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A vibrational-rotational operator for the polarizability tensor of asymmetric-top molecules has been
obtained by the methods of contact transformations. It has been shown that the rotational transformation
gives no contributions being diagonal in the basis of symmetric-top rotational functions. The effect of the
rotational dependence of the polarizability operator on the atomic argon pressure induced shift and
broadening of rotational-vibrational spectral lines of the vy band of the HyO molecule has been studied.
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Introduction

Knowledge of broadening and shift parameters of
rotational-vibrational (RV) lines is important both for
atmospheric applications and for studying intermolecular
interaction forces. Numerical calculations of shift and
broadening involve calculations of the matrix elements
<ylAly'> of the operators A of different physical
parameters, such as the molecular dipole moment p,
polarizability a, etc. Here y are rotational-vibrational
wave functions of the molecular Hamiltonian H.

As a rule, rotational-vibrational energy levels and
wave functions of molecules are calculated with the use
of the transformed Hamiltonian H = UTHU, rather than
the Hamiltonian H itself. The transformed Hamiltonian
is obtained from H wusing the methods of contact
transformations (U = exp(—iS) is a unitary operator of
a contact transformation). For asymmetric-top molecules,
the wave functions ¥ are obtained through diagonalization
of the Hamiltonian H in the symmetrized basis of RV
wave functions. In this case, when calculating the matrix
elements <ylA|y'>, we have to pass on from y to

Y= U*y and from the operators A to the transformed
operators A= U'AU of physical parameters, i.e., to
calculate the matrix element <‘i’|}i|‘i”>| = <ylA|y'>,

and A should be obtained with the use of the same

transformations that transform H into H. For the
dipole moment p of asymmetric-top molecules, these
transformations are considered in Refs. 1 and 2 (for
semirigid molecules) and in Refs. 3 and 4 (for rigid
asymmetric-top molecules).

In this paper, we, first, present the form of
the rotational-vibrational polarizability operator of
asymmetric-top molecules obtained by the method of
contact transformations up to the second order of the
perturbation theory. Second, we analyze the effect of
the rotational dependence of this operator on Ar pressure-
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induced shift and broadening of RV absorption lines of
the HyO vy band.

1. Calculation technique

The statistical polarizability tensor o can be
determined by Taylor series expansion of the dipole
moment of a molecule in a stationary electric field about
the field components F,:

HS(F)=HB+ZQBVFV+ZBSVT] FYFT]+"' . (1)
¥ ™m

Here a3, and Bs,y, are the components of the polarizability
and hyperpolarizability tensor in the spatial coordinate
system XYZ. If this system is chosen so that the axis Z
is antiparrallel to the electric field vector E, then the
contribution H, from the molecular dipole moment
induced by the electric field E to the total molecular
Hamiltonian can be written as H, = ayy E2 (E = Fy).
The components of a in the molecular coordinate system
are denoted as ag, (B, y =x, y, z). It is convenient to
pass on from o, to the irreducible tensor operators a; ,
(l=0,2,n=0for[=0and n=0, +1, +2 for [ = 2).
These operators are determined as

Qo0 =~ (ax,x Toy .yt 0‘2,2)/\/5:

Q20 = (zaz,z T Oy T ax,x)/'\lgy ( )
2

oy = [0y — oy y )+ 200, ,1/2.

The spatially fixed components Wé of the tensor
polarizability operator can be determined from the
molecule-fixed components oy, in an ordinary way:

0_ 0 _
W=Dy, a0 = 9,0

Wg = Z Dczf,n &2 n- 3)

n
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Here Df,yn are rotational matrices.56 Because of the
chosen orientation of the spatial coordinate system,
6 = 0. Consequently, from Eq. (2) we obtain that the

component ayy can be written as oy =\/6/3 (W(z)—

—Wg/\ﬁ) (see also Ref. 7). Note that only W(2)
depends on the spatial orientation of the molecule,
while Wg is invariant about rotation. We assume that
the molecule-fixed components a, depend on the normal
coordinates ¢g; (i =1, 2, 3 for a triatomic nonlinear
molecule X,Y), therefore op, can be Taylor series
expanded about ¢;:

apy = ocgy+ MY ag it W 1/2Y oy gigit ... (4)
1 1,]
Here A is the bookkeeping parameter, which is commonly
used in the theory of RV molecular spectral2 to
describe the expansion orders of different physical
parameters with respect to the main contribution. For
X,»Y molecules (Co, symmetry), nonzero parameters in
this series are: o, o, o5y, affy, and oit (i, j =1, 2).
The molecule-fixed coordinate system is chosen so
that the molecule is in the plane xz and the axis x is a
bisector of the angle XYX. Substitution of Eq. (4) into
Eq. (3) gives

wh=owh+atwh+azewh+ ., (5)
where

[ _ I 0
Wo=2 Dy, 0 ns

n

1 [ i
Wo=2X Dy, Z a;,n qi>

n 1

2wh =¥ Db, (1/2) Y all, q: qj, (6)

n i,/

The left superscript of Wf, indicates the order of
smallness of these operators. To calculate the transformed

operator W/l , we use the same technique, as was used

earlier to calculate the transformed dipole moment
operator of asymmetric-top molecules in Refs. 1 and 2.

The transformed operator Wol can be represented as

Tl 117 = oiSTle-iS _ 1 I &
W, =UrWJU =eSW/e™ ‘EZ {D},,8,,}=
n

SOWL 4 W02 2W +. =W+ S, W+ (D)
In this equation, braces denote anticommutator;
a,, are rotational-vibrational molecular polarizability

operators, and S =4 Sy + A2 S, + ... is the operator of
contact transformation. Up to the second order of
smallness,

WO, T,

2WE=2WE sy W Ty + 1SR, OW g, (8)
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The symbols [iS1V,1WOZ]V and [iS{“,OWOZ]R denote
the vibrational and rotational commutators. Here we
follow the rule? that for any operator a

[iS, a] = [iS, aly + A [iS, alg,

i.e., the rotational commutator increases the order of
smallness of the resultant term. For an asymmetric top

Sy = SY + S?, where SY is an RV operator having the
form1:2:

SV=Y"Tadp Y. SPPpp+ Y. SKipypip; +
o,B k

ki
i1
*z Siig(qkqipj +Pqrq;) 9
kif
and
S1R:S1V11(]x-]y-]z+]zjij) (10)

is the rotational operator used in reducing of the
asymmetric-top effective rotational Hamiltonian.! In
these operators S:B = (—B:B/wk); pr = —10,/0qy; J, are
the components of the molecular rotational operator in
the molecular coordinate system; BZB are derivatives in
the series expansion of the inverse inertia tensor about
the normal coordinates; @y, are the frequencies of normal
vibrations, and SYH is a parameter depending on the
vibrational state and determined by the well-known
equation.!-2 The equations for S*¥ and S},; are given in
Ref. 2. For =0 the last term in Eq. (8) is absent. Note
that Eq. (8) accounts for only the contributions that
are diagonal in the basis of vibrational wave functions,
therefore in Eq. (9) there are no terms giving off-diagonal
contributions (they depend on Coriolis constants).

2. Rotational-vibrational operators d; ,

According to Egs. (4), (5), (7), and (8), the

operators a;, can be written as

= _.0 i 1 ij
Cin =% +Z O i +§Z %jndidj+
i i,

11)

~V ~R
+AOLlﬁ +A0‘l,n'

The last two terms in this equation are determined by
the first and second commutators from Eq. (8). The
first commutator is calculated trivially and gives

SV o By ib
AOLl,n 72 AOLl,njﬁ‘]}’ + AOL;;[ ’
By
In

AaPY =Z S:Bafn, (12)
k

ib _ ij ij
Ao) —z (Ao, pipj+A207,4:G;).
ij
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The parameters A1a§jn and Azocffn are connected with

the derivatives for the polarizability tensor a}'n and the
anharmonic constants ¢;;, by the equations similar to
those used in the theory of transformed molecular

dipole moment operator, if the derivatives ocfn in them

are replaced by the derivatives for the dipole moment.?2
For calculation of the second commutator Awg =

= [iSf, OWf,]R it is convenient to pass on to the
spherical components J., J, for the rotational operators$

and to the functions D;{M, which coincide with the
symmetric-top rotational wave functions WY(JKM)
accurate to a factor.6 In this case

v
S *
Awg :(_%J {R—R*yZ(DnDO{nalvn , (13)
n R
where R=J2(J,+1) and R is the Hermitian conjugate
operator. Here we used the fact that Dl = 1)"D0 -

The rules of action of the rotational operators J., J, upon
the rotational matrices D;ln are well-known§:

]iD;{n :f[jlnD;lynip -]zDéln _nD:;ln (14)

Here fi,,l =[( F n)(I +n+ 1)]'/2. Application of the
rules (14) gives

[R’D(;,ln ]:n]'%DS,ln _nfljrn‘]*'DS,lnH -

1
flnfln+1 On+2+fln{D0n+1 J+(]2+§)}' (15)

This equation allows us to derive the rotational-

vibrational operators &l,n for the polarizability tensor.

For brevity, it is convenient to pass on to their linear
combinations, which, for example, for X,Y molecules
have the form

OLZO 0‘[0*2 0‘10% 22 0‘[0(115]]

+ZAOL1 +Aoc;’6b,

~ ~ 9.3 _ i3 )4
Qg1 =0y _y =720%:q3 Z a33qiq3 + 5114128055 +
i
+2(0(.22 —agx)]{]x’Jz }+2Aa§,i1b’

&2,1 +&'2y_1:_[21'81‘/11(&22_agy)]{]yyjz}y (16)

5 G 5 =200 ‘ i
Gy + 8y =209, +2) | ahyqi+ Y, asyqid; +
i i

BB 72
+ 2ZAOL2,2‘]B
B

vib
+ 2Aoc212 ,
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Gy — Gy o =—4isi} 09, {J ]}
Here i, j=1,2;1=0, 2.
3. Vibrational matrix elements

In calculation of the matrix elements <‘P|X/I~/Ol|‘i">

we should use the wave functions ¥ obtained from
diagonalization ~ of  the transformed  molecular
Hamiltonian. For orthorhombic molecules, these wave
functions can be expressed through symmetrized wave
functions, which are products of harmonic oscillator
wave functions |py>=|V > |[Vy> [V3>... and Wang

functions.? For an isolated vibrational state ¥ = PYOV R,

|(pv,R> = C1‘</ |J,K,y> are symmetrized
K
rotational wave functions, in which the index y=+1, R

denotes a combination of rotational quantum numbers
J, K, K, and the coefficients CE follow from
diagonalization of the effective rotational molecular
Hamiltonian for the given vibrational state (V).8 The

where

matrix elements <‘i‘|Wol|‘f”> include vibrational matrix

elements

VYW =<oy| W] Jov- >‘2Z{D”°’~Y"V :

n

which depend on the rotational operators J,. For the
case V # V', the square matrix elements V’V'WOZ

(accurate to a factor) determine the line intensities in
Raman spectra of the corresponding bands (isotropic
part at [ =0 and anisotropic part at [ =2). For this
case, we have to additionally calculate the contributions
to V'V'WOI,
vibrational wave functions. For V = V' the operators
V’VWOZ:VWOZ are
operators for the given vibrational state (V); the
squares of these matrix elements enter into the
equations for calculation of Raman line intensities
corresponding to purely rotational transitions (actually,
in these equations the first terms from Eq. (16) are
kept, see, for example, Ref. 9; no publications are
known to us, where the contributions depending on the
parameters of the contact transformation operator to
the effective polarizability tensor are taken into account

in calculation of line intensities in Raman spectra of

asymmetric-top molecules). The coefficients &Z :a}/nV'

which are off-diagonal in the basis of

effective  polarizability tensor

of D,Zw determine the effective polarizability of the
molecule. From Egs. (16) we can easily obtain the
equations for the corresponding combinations

=V Bp
oy alO+ZAcxl JB’
B

[2Aa“ +2(0% —a% DI .5 )
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&gﬂ +&§/’_1 :_[21'81‘/11(0th _ugy)]{.]y 7]2}7
~V ~ _
(7,2 2 (l = +2ZAC( ]ﬁ )
ay, =0y, :—41‘31“0(212 {Jedy) 17)

Here
k
1 N o/, Orii
V _40 K
o, =0, *52‘: V; *5)(0‘?" 32 oy |
1
[=0,2;n=0, 2.

4. Average rotational-vibrational
polarizability

In the theory of spectral line shifts and broadening
induced by the buffer gas pressure, when calculating the

matrix elements <‘-{"|Wol|q">, it is sufficient to restrict

the consideration to the case that matrix elements are
diagonal in the basis of vibrational wave functions.
Keeping only average, or effective, values of polarizability
in the given vibrational-rotational state in these matrix
elements, we obtain

> <oy g| DLy oy k>, (RR),

n

<‘f‘|ﬁ/ol|\¥”>:

where
af, (R,R)=(a}, (R)+a), (R)) /2

and

OLln(R) <(PVR|(X‘ln Py .r>-

The parameters &Yn(R) are the effective molecular

polarizabilities in the given RV state. The matrix
elements of D-functions in the basis of rotational wave
functions ¢y, p are known with the known coefficients

C}é for ¢y p. It is seen from Egs. (17) that no
contributions to &) (R) include the parameter s}/“,

i.e., the rotational contact transformation does not
contribute to the effective average values for the
polarizability tensor. It also follows from these

equations that &51,2 (R):GL{_2 (R) . Determine ordinary

combinations for Aa?ﬁn at [=0,2,n=0, 2:
Aa, p = (Ao, + Aa)) /2,

Aoan = Aoc?zn - Aoan,
Aafn = (Aoc;ij:2 - Aa%) /2.
Then

~ 14 K
&Y (R)= 0y, + Awj,, JU + D) + Aoy, ¥ Cx K2 +
K

+ A0y, /2) (3 Cx Cean E(RK +2)Z +7Ci3g 1). (18)
K
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Here Zg=1 at K=#0 and ZK=1/\/§ at K=0;
E(K,K +2) = f}r,K f},KH and 3k 1 is delta symbol.

5. Calculation of Ar pressure induced
shifts and broadening of lines of
the H,O v4 band

For the system H;O-X (X are atoms of inert
gases), line shift and broadening are determined by the
dispersion part of the intermolecular interaction
Hamiltonian, therefore just for such mixtures it is
convenient to analyze the effect on the parameters y
(line halfwidth) and & (line shift). The parameters y;f
and §; for the transition (i — f) in this case are
determined (see, for example, Refs. 10 and 11) in the
following way:

vif T 1dir = (n/c¢) (Rec + ilmo), (19)

where

o= [oF(0)do [sb)bdb.
0 0

In Eq. (19) =» is the concentration of buffer gas

molecules; ¢ is the speed of light; o is the relative

velocity of colliding particles, and S(b) = S((b) +

(20)

+.S5(b) + ... is the interruption function depending on o.
In the Robert—Bonamy calculation, 12 used in this work,
ReS(b) =1 - ¢ ReS2(®) cos(0y + 85);

ImS() = ¢ "2 §in(o, + 0,). 30
In these equations
RGSZ(b) _ Re(Souter + Souter) + Smlddle
92 =Im (Souter outer)
and
0,=5,)/i=- 2@ -p2(H+
1=5] e )b5 ——{u pe(f
3 /.

+§u[oc(1)—oc(f)]}a2. (22)

Here ay is the polarizability of Ar atom, u =wuquy/
/(uy+uy) (uy, up are ionization potentials of the
molecule and the atom), and p(i), a(i) are diagonal
matrix elements of the molecular dipole moment and
average polarizability operators by RV wave functions.
Consequently, they are the effective values of the
dipole moment and polarizability in this RV state, that

is, u(@) = pV(J,K,,K.) and a(i) = (-1//3)af (R) =
= (—1/@)&KO(J,Ka,KC). Here i is the generalized

quantum number consisting of the set of vibrational
V={Vy, Vy, ...} and rotational R ={J, K,, K.}
quantum numbers.

The functions S“Uter S(Z)ufter, nd Smldlle consist of
terms including (m the demgnatlons of Ref. 11)
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matrix elements of the type of C§(1)1;11)(i2, i'2),
C§61;11)(f2,f'2), i.e., the main contribution 205, is
taken into account in the series expansion of the

function S5 about the types of interaction. Using
Egs. (2.14) and (3.3) from Ref. 11, we can find

G2, i'2) = (27, + D1/2 x

x Y uy G, i) < i [1DY] i >, (23)

n

Here < 7' ||D,22|| i > are reduced matrix elements, and
u G, 1) = 3/ Dasluas o, ') + (1,/[6)p2G, )],
ug 2(i, 1) = up (i, i) =

= 3/ Daluay i, i) — w26, i) /2] (24)

and

a;, G, iV=a), (R, R).

To calculate the parameters &Xn(],Ka,KC) by

Egs. (17), we have to know the first and second
derivatives of all components of the polarizability
tensor. The derivatives can be either found in quantum-
chemical calculations or reconstructed from experimental
intensities of Raman lines (the reconstruction technique
and results for some molecules are given in Ref. 9). In
Ref. 13, the average polarizabilities o of the H,O
molecule for the first five (in energy) vibrational states
were obtained in quantum-chemical calculations. The
vibrational dependence obtained can be described by
the following equation (in atomic units):

a=9.86+0.29V + 0.03V, + 0.28V73. (25)

On the other hand, from analysis of the nitrogen
pressure induced shift coefficients for water vapor
absorption lines in Refs. 14 and 15, the values of the
average polarizability of the HyO molecule for a large
number of vibrational states were obtained; for these
values the following equation is given in Ref. 15:

a = (14.69 + 0.2919V + 0.4782 V, +
+0.3725V3 — 0.1702V§) - 10725 cm3. (26)

Note that for the state (010) Egs. (25) and (26) lead
to different values of the average polarizability o, and
this difference is significant in calculation of line shifts
in the band considered.

In this paper we present the calculation of the
coefficients v;r and 8;r induced by the Ar pressure for
the vy band of the HyO molecule depending on the

effective parameters oo = (—1/\/§)oc, a0, and oy
(all in )

Since these parameters include corrections for the
rotational dependence [Eq. (18)], this calculation allows
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us to judge the effect of the rotational dependence on
the line shift and broadening. For calculation we took

two groups of lines (J K, K.) —» (J' K, K,). The first
group consists of four lines with different values of the
quantum numbers J, J' and small K,, K. They are the
following: (3 1 2) > (4 4 1) (line 1, y=36.0),
(818)—(927) (line 2, y=30.0), (121 11) - (11 2 10)
(line 3, y=7.7), and (15 1 15) - (16 0 16) (line 4,
y = 3.7). Given in parenthesis is the experimental value
of the parameter y in 1073 cm~! /atm from Ref. 15.

The second group is formed by lines with J =8,

J'=9and different K,, K},: line 2, line 5 ((8 53) — (96 4),
y=16.9), line 6 ((8 6 2) - (97 3), y=13.4), and line 7
(86 3)>(9 7 2), y=13.3). The dependence of the
water vapor dipole moment on rotational quantum
numbers was calculated using the parameters from Ref. 4.
First, we have calculated y; and 8;r depending on
the difference Aa. = a(i) — a(f), which can be presented
for the first group of lines as Ao~ (—1/\/§)[a(()?80) -

- (x(()o(;()) - 2Aocé 0{J + 1]. The calculation has shown that

the parameters y;s, as would be expected, are almost
independent of Aa, while the line shifts §;; significantly
depend on Aa.

This dependence is shown in Fig. 1. Almost the

same behavior of the shifts for all the first-group lines

(regardless of J and J') shows that the parameter Aocé,o

from Eq. (18) is insignificant for calculation of y;r and
d;r. The behavior of 8;; can be described by the
vibrational dependence of the mean polarizability. Note
that at Aa = 0.0045 corresponding to a(010) calculated
by Eq. (25), the line shifts are close to zero or negative,
and for Aa = 0.036 corresponding to the calculation by
Eq. (26), the line shifts are positive.

128, em~! /atm 3
10 I ?:24

L HyO—-Ar /. .1
°r /v?

o [F#

_4 1 1 1 1 1 1 1

0 0.005 0.015 0.025 Ao
Fig. 1. Calculated dependence of line shifts for the v, band of
the water molecule induced by the argon pressure on the
difference o(i) — a(f) of the average H,O polarizability.
Curve 1 corresponds to the line (31 2) — (4 4 1), curve 2 —
line (81 8) > (927), curve 3 — line (12 1 11) —» (11 2 10),
curve 4 — line (15 1 15) — (16 0 16).

Figure 2 depicts the calculated dependences of the
halfwidths v;s for the first group of lines on the
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parameters o o and o 5 (a(000) = 1.469, a(010) = 1.473,
in the first case ay is fixed to zero, and in the second
case ap o = 0). As can be seen, the lines with different J
and J' differently depend on these parameters. This means
that the parameters Aocéyo and Aocéyz from Eq. (18)
significantly affect the calculated values of y;r (they
almost do not affect the shifts). To be noted is also the
poor agreement between the calculated and the
experimental values of y;; for the lines with large / and J'.

-3 -1
30l v, 1072 cm™ /atm ./1'
H,0-Ar ./-/
28
26 -
24
22 +
20
18 1 1 1 1 1
-0.10 -0.05 0 0.05 o 0
a
Iy, 1073 cm~! /atm
30F v
.\ HzO—AI“
\'\
28 + D\
\I
.
26 - N
L \. \I
v \.\
241 A\ \.\ .\I
r A Y e, Su
2} N AN 1
I A\A vy e
N\ N\
20 A
I N \.
181 N
v o 2
L AN,
16 v\A 4
- \)}3
14 1 1 1 1 1 1 1 1 1 1 1
-0.10 -0.05 0 0.05 a9,2
b

Fig. 2. Calculated dependence of the halfwidths of the H,O
first-group lines (see Fig. 1) on the polarizability components
2.0 (d) and a9 2 (b)

The similar calculation for the second-group lines
is shown in Fig. 3. The calculation shows that the lines

with different K, and K| differently depend on the
parameters oyo and ap, and, consequently, the

parameters A(lé(() and Aa§2 are important in calculation
of halfwidths of these lines.
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v, 1073 cm™! /atm

"

24 .\l\l\.l.l.’_’.l.l./
2
22 O A
201
181
’l ’ o/o/0~o/o/u/:;;%
pom————
141 v?A
A
.
7 o
121 v— Iv/v;A/A
a Y T
G A
; | I : I N ; L 1 '
o e 0 0.05 02,0
a

v, 1073 cm™! /atm
L '\ H,O—-Ar
281 2 B

30 -

2l RN

AN

20

| 5

- [ ]
18 - \.\.\

0.
16 - e
e

[ ¢ —
14 + ‘:Iiv\v\v\ -\. .

o ‘\A\A\I:x‘x;x&¥<
12+ .

-0.10 -0.05 0 0.05 .9

Fig. 3. Calculated dependence of the halfwidths of the H,O
second-group lines on the polarizability components oy (@)
and ayy (b). Curve 2 — line (818) - (927), curve 5 — line
(853) > (96 4), curve 6 — line (8 6 2) > (9 7 3), and curve
7 —line (8 63) - (97 2).

Conclusion

The main result of this work is, first, derivation of
the transformed polarizability tensor operator for
asymmetric-top molecules, Egs. (17) and (18), in
which the contributions (accurate to the second order
of the perturbation theory) following from contact
transformations are determined. The equations obtained
can be used to calculate the intensities of RV lines in
Raman spectra of molecules or to determine the first
derivatives of the polarizability components in the
normal coordinates, as it is done in the theory of
absorption line intensity.?
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The second result is connected with the analysis of
the effect of the contributions to the polarizability tensor
components, that follow from contact transformations,
on the pressure-induced shift and broadening of lines of
the HyO vy band. The analysis is performed in the
Robert—Bonamy formalism, which ignores the effect of
deviation from a straight-line trajectory. In this
connection, we did not try to determine the optimal

values of Aa{ , and Aafn, giving the closest agreement
with the experiment. The analysis shows that the
allowance for the rotational dependence in the effective
operators for the polarizability tensor can lead to
changes in the values calculated for halfwidths. These
changes may be comparable with the changes resulting
from the allowance for other interaction mechanisms,
in particular, the allowance for the atom-atom potential
or trajectory bending (as in the Robert—Bonamy
calculation).
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