 

Ðèñ. 4. Ïðèìåð çàâèñèìîñòåé ïðîèçâåäåíèÿ K(x, ξ, R) ⋅ R3 
(ïðîèçâîëüíûå åäèíèöû) îò ðàäèóñîâ ïðèåìíîé àïåðòóðû 
R (óêàçàíû ó êðèâûõ). Ðàññ÷èòàíû äëÿ çíà÷åíèÿ ðàñ- 
  ñòîÿíèÿ X = 500 ì 
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è «èçìåðÿåìàÿ» ôóíêöèÿ q(x). Ýòè îñöèëëÿöèè íà 
ðèñ. 3, à äëÿ ñàìîé ôóíêöèè F(Q) íåçàìåòíû èç-çà 
èõ îòíîñèòåëüíîé ìàëîñòè. Êàê îñöèëëÿöèè ôóíêöèè 
u(Q) ñêàçûâàþòñÿ íà ÿäðå èíòåãðàëüíîãî óðàâíåíèÿ 
K(x, ξ, R), îïðåäåëÿåìîãî ôîðìóëàìè (14)–(16), äå- 
ìîíñòðèðóåò ðèñ. 4, êîòîðûé ïîêàçûâàåò ñóùåñòâåí-
íóþ òðàíñôîðìàöèþ âèäà ÿäðà ñ èçìåíåíèåì ðàäèó-
ñà R. Â ñëó÷àå òî÷å÷íîãî ïðèåìíèêà ìàêñèìóì ÿäðà 

íàõîäèòñÿ ïîñåðåäèíå òðàññû (ïðè ξ = 0,5õ). Ïðè óâå- 
ëè÷åíèè R ìàêñèìóì ñäâèãàåòñÿ ê ïðèåìíèêó è ïðè 
R = 5 ñì, íàïðèìåð, îí íàõîäèòñÿ íà ðàññòîÿíèè 

ïðèáëèçèòåëüíî â 10 ðàç ìåíüøåì, ÷åì â ñëó÷àå òî-
÷å÷íîãî ïðèåìíèêà. Ïðè çíà÷åíèÿõ R ≥ 3 ñì çàìåò-
íû îñöèëëÿöèè ÿäðà. Èõ àìïëèòóäà ðàñòåò ñ óâåëè-
÷åíèåì ðàäèóñà ïðèåìíîé àïåðòóðû. 

 

3. Àñèìïòîòè÷åñêèå ðåøåíèÿ 
 

Â ïðåäåëüíûõ ñëó÷àÿõ ìàëûõ è áîëüøèõ ðàäèó-
ñîâ àïåðòóð R ÿäðî K ÿâëÿåòñÿ ñòåïåííûì: 
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 (20) 

Èíäåêñîì ð îáîçíà÷åíà àñèìïòîòèêà ÿäðà äëÿ 
òî÷å÷íîãî ïðèåìíèêà, èíäåêñîì g – ãåîìåòðîîïòè-
÷åñêàÿ àñèìïòîòèêà. 

Èíòåãðàëüíîå óðàâíåíèå â ñëó÷àå ïðèìåíèìî-
ñòè àñèìïòîòèê (18) è (19) ïðèíèìàåò âèä 
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 (21) 

äëÿ òî÷å÷íîé àïåðòóðû, 
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2
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x

gq x A R x y d
x
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ξ⎡ ⎤
= γ ξ ξ ξ

⎢ ⎥
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∫

 (22) 

äëÿ àïåðòóðû áîëüøîãî ðàäèóñà. Îáà ýòèõ óðàâíå-
íèÿ ÿâëÿþòñÿ îáîáùåííûìè óðàâíåíèÿìè Àáåëÿ. Â 
ñëó÷àå äèôôåðåíöèðóåìûõ ôóíêöèé q(x) ðåøåíèåì 
óðàâíåíèÿ (21) ÿâëÿåòñÿ [16]: 
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1
( ) ( ) ,
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x
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d d d
y x B q

dx dx x
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α α

ξ
= ξ ξ

ξ ξ∫
 (23) 

èëè â òåðìèíàõ äðîáíûõ ïðîèçâîäíûõ [17]: 

 ( )

1

1

1
( ) (1– ) ( ) ,p

D
y x B x q x

x Dx
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α α +

= Γ α  

ãäå 

 –1,
2

γ
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( )

( ) .
sin (1– )

p pB A
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= γ

π α

 (24) 

Ðåøåíèå ãåîìåòðîîïòè÷åñêîãî óðàâíåíèÿ (21) 
ïðè çíà÷åíèÿõ ïîêàçàòåëÿ ñïåêòðà γ â èíòåðâàëå 
3 < γ < 6 âûðàæàåòñÿ ÷åðåç îáû÷íûå ïðîèçâîäíûå: 
 

 ( )

3

–4

–4 3

1
( ) 2 ( ) ( ) .g

d
y x A x q x

dxx
γ

γ

⋅ γ =  (25) 

Àñèìïòîòè÷åñêèå ðåøåíèÿ çàäà÷è âîññòàíîâëå-
íèÿ (23)–(25) ÿâëÿþòñÿ îñíîâíûì ðåçóëüòàòîì ïåð-
âîé ÷àñòè ðàáîòû. Ðåçóëüòàòû ÷èñëåííîãî èññëåäî-
âàíèÿ èõ ïðèìåíèìîñòè ïðåäñòàâëåíû âî âòîðîé 
÷àñòè [18]. 

 

Çàêëþ÷åíèå 
 

Â êà÷åñòâå îñíîâíûõ ðåçóëüòàòîâ ðàáîòû îòìå-
òèì ñëåäóþùèå. Ïðîâåäåíû ðàñ÷åòû çàâèñèìîñòè 

ôàêòîðà óñèëåíèÿ q îò ðàññòîÿíèÿ ρ0 ìåæäó öåíòðà-
ìè ïåðåäàþùåé è ïðèåìíîé àïåðòóð êîíå÷íîãî ðà-
äèóñà. Ïîêàçàíî, ÷òî â ñëó÷àå áîëüøèõ àïåðòóð õà-
ðàêòåðíûì ìàñøòàáîì óáûâàíèÿ ôóíêöèè q ÿâëÿåòñÿ 
ðàäèóñ àïåðòóðû. Îòìå÷åíî, ÷òî ÿäðî èíòåãðàëüíî-
ãî óðàâíåíèÿ îáðàòíîé çàäà÷è, ñôîðìóëèðîâàííîå 
ðàíåå Ãóðâè÷åì â ðàáîòå [8], ÿâëÿåòñÿ â îáùåì ñëó-
÷àå îñöèëëèðóþùèì. Íàéäåíû àñèìïòîòè÷åñêèå ðå-
øåíèÿ (23)–(25) çàäà÷è âîññòàíîâëåíèÿ ïàðàìåòðîâ 
òóðáóëåíòíîñòè. 
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V.V. Vorob’ev. The validity of asymptotic formulas for recovery of "optical" turbulence parameters 
from data of the lidar sensing. I. Equations. 

Asymptotic solutions of the problem of reconstructing the distribution of the structural characteristics  
of the refractive index fluctuations from the measurement data of the backscatter enhancement effect are de-
rived. Solutions are expressed through fractional derivatives of the backscattering gain in the case of small ap-
erture receiver, or through the ordinary derivatives in the case of receivers with a large aperture. The properties 
of the integral equation kernel are studied in detail, from which the asymptotic formulas follow. Attention  
is drawn to the fact that the kernel is oscillating in general. Kernel oscillations little impact the value of the 
backscattering enhancement, but their impact can be significant on the derivatives of this factor. 

 
 


